
- 1 -

Huygens Institute - Royal Netherlands Academy of Arts and Sciences (KNAW)
 
 
 
Citation:
 
P.H. Schoute, Plücker's numbers of a curve in Sn, in:
KNAW, Proceedings, 6, 1903-1904, Amsterdam, 1904, pp. 501-505 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
This PDF was made on 24 September 2010, from the 'Digital Library' of the Dutch History of Science Web Center (www.dwc.knaw.nl)

> 'Digital Library > Proceedings of the Royal Netherlands Academy of Arts and Sciences (KNAW), http://www.digitallibrary.nl'



- 2 -

( 501 ) 

causes gl'eat damage to plautations of Abies brûsamea in the environs 
of Guelph in Ontario. Though it Ir.ay be very probable that the 
fungus mentioned does not belong to the genus T'J'immatosl1"oma, yet 
it appears from DOHlmTY'S article that it greatly impedes the growth 
of the trees by choosing their needies as substrate. About the checking 
of the eviC Ilotlllng is mentioned by DOHERTY, so that we Call110t 

profit by adviee from Ontario. No suffering trees were found at 
Nunspeet except at "de Groote Bunte" . 

EXOSPORINA OUD. n. g. 

Fungi exposlti vel elldogeni, stromate nullo vel parum evoluto, 
conidiis in catenas ótipatas digebtis) singulatim secedentibus, homo
morphis, continuib, color:1tis. 

E. Lar i cis OUD. - Stromatibns amphigenis, expositls, puncti
fOl"mibus, nigris, catenas conidiorum longiu&culas, in placentam con
vexam arde condensatas, gerentiblls; conidiis primo angulatis, denique 
gIobulosis, continuis, 5-6 X 5 (l, singulatim secedentibus, ferrllgineis. 

EXPLANATION OF THE PLATE. 
Fig. A. NeedIe of Larix decidua; magnification 10. times; with the black spots 

of Exosporina Laric!s OUD. 

Fig. B. Ryphae or rlhbons, extending over the leaf anu In various places grown 
out to smaU·celled httle di~k~, from whJCh later the conidia, connected to strings, 

'11 . M 200 WI arIse J agn. -1-' 

Fig. C. Ripe CUShlOD of strings of comdm, as they would appeal" on a cross-
. M 500 

seetlOD. "gn. -1-' 

FIg. D. Part of sueh a cushioD, enlarged 10
1
°0. Each separate string shows a 

spherical top-cel!. 
l"lg. E. CORDA'S picture of Trimmcttostroma Sal!c!S. 
l~lg. l!'. SACCARDO'S pICtUle of Exospo1"ium (nwttcola. 

I am much indebted to 1\Ir. C. J. KONING at Bussum, who has 
been kind enough to draw the plate for me. 

Mathematics. - "PI,UCh.Elt'S nUlItbers of a cw'Ve ~n SII" by Prof. 
p, H. ScnouTI~, 

The PI,ÛCkI<}!{'S numbers of' u CUl"ve in the space SII with n dimen
sion& have been given fol' the Ih'st time hy VBRONESI'] (11!atlt. Annalen, 
voL lD, page HH)), yet the)' have beell Rel(lom applietl althol1gh dating 
fi'oUl 1882. 'l'hli:l 1., pl'Ohab1.r lIuo to the HlOL'e OL' Ie::.::. awkwal'u 

33'~ 
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notation which is made use of and which has been adopted i. a 
in PASOAL'S Repe1't01'ium del' /di/wl'en Jlratltemrttil,; (Leipzig, Tenbnel', 
1902). In the followÏ11g lines lintend to give a more concise notation, 
l1laking it possihle to write down the H (n-1) l'elations between the 
3n PJ.ÜCKF,lt'S (lwtntitieiS iJl three forll1nlae wit.h all index, which must 
take tile ntlnes 1, 2, .. .' ,n-1 snccessively. lu Ol·der to rnake the 
cledlletion deal' to those, who are not 80 fft~nilial' with polydimen
sional theories I shall begin lIy, indicating them for the case n=3 
of 0Ul' spare. 

2. A~ is known the bix relations betweell the nine PUÏCKER'S 

quantities of n skew curve are derived in two triplets from tile 
consideration of two plalle curves, the first ot' whieh is the central 
pr~jection of the given skew curve C from any point 0 on any 
plane a, wllil&t the second is the seciion of any plane a wiih the 
developaule of the tangents to tIle curve C. Let us indicate succes
sively ordej·, mnk, elaiSs of the curve C by n, r, mand jet us l'epl'esent 
as is cuStOlllitl'y by (tt, b), ([I, hl, (v, y) the three pairs of dnalisti
cally relateu numuel's, of ,vhich b i:; the numbm' of stational'y points, 
It the number of apparent !lodes, ,'l] the order of the nodal curve of 
file developable; then the sextnples 

of the quantities (order, class ancl numbel's of nodes, double tangents, 
eusps and intlexions) characterizing the iwo plane curves are 
expressed by the eqnl1tions 

n1 =11 n2 = l' 

ml =7' m.=m 

dl = h d. = a; 

t l = Y t 2 =g 
(I) 

kl = b k. =n 

0l =m 0. =a 

in the lline characterizing valnes of C; 80 III conncction with the 
weIl knoWIl PLÜCKEit'S formulae for a plane curve the two triplets 
of rclations holc! gooel: 

l' = n (n-1) - 21L- 3 b 

n = l' (1'-1) - 2 y-3 In 

m-b = 3 (1'-n) 

m=~'(r-l)-2ro-3n I 
l' =m(m-l) - 2g-3CL 

a-n = 3 (m-1') ~ 
. (2) 

If we sllbstitllte 1'0' 1'1' J'., 1'~) 1'4 fol' th~ raw of quantities Ó, n, 1',111, a 
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anel if we put dl' ti and d2 , t 2 fol' ft, y alld .l',,t/ the etll1atiolls (1) 
ptlS5 into 

n, = 1'! 

mI ='I'i+J 

kl = 1'1-1 

bI =1'1+2 

. (i = 1,2) . (1') 

and identities, whi1st the two triplets of equations (2) are united to 

'1';+1= rzh -1)-2dl -3'TI _I 

, (i = 1, 2) . • (2') 

ri+2 - 1'z-1 = 3 h+1 ~ '1',) 
Alld now these equations pass into those fol' the genera1 case as 

soon as the addition (i = 1,?) is exchangeel for (i = 1, 2, ... , n-1). 

3. We ::;ha11 now pass to t11e general case of a curve Cn of order 
n', lying in an S,! but not in an 811- 1 and we l'emind 1he readers 
how here "'e determine Ille 3(n-1) relations between the 3n charac
terizing quantities. lf we take in 8, two non-intel'secting spaces SI' 
Sn-p-b and if we project On out of 8 ,- p- 1 on !~" the projection 
is a curve G> If we imagine tbis process to be perf'ormeel for 
p = 2, 3, ... ,n-1, we arri"e at - tlle curve CII inclnded - t\-

Cp) 
series of n-1 curves C2l Ca, ..• l Gn- 1, C/I' lf farthermore C'2 - onee 
more for p = 2, 3, ... ,n-1 - is the section of the locus of the 
spaces S, -I through p successive points of tlle curve C~+I with any 
p1ane lying in the 5pace 81'+1 of that curve, we arl'Ïve at, ~ if the 

(I) 
plane curve CJ. already fOUlld above is l'epresellted by C}. ~I n...o.-1 

(I) (2) (n--I) 

plune curves Cr,., Gl , . , . C2 anel these furllish n~1 triplets of 
l'elutions. lf the se.\.tuples (1H, mi, di, t" ki, bi), (i = 1, 2, ... , n-1) 
l'cpl'esent the charactel'izing numbcl's of these plane Cl1l'ves the 3(n-1) 
el[tUttiollS hold gooel: 

m, = nt (nI-I) - 2dl -3kl l 
ni = m, (mi-I) - 2 ti-3b l (, (i = 1, 2, ... , n-I). 

oi-ki = 3 (mi-ni) ~ 
By \'epresenting the series ?f n + 2 qunntities 

b n' 1'(\), 1{:!), •.. , 1{'1-2) 1n 

numbel' of 
::.lati?nal'y ~ , 

pOlllts ~ 
Ol'del' , 2 

numbel's n- of rank, cluss, 

ft 

number of 
stnt iOllary 

spaces !~~I-l 
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of Cn by 1'0, 1'1, •.• ,1'1/,-1',,+1 we find t1le cq lln.tions (1') eÀtëI1ded from 
(i = 1, 2) to (i = 1, 2, ... ,n-1), "hich eql1atiol1s canse the above
mentioned 3(n-1) eqnatiomi to pass into the equations (2'), in the 
same way extended from (i = 1,2) to (i = 1, 2, ... ,n-1). 

4. According io ihis notation the system of the 3n PJ_ÜCKER'S 

numbel's of en eonsists of th1'ce gronps: a grollp of n + 2 quantities 
l' (nnmbers of rank), a gL'onp of n-1 quantities cl (numbers of double 
points), a gronp of n-1 quantities t (munbers of double tangents). 
We sha11 now indieate what is thc exact signification ofthose quantities. 

JVUmbel'~ of }'(tnl.:. vVe consider I'tl, 1'", 1',,-1 separately. 
By 1'0 we understand the number of stationm-y points of CII i.e. 

the nllmber of tbe poinls tlu'ough whieh n + 1 sucecssive spaces 
811- 1 through 17. sllcc.essivc points of the Clll'Ve pass. 

Fot' p = 1, 2, ... ,n we find that Ij, indieates how many spar cs 
81'-1 thl'ongh 17 succ.essive points of Cn ent any spaee 8n-,,; of theCJe 
nnmbc1'S 1'1 is the order and 1'" the class of 0". 

The nnmber of staiional'y spares 811- 1 of 0,,, i.e. the numbel' of 
spaces 811- 1 through n + 1 sneecssive points of C, is inelicated 

by 1'n+l. 

l.Vwnbel's of double points. The quantity lip is the numbel' of 
don bie points of the section CJ of the locns of the spaces 81'-1 
tbrough p sueeessive points of G~+I with a plane situated in the 
space I~+l of that curve. So by 1'eturning fL'om the pl'ojection qJ+I 
to the giyen curve Cn we finel thc, following : lf we project the 
single infinite nllmber of spaees 8,.,-1 thl'ough 1) sllccessive points of 
C~l ,out of any space 81l - p - 2 we finel a single infinite numbel' of 
spaces SIl-2 anel thel'efore a twofold infimte number of intel'sections 
811-4 of tlVO non-successive spaces 8,,-2, The locns of those spaces 
8::-4 is a curveel space with n-2 elimensions, cut in a eel'tain 
llumber of points by any plane. This munber of points, at the same 
time the order of this cUl'veel space, is dp • 

. Nitmbers of dmtble tangents. The quantity tp is the numbel' of 
(P) 

double tangellts of G2. By ascending from 0;+1 to CII we al'l'ive 
at tbe following: By projecting the single infinite numbel' of spaces 
Sp thl'ough p+1 successive points of Cl out of an)' space SI-p-2, 

we find a single infillite number of spaces Sn-l enveloping a curved 
space of n-1 dimensions. The number of double tangellts of any 
plane section of this envelope is t". 

Fol' the rest it is easy to see that thc nnmbers c~J anel fn- u refer 
to quantiiies dualisticall,Y opposite in the space SI!' 
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)J. By meMS of the simple form of (he PLÜCKRH'S fOl'lllnlac we 
(p) 

are 110W enabled to show more clearly that l'eally all curves O2 

belong as tbey should to the same genus. For this we prove t1:e 
(I) U+I) 

eqllality of tbe genera mand g,+1 of O2 and C2 

Accol'ding to the l'elations (1') extended to Cn we have 

2gi::= (n,-1)(nz-2) - 2 (d,+lc,) = ('1'1-1)(1';-2) - 2 (d'+"i-d 

anel there[o1'e 

2 2 
2 (9,+1-[1,) = (r,+I-ri ) - 2 (d,+I-d,) - 3 (1"+1-1',) -2 (1" rt-I)' .(S). 

l\Ioreovel' the fil'st of the three eqnations (2') tOl' i alld i + 1 gives 
by means of subtraction 

2 2 
r'+2-1'i+1 = ('1'.+ -'1' ) -- 2 (di+l-d,) - (ri+l-1',) - 3('1', -1'i-J). (4) 

I L ! 

'Thus by subtraction of (4) fl'om (3) we get 

2 (Yi+ 1- [I,) = (T,+2-1'i+ 1) ~ 2 (1',+ I-TI) + (ri-1'1-1) 
= h+2-r t-l) - 3 h+ 1-1'1) 

and from this equation the second mem bel' disappeal's in consequence 
of the thil'd of the equations t2'). 

Let us obsel've by the 'ray that the numbe1's of rank ro, 1'1, 1'2, • • 1'n+l 
of GI form the th'st terms of a 1'erl11'rent series with the third of 
tbe eql1ations (2') as equatiofl of condition and thus - for aJ as 
the variabIe - with (l-a:) 3 as denominator of the generating fl'action. 

In order to cause the representation to 1'email1 as simple as possible 
we have supposed the curve Cn to lack all higher singularitics. Fo!' 
the iufluence of the latter we refer to the abOye-melltioned essaJT of 
YEnoNES~j. 

The PLücKlm's forml.l1ae given here 811a11 be applied elsewhere to 
the case of tIle curve G" of order 2n- 1 forming in l'il the section of 

" n-1 quadl'atic spaces Q~ . 

Mathematica. - "On .~y8tem8 0/ conics belonging to in'L'olutions on 
rationrtl cun'es." By Prof'. JAN ml YRU1S, 

1. We suppose the points of a rational plane curve CII to be 
111'l'anged in the gl'OUpS of all involntioll Is, s >.5, and bl'ing a conie 

02 through each quintllple of points belonging to a selfsame 
group. The system [C~J formed in this way has evidently no double 
right lines, so th at 1j = O. 80 between the characterizing numhers 
11, )', cf exist 1he l'elations 2 l' =!-' + cf aud 2!-, = 1"; so we have 

= 2 (-I. aud cf = 3 (-1.. 


