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3 d2p dp 2 (2 P - P.A - P») 

(PB - P.4)S d:c'2 = d.c' (p _ p.J)S (PB _ p)S X 

P oJ. 

I 

" _____ L--~ 

X [(PB+Pd-2 p)2 + (p-P.4) (PB-p)] 

so that the locus 'is everywhere 
convex in the heterogeneous region 
with an inflection-point at the 
beginning, and we get a curve as 
drawn in fig. 3, which clearly 
indicates the different possibilities 
for the empirie isothermal. The 
point where the locus cuts the 
curve P =!(x2) is of course de
termined by the formula for 1$'. 

Mathematics. - "FaGtol'isation of large numbel's", by Mr. F. J. 
VAES, Mechanical Ingeneer at Rotterdam. (Commllnicated 
by Prof. P. H. SOHOUTE). 

Introduotion. 

The history of the research about the divisibility of large numbers 
is very simpIe. 

ERA.TOSTHENES (275-194 b. 0.) is said to have invented the 
method of the sieve (determination of the prime numbèrs under a 
given limit by removing f('om the series of odd numbers those rlivisible 
by 3, 5, 7, etc.). 

ln 1643 FERMà'f decomposed a numbcl' proposcd to him by 
MERSENNE. In a letter dated "Toulouse Ie 7 Avril 164~3" we filld: 
"Vous me demandez si Ie nombre l00895ö98169 est premier ou 
"non, et une méthode pour découvril', dans l'espace d'un jour, s'iI 
"est premier ou composé. A cette question, je réponds que Ie 
"nombl'e est composé et se fait du produit de ces deux: 898423 et 
"112303, qui sont premiers." 

The method of FERMAT has never been published 1). 

I) In 1640 FERMAT believed 22~+ 1 gives prime Ilumbers for all vnlues of 1~' 
Afterwards EULER found that 225 + 1 (n nu mb er of ten figurea) is the product of 64l 
and 6700417. The nuthor is inclined to !lsk: If in 1643 ,I!'ER~[A'l' reRlIy could factorise 



- 3 -

( 327 ) 

In the preceding century the theory of numbers was built up by 
GAUSS, LEGENDRE, LEJEUNE-DIRICHLET, B.IEMANN, TSCHEBICHEFF 
and others who obtained vel'y important l'esults. But the value of 
these results with reference to the factorisation of large numbers 
can be derived sufficiently from the fo1l9wing two citations: ... "dans 
"l'état actuel de la théorie des nombres on ne connaît aucun procédé 
"direct pour la recherche des diviseurs des nombres ayant plus de 
"dix chiffres dans Ie système décimal" (EDOUAltD LucAs, Théorie 
des Nombres, Tome premier, p. 333) and "Les méthodes de GAUSS 
"seraient impuissantes à résoudre Ie problème proposé par MERSEN"KE 
à FERMAT" (EDOUARD LUCAS, Réc~'éations Mathématiquesj Tome lI, 
p. 231). 

Any number N can be factorised,' if it can be thrown intó the 
form a2 -I}, under the condition a > b + 1. For then we have 
N = (a + b) (a - b), which proves that the decomposition can be 
performed by seeking a square b2 that, aàded to N, furnishes a 
new square a2• This simple pl'operty is also mentioned by FERM.AT, 
but apparently not made use of to factorise large numbers either 
by him or by another. 

By means of a table of squares the factol'isation of any number 
N cait be performed. 

However it is more convenient to determine the square root of 
N and to increase the last figure of this root by unity. 

Example N = 1073. ' 

vro I 73 = 33, 
32 = 9 

--r73 
63.3 = 189 

-16 

As a rule the required result will not 
be obtained so soon; rather we shall find 
in general N = al2 - bI' 

Ey adding n to al we find 

N = (al t n)2 - (bI + 2al n + n2); 

so we can reach our aim by choosing n in such a manner that 
bI + 2al n + n2 is a square. 

a number of twelve figures, wherefore did he not npply his method to this number 
of ten figures? Mny we not conclude from this that FERMA!r was in possession of a 
special method for special numbers, and that he had dictated t~ MERSENNE a condi
tion to which tlle proposed llumher had to satisfy? The correspondence betweell l!'. 
!lnd M. may enlighten this point. In thnt case also could be decided if any of the 
methods given here be related to the methollof FERMA.T. 

22* 
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, 'The easiest way to obtain such ann consists in increaaing al ~everal 
.times by unity and continuing this operation 

until ihe number b in the last line has become a square. 

Example N = 57. 

We write N= 82 - 7 

92 - (7 + 2 X 8 + 1) = 92 ~ 24 

= 102 - (24 + 2 X 9 + 1) = 102 - 43 , 

, 112 - (43 + 2 X 10 + 1) = 112 -:- 64 
\ ' = 112 - ~2 = (11 + 8) (11 - 8) = 19 X 3. ' 

For shortness' sake we make use of the algorithm , 

57 = 82 - 7 
2X8+1=17, 

24 
19 

4'3 
21 
64 82, 

so 57 = (8 + number of additions)2 - 82, where only the first 
additional number 17 has to be calculated. 

An important abbreviation can be' obtained by paying attontion 
to the terminal figures, as, is shown hy the following example. Here 
the reckoning was to be: . 

]v = 513667. 
N = 7172 422 
2 X 717 + 1 = 1435 

, 1857 
1437 

etc. 

However as a2 can terminate in 0, 1, 4, 
5, 6 or 9 only and the last figure of Nis 7, 
a2-N can terminate in 3, 4, 7, 8, 9 or 2 
only. But a2-N beillg also a square (b2), it 
can only terminate in 4 of 9. So, it is' un
necessary to performall the additions and 
the abbre viated algorithm, cornea to this; 
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N= 7172 

2 X717+1= 

80 we have 

422 
1435 

37 -
3294 _ 
1439 

41 
6174 
1443 

5 
7 

10509 -
1449 

51 
1::1409 
1453 

5 
7 

17774 
1459 

61 
20694 
1463 

5 
7 

25089 
1469 

71 
~/:)u29 

1473 
5 
7 

132454 
1479 , 

81 
35414 

1483 
5 
7 

3986!:J 
1489 

91 

( 329 ) 

Às soon as b2 = 2072 has been 
found, the value of a2 can be 
calculated in different manners. 
In the first place by adding N to 
the result 42'849 we find 

8econdly one can remark, that 
from 1435 unto 1491 (the first 
and last of the added numbers) 
anumber of 

1491-1435 + 1" '29 
2 , ' 1. e. 

odd 'numbers have been added; 
this g'Îves 

a = 717 + 29 = 746. 

, Thirdly - and this method il:! 
'the shol'test '- one can observe 

that by continuing the operation 
the number 1493 had to be added 

, and tbat this number, is equal to 
2a + 1; 80 

1493-1 
a= 2 

or 

149~+1 = 746. 

42849, = 2072 = b2 

N = 7462 - 2072 = 953 X 539. 

Aftel' two additions the factor 539 appears to be equal to 302-192
, 
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l.e. aqua! to 49 X 11. On the other hand the factor 953 gives 
4772 - 4762, i.e. 953 X 1 and appears to be a prime number. 

The last operation is rather long, a number of 446 numbers 
having to be added; as for largel' numbers the number of additions 
nearly jllcreases proportionally it js peremptorily necessary to seek 
for a short er method. 

Such an abbreviation can be derived from the consideration of 
last two fig-ures of the numbor to be factorised. 

For a square must terminate in one of the following pairs of 
figures: 00; 01, 21, 41, 61, 81; 04, 24,44, 64, 84; 25; 16,36, 
56, 76, 96; 09, 29, 49, 69, 89. 

The last pair of figures of the number N being 53 we have to 
determine out of the given pairs those pairs which, by addition 
of 53, furnish another pair. 

So one sees immerliately that b2 only can terminate in one of 
the pairs 16, 06, 56, 76, 96, in which cases a2 terminates in 
69, 89, 09, 29, 49 respectively. 

Sa we can shortell our algorithm to: 

053 = 31 2 8 
2 X 31 + 1 = 63 

65 

etc. 

li:Hi 
G7 
69 
71 
73 

416 
75 
77 
79 
81 
83 
85 
~ 

Now, as is immediately evident ö7 + 69 + 71 + 73=4X70, 
and 75 + 77 + 79 + 81 + 83 + 85 = 6 X 80; as similar groups 
present themsel ves over and over, we can shorten still more as 
follows: 
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953= 312 8 
2X 31+1= 63 

65 
a2 = 332 136 

4X 70 = 280 
372 416 

6X 80 = 480 
432 89ö 

4X 90 = 360 
472 121>6 

6 X 100 = 600 
532 18&6 

etc. 

The importance of this last abbreviation is self-evident. 
The numbers obtained by addition must be looked for in a table 

of squares. For shortness' sake one can make use of the following 
table (see next page) representing all the possible groups of four 
figures, in which a square can end 1). , 

For if this table shows that the four terminal figures of a numbel' 
cannot occur in a square, it is unnecessary to use the table of squares~ 

IJ. Olassification of the 'l'OW of natural numbel's 
according to their divisibility. 

By diminishing any square, e.g. 132 by the squares 12, 22, 32, 

etc. we ohtain the composed numbers 168, 165, 160, 153, etc. or 
if we pay attention to the odd numbers only: 165, 153, 133, 105, 
69, 25. 

It is immediately evident that in the factorisation of any of 
these numbers 132 'may, but not that 132 necessarily must present 
itself as a2• 

For shortness' sake we will say that 132 dominates these numbers. 
80 a number admitting of more than two factors is dominated by 
more than one square, e.g. 273 by 1372, 472, 232, 172• 

In follomng the method developed in §- I one always finds the 
least dominating square. 

1) In bis "Théorie des Nombres" LUCAS stiltes thot P.aESTET has published 

a table for the same purpose in bis "Nouvenux Elémenis de Mathématiques, 1689. It 

has been impossible tor us to make out if this toble was constructed in an analogous 

mnnner. 
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In the following table are indicated under each square the num
bers dominated by it: 

TABLE I. 

12 22 32 42 52 62 72 82 92 102 112 122 etc. 

1 4 9 16 25 36 49 64 81 100 121 144 

3 8 15 24 35 48 63 80 99 120 143 

5 12 21 32 45 60 77 96 117 140 

7 16 27 40 ;)5 72 91 112 135 

9 20 33 48 65 84 105 128 

11 24 39 56 75 96 119 

13 28 45 64 85 108 

15 32 51 72 95 

17 36 57 78 

19 40 63 

21 41.1: 

23 

The classifiéation of the numbers in this table is very remarkable : 

1°. In the columns as we11 as in the rows the successive 
differences are 1, 3, 5, 7, etc. 

2°. Parallel to the odd numbers in the hypothenusa of the triangle 
we find ihe fourfolds 4, 8 12, 16 etc. 

3°. Ascending from one of the odd numbers of ths hypothenusa 
in a direction perpendicular to it one finds 3, 5, 7, etc. times this 
number, e. g. starting from 9 one finds 27, 45, 63, 81. 

Now descending from 81 in the direction of the hypothenusa we 
find the continuation 11, 13, 15 etc. times 9 or 99, 117, 135, etc. 

So all the odd multiples of 9 are to be found in two lines passing 
through 81 and inclined under 45°. 

4°. Ascending from one of the fourfolds, e. g. 16, in a direction 
perpendicular to the hypothenusa we find 2 X 16, 3 X 16, 4 X 16 = 8!3 
and from this point parallel to the hypothenusa 5 X 16,6 X 16, etc. 
The proof of all these properties is easily given. 

From the remark sub 30 ensues that the numbE'r 7 X 11 will be 
found in the line passing through 72 parallel to the hypothenusa 
and also in the line passing through 112 perpendicular to it. 
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So the factors of a number prove to be the roots of the squares 
that can be reached by proceeding from this number in the two 
directions inclined under 45 0

• 

The prime Jlumbers present themselves only once (in the hypo
thenusa), the compoaed odd numbers present themselves still one time 
or several times more. 

As it is not very convenient to make out if a given number is 
contained in the tabie, if this table is continued much farther than 
here, the classification of Table II recommends itself more. Here 
equal numbers are placed in the same row, the head of each column 
bearing the dominating square. The prime numbers appear only in 
the inclined line at the right side; their rows are denoted by 
horizontal lines. 

Beneath any syuare a2 are arranged the numbers a2 - 1, a2 - 4, 
a2 - 9, etc. with the differences 1,3,5,7, etc. The last Dumber 
of each column is always zero, the last but one a2 - (a-l)2 = 2a - I, 

and this number appears always in the inclined line at the right side. 
If we assume any number of this line, e.g. 19, the11 we find above 

it: 19+17=36, 19+17+15=51, H)+17+ 15+13=64, 64+11=75, 
75+9=84, 84+7=91, 91+5=96, 96+3=99, 99+1=100. 

Now 19 caD be called the base of the numhers 36, 51, 64 etc. 
Above the base 2a - 1 we then find: 

(2a-l) +(2a-3)=4(a-l), (2a-1 )+(2a-3J+(2a-5)=3(2a-3), 

3(2a-3)+(2a-7)=8(a-2), 8(a-2)+(2a-9)=5(2a-5), 

5(2a-5)+(2a-11)=12(a-3), 12(a-3)+(2a-13)=7(2a-7), etc. 

Therefore the a-folds, 5-folds, etc. of the odd Jlumbers are situated 
on oblique lines passing through the numbers 3, 5, 7, etc., whiIst 
the 4-folds, 8-folds, etc. are situated on intermediate oblique lines 
commencing at 4, 8, 12, etc. 

Twofolds of prime numbers do not present themselves. 
For immediate application this table has the inconvenience, that it 

cannot be continued far enough without becoming unmanageable. 
However it leads to an important abbreviation of the method given 

in § I by means of the simple remark that between the oblique lines 
no numbers can present themselves. For illustration a smaH number 
is chosen; the application to a large number will be f'vident. 

Example N = 83 = 102 - 17. 
To 17 we must successively add 2 X 10 + 1 = 21, 23, 25, etc. 
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until a square is obtained. As 83 is a primenumber, one wil1 ue 
forced to continue until 83 has been added; so the nu mb er of 

. . 83-21 
addItwns amounts to + 1 = 32. Now if in Table II we 

2 
proceed horizontally from the base 83, this number is not found in 
the oblique line 4 (a-I); so we can pass to the linp 3 (2a-3). This 
means however that it is not necessary to continue the additional 

. . (83+1)2 . (31+1)2 operatlOns untrl --2- = 422, but only unhl -2- = 162 , 

the base of which is 31, as this number is the base of the larger 
one of the two numbers 81 and 87 between which 83 is situated. 

lf it is found that 83 is not a threefold, we can pass from the 
line 3 (2 a-3) over the lines 8 (a-2), 5 (2a-ó) and 12 (a-3), 
to the line 7 (2 Q-7). 80 the operation can be stopped at 

(9:1/ = 102• 

In the case of the number N = 112303 (see the introduction) 
one would have to perform nearly 398 additions, (if the numbers 
to be added were combined in groups of 4 and 6). If however 
division proves that none of the numbers 3, 7, 11, 13, 17, 19, 23 
is a factor, only 211 additions are necessary. 

lIl. Determination of non-div1·SOl'S. 

If we put N = ab + c, any codivisor of a and c or of band 
() will be divisor of N, whilst a divisor of c relativa prime to a 
and b cannot be a divisor of N. 

Example N = 73489207 1). 

We put N = 85732 -7122 

or = 85732-12-7121 = 8574XS572-7121 

= 2X3X1429X4X2143 -7121; 

this proves that 3, 1429, 2143 and 7121 are non-divisors of N. 

1) This number wns not ohtained hy multiplicntion of smltller numbels hut chosen 

arbitrarily. Llkewise nll the other numhers of live and more figures (lecomposed in 

this study were chosen nt random, the number mentioned in the introductioll excepted. 
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If on the other hand we put 

N= 85732-2~-7118 = 8575X8573-7118 

= 5~X7SX8573-2X355~, 
N = 85732-32-7113 = 8576X8570-7113 

= 27X67X10X857 - 3X2371, 

N= 8577X8569-7106 = 9X953XllX19X41-2XllX17X19, 

then N appears to be divisible by 11 and 19, but not by 8573, 
3559,67,857,2371,953,4],17. 

The series 7121, 7118, 7113, 7106, etc. of the numbers c shows 
thc differences 3, 5, 7, etc. if a is increased and b diminished 
by unity. 

The division having been achieved, we find as quotient 
NI = 351623 = 59312-26, with 13 (factor of 26) as non~divisor. 

By means of 14- operations already 23 of the 106 prime numbers 
minor to VN can be declared to be non-divisors; by testing 47 
and 61 by direct division all divisors minor to 71 are shut out. 

(N+l)f2 (N-I)2 If we put N = 2 - -2 - ,at least one of the two suc-

, b N+I d N-l , d" 'bI b 2 ceSSIve nUID ers -2- an -2 -]S lVlSl e y or 3 or 2 X 3. 

The divisors of the quotient so obtained are non-divisors of N. 

IV. Determination of the difference of the factors, 

We put a = b + mand therefore N = (b + m)2 - bf2 = 111. (m + 2b). 
N ow we try to determine band m by assuming for 111. a value near 

N2-m2 
to V N, calculating N2 - m2 and then 2 b = . If this 

m 

quotient be not an entire number we repeat this calculation with 
an m smaller by two (m being odd with N). 

(To he continued.) 
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F. J. VAES. "Factonsa;b.on or large numbers." 
Tabl. H. 
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