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Physics. — Communication N° 59° from the Physical Laboratory
at Leiden, by Prof. H. Kamurrinea OsNes and Dr. M.
ReiNeaNuM: “Contridutions to the knowledge of VAN DER
WaALs' w-surface”. 1. “The part of the transverse plait
in the neighbourhood of the plaitpoint in KUENEN'S experi-
ments on retrograde condensation’.

(Read June 30, 1900.)

1. The most important part of a transverse plait in vAN DER WaALS’
w-surface is no doubt that in the neighbourhood of-the plaitpoint.
For investigations of this part however a higher degree of accuracy
is required than was sufficient for the construction of the model
of the whole plait and of the construetions belonging to it, described
in Communication N° 59¢,

In the following pages we represent- the part of the surface shown
by a rectangle in figs. 3 and 4 of Pl. II, which representation is
based on more accurate calculations of p (to 5 decimals) made for
values of # and v in a smaller range by means of the same equa-
tion of state, from which we started for the construction of the
general model. The principles on which the choice of this equation of
stale was based for the following illustration of vAN DER WaaLs’
theory have been laid down in §4 of Comm, N° 59¢; in the
present paper we will consider the manner in which the constants
occurring in that equation have been obtained, and in how far by
this choice of constants the accepted equation of state can be made to
harmonize with KUENEN's observations. As explained in § 2 Com-
munication NY 592 two questions are specially prominepnt: 1%, in
how far do the mixtures investigated by KUENEN agree with the
law of corresponding states and 284, in how far can the critical
constants of the homogeneous mixtures be represented by vAN DER
Waars' formulae of the second degree.

2. To obtain an opinion on this we cannot directly apply to
KuenEN’s observations the ordinary method of calculating the reduced
values of the pressure, the volume and the temperature by means
of the critical quantities. For the eritical tempelatuxe of the homo-
geneous mixture (point K in fig. 3, L. IV) is situated according
to vAN DER WiALS' theory in the unstwble part and has therefore
not been observed. \

Neither are we assisted even to a moderate extent by
RAvEAU's method of ‘measuring off the logarithms of the pressure
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and the volumes as ordinates and abscissae and by then shifting
the systems of isothermals of the two substances parallel to themselves
until they cover one another. This is chiefly to be ascribed to
the smallness of the range over which each of the isothermals
extends. Those parts of the isothermals that can be drawn, show
no striking curvatures and run almost parallel. Hence there is too
much latitude in the adjustment, so that it is not possible to deter-
mine sharply enough the exact position in which the one system
coincides with the other.

Therefore we can only very roughly consider the ratio of the
absolute temperatures of two isothermals covering each other in the
way mentioned, as being the ratio of the critical temperatures be-
longing to them; the same holds for the pressure and the volume,

It is obvious that we may use instead of the pressure itgelf,
the product pv, which is moreover of so much importance for
the investigation of the isothermals, draw for one tempera-
ture logpv as a function of logv and determine by shifting the

curve logpv=f(logv) on the one hand the ratios ' (or what

PloVig

comes to the same T) and on the other hand log oL As this
k2 U2

still implies shifting the system in the direction of both the axes
of co-ordinates, it also still offers too great a latitude.
We may do without the displacement in the direction of one of the

axes, when we measure off not log pv but %,, which has the same value

or molecular quantities in corresponding states. For large volumes
this quantity has the value 1, for the cvitical state about 0.29.
In applying this method it appeared that it was not possible to

completely cover the system of % curves of the one substance

by those of the other. Irregular deviations did show themselves,
which may probably to a large extent be ascribed to errors of obser-
vation. The result was that a certain latitude still remained in the
adjustments and the limits were sought within which the coincidence
might be called satisfactory.

The ratio of the critical volumes follows immediately from the
curves of logv covering each other, which ratio could then only be
included within the limits just mentioned.

The ratio of the critical temperatures is given by the temperature

to which two E;‘— curves belong, covering each other, so that this
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also can only be included within limits, while the same holds for
the ecritical pressures, obtained by means of Cpzop = T3, For C we
took the value found by AmagaT for carbon dioxide.

The following table gives the results of these processes starting
from pre = 72.9, vpe = 0,00426, The = 304.35 for carbon dioxide.

Proportion of Vix Tre.
Pz, Tz pha,
CH,Cl. mean mean.
0 00668 413 63.2
a =10 to 0.00698 to 416 o
0 00728 419 57.8
633 382 mean value
r = 0.75 to 610 to 386 &5
588 391 64 7
654 337 5 mean value
z = 0,50 to 665 to 339
875 340 52.9
501
z = 0.25 to 562 531 mdefinite mdefinite

For the critical temperature of pure methylchloride we find the
same value as found experimentally by KUENEN (416.0). The mean
value of the critical pressure (60.5) however deviates much (7,5 pCt.)
from the value found by KvEnen (64.98). The highest value is in
better agreement (3 pCt.)

We will naturally next consider how the critical temperatures of
the homogeneous mizturss Ty, found by us, are situated with respect
to the critical point of conbact temperatures T.p found by KUENEN.

This may be seen from the following table:

Mixture. Ix T
z=139, 396 3865
=1, 370.1 339
r=1f, 338.4 indefinite

Tn good agreement with the theory, the values of T are found to
be lower than those of Tz, and one would be inclined to fill in for
=1/, symmetrically with r=3/,, T} = 328. Yet the difference of
31° found for « =1/, gives rise to some objections against putting
great trust in the determinations. If we also bear in mind the irre-
gular deviations, remaining between the two systems covering each
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other, which leaves undecided whether the mixtures deviate from
the law of corresponding states more than the simple substances, and
also the large deviations found in determining the pressure of methyl-
chloride, much uncertainty remains about the critical value itself.

Therefore it js desirable to try to deduce in a different way some-
thing about the critical temperatures and the pressures of the homo-
geneous mixtures from the whole of the observations for each mix-
ture. We find a means for this in the equations given by KUENEN
which express as well as possible the whole of the observations for
each mixture, which equations we at first did not think it advisable
to use in order that we should -be as little biassed as possible in form-
ing an opinion from the observations themselves about the problems
m hand. But it is not to be expected that we can satisfactorily
determine the ecritical quantilies, firstly because KUENEN has not
taken for all his mixtures the same temperature function for @, se-
condly as states situated far from the critical point, which have
influenced the determination of the equations, can give rise to errors
by the extrapolation with the defective eguations of state.

However it may be considered as a confirmation of our conclusions
from the adjustments when the former can also be derived from
these equations.

With regard in the first place to the fulfillment of the law of
corresponding states, we might conclude from the disagreement of

the ratio #. =% given by KUENEN,

=1 n = 1,40
@ =3, ny,= 1,26
z =1/, n,/,= 1,66
r=1, w;,= 1,38
z2=190 ng = 1,09

that the mixtures investigated do not fulfill the law of corresponding
states }). The value of this conclusion becomes smaller, when we
consider that KUENEN has accepted b, somewhat aibitrarily. Both
this and the choice of different temperature functions for a must
influence the values found for /2, and although we may allow that
the variation of the values of » indicates a peculiarity in the closely
related quantities 6 and 9, they can only support the counclusion
but weakly, that the mixtures would satisfy the law of corresponding
states to a smaller degree than the simple substances.

1 'l?hat # must have the same value for all substances that fulfill the law of corre-
sponding states, has been demonstrated by Kamrrurxem Onngs, Verh, Kon. Akad.
v. Wet. XXI, 1881, p. 20; Asch, Néerl. T, XXX, p. 112.
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Let us consider now what follows from KuENEN's equations for
the critical volumes and temperatures.

z Vzr, Tz TRz,
1 0.00725
8y 606 402 (397.5) 396
i 620 350 370.1
" 489 338 (3325) 331.4
0 435 304

It is remarkable that (as follows from the values of n and the
linear variation of & just mentioned and the relation vy =383 J-2 3)
the critical volumes show the same course as that-found by means of
the method of coincidence. From KumNENn's combined experiments
it would hence appear that for mixtures of methylchloride and carhon
dioxide the critical volumes cannot be expressed as a function of the
second degree of the composition, as it is accepted by VAN DER WaAALS
in hig theory of ideal mixtures, but that al least a function of the
third degree is required for it.

In fig. 5 the curve of v is represented by a dot-dash-line when
resulting from the coincidence
method, and by a dash-line
when resulting from KueNEx’s
equation, and by a complete
line that of the ideal mix-
ture to be considered in the
next section,

Concerning the eritical
temperatures, not much can
be derived from Kurnen’s
equations. For the values
between brackets in the table
given above ¢ has been cal-

0,00700
0,00600

b0 1 _
K .
culated by means of 7o 0

which we have used for K
the numbers given in brackets

0,

Qoouds 1 1 | by KugNEN. The temperature
0 W=l oowe o epe 1% yalues without brackets in
Tig. 5. the same table have been

20
Proceedings Royal Acad, Amsterdam, Vol. 111,
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calculated with values of a obtained by interpolation between the
values of a given by KurNEN separately for different temperatures.

Only for the second mixture an acceptable value of Tk — T} is
found, i.e. 20° but it is obvious that this difference cannot be
negative as with # == 3/, or zero as with #=1,. And so the values
from KUENEW's equations cannot be an argument either for or
against the values found by means of the method of the coincident
systems.

Therefore for the time being no arguments other than those derived
from the deviations of the critical volume mentioned above, can be
adduced to justify the doubt of the possibility of expressing the critical
quantities of the homogeneous mixtures in the case of KUENEN’s
experiments by the formulae given by vaN DER WaaLs for the
critical quantities of homogeneous mixtures, together with KUENENs,
identity Tar = Kr -

§ 3. In order to obtain for Kiyy Kig, Kpg, byy, bygy bye in the equation

RT K,
t— by T (v + nbsa)?

p:

Kz:K]l .l‘2+ 2K12-'Z'(1'—.I/’) —I— .K22 (1—:1')2
b= by e+ 2hg o (1—s) - Byg (1—a)?

(p=pressure in atmospheres, v =volume expressed in terms of the
theoretical normal volume, E==gasconstant, I=absolute temperature,
z == molecular composition, while the value of 1.4610 was taken
for n) values which agree as well as possible with KUENEN's experi-
ments, a curve of the second degree was drawn almost corresponding
with the critical volumes found from the coincident systems, from
which ;;,d;, and by, were found. The convexity was chosen towards
the z-axis, because in that case a value for Ko could be found, for
which Kz was obviously of the second degree. This is justified as
the final equations represented KUENEN's isothermals still within 2 pCt.

Subsequently the observation of the critical temperature of the
point of contact for the mixture =Y/, was taken as a basis for the
calculation of the e’s.

Now that the difference 7'.z— T could not be deduced with any
certainty from the observations, we had to confine ourselves to an
estimation of it.

According to the results of the graphical determination of the
connodal curve on a plaster cast constructed previously (see HamT-
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MAN’s figure derived from it, Communication N°. 594, § 3) the critical
temperature of the homogeneous mixture is situated lower than the
plaitpoint temperature and although the place remains very uncertain,
we thought ourselves justified in searching it at double the distance.

For our purpose it seemed at any rate sufficient to subtract 7°
from the temperature of the critical point of contact for the com-
position 1, With Tg—7° = Ty, Ty, and T3y we could now
calculate Kjj, Kyg Koo

‘When the plaster-cast of the part of the surface near the plait-
point was ready, it appeared that for the ideal mixture supposed
Try—Tx; amounts to about 19° C. which deviates from the value
first accepted in the semse of what had been derived from the obser-
vations of the mixture Y, (i.e. 30° C. from the method of the
coincident systems, 20° C. from KUENEN’s equations.)

The following table gives the constants found and the critical
quantities derived from their combination.

‘Kll = 6.276 bll = 0.001193
K12 == 3-314 blz =y 0-000893
K22 = 2.176 622 —_ 0.000780

z=1 416 64.8 0.007065
o=23, 391 68.9 6249
2 ==Y, 363 71.8 5568
e=1, 336 73.0 5022
=0 303 72.2 4620
1 . .
The value of %—;—’fi is thus found to be = YT The variation

of pr agrees with that of pr (see the usual »T diagram).

§ 4. In the construction of the detailed plaster-cast it was impor-
tant not only {o profit by the opportunity of being able to choose
a larger scale for v and + with almost unchanged dimensions of

the whole model, but also to make the curvature of the w-surface
20*
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near the plaitpoint as well defined as possible and thus to make
the determmatlon of the connodal curve and the tangent chords as.
accurate as possible. As now the surface near the plaitpGint is but
little removed from its plane of contact, an enlargement-of w, by
which the differences p" = g — ., where w, is the value of y for
points in the tangent plane lying at the same values .of # and », -
are enlarged in the same proportion, will cause the surface as a
whole to become much more inclined with regard to the av-plane,
which again would cause the model to have only limited dimensions
in ‘the - and e-directions with the same dimension in the y-direct--
ion, in order to make the curvature more promlnent 'We have avoided
this difficulty by constructmg a model in which the properly mag-
nified values y" of @ — y, for # and of v as independent rectangular
variables are measured perpendicularly to the wv-plane. In this way
the general oblique position of the surface with regard to the -
plane is eliminated, and ¢.— yc, can be enlarged as much as is
allowed by the greatest dimension which we wish to give to the

- model in the g co-ordinate, through which the curvatures become

prominent as desired. The plane of contact on this model if continued
to v=oo would become for »="71/, and for v=w a-plane sloping
to the wv-plane with the angular-tangents o and b; whereas in the

" case of the y-surface it would be parallel to the zs-plane.

w, in y"=yw — we is a linear function of # and v. - VAN DER

 'WaaLs has already demonstrated that the addition of a linear function

in = does not influence the. properties which are of importance in
the thermo-dynamlcal consideration of the y-surface. This holds -
good also for a linear function of v :

Putting o' = @ 4 av 4 b2 we get

ydl/j' dw
-———=—— b
o +
dy/' dw |
dy' dy/ dy dyy
ﬂlmw—'l)-&'*;—wwm-lp vév—-—-—wa_ul

'

T | | |
s -w—-v——+(1—w)——-w—v—+(1—w> =y —b.

o . o
For the shape of the projection of ‘the curves — = const. .

dy' . g , e :

T‘: const. ¢ = const. g = const. on the av-surface it is of no
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consequeticé whether cach is increased by a constant quantity, for
in the case of g there is not even difference between the two
values of the quantltles 4y and- uy'.

The-values of w" used for the construction of the model and
the drawmgs are. determmed in connection with the absolute values
of ¢ used in the general model of the. whole plait (comp Comn:m—
mca.tmn 599) by. means .of the following equations.

lp"-—— — 31786 (p ~ 0, 28 v -+ 48000 & — 164780
| ‘ l-“¢f fp a’u R T(wlg.’v—{— (1—2)lg 1-—.2;) + 0. 4383
§ 5. Plafe I i a photographlc representatlon of the detailed
model on which 'the connodal line and the tangent chords are shown,

the depth of the plalt is- made_ clear by the shadow of the tangent
hnes F]g‘ 1 and 2 Pl IV shows the ‘sections | W' =7F@) and

"

U z=](w) Pl IV ﬁg 3 shows the prcssure-curves 75—'—‘ = const.
v

and the substltutlon-curves 72;:_ = const. ﬁg 4 represents the pressure

curves and the potentlal curves ) = uy —const (all thls on the

1
vx-surface) In the two last. ﬁ«ruresr z i8 ordmate and vy i —— 7 0000 on
parfs of the theoretlcal normal volume is abscxssa ‘

In fig. 8 and 4 the connodal line has been- shown as a dot dash
lme a snadow apprommately indicates how great is the uncertamty
of th1s line. The exact place of 2 (the p]altpomt) on the connodal line is
still fairly unoertam A detailed investigation like the foregoing would "
again be required with regard to a ]1m1ted part round P. A similar
investigation. of the two parts round the two points of contact of a
tangent- chord will give. us greater certainty as to the exact situa-
tion of that tangent chord So the point 2 (the critical point of
contact) can also still be better fixed. ‘

Tt may be assumed that we have: nearly obtamed the dxﬂ'erence
TTR—ITK of the composmon ratios of critical point of contact and
of the plaitpoint at the temperature 7'=373° C. From this by a
better estimation more suitable values can be derived for the dif-
ference Try,—Tky, from which we started for the deduction of g,
ete., through wh1ch again values for a), ete! could be found, from
which ‘a better  agresment with KUENEN'S experiments near the
~ Plaitpoint is to be expected.

-10 -
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‘When we trace by means of the
graphically found connodal -line,
the condensation phenomena for
a mixture with composition z
ol between the plaitpoint composition

zpr and the critical point of

contact composition zzr this will
give us a representation of KUE-

NEN’s observations at 103° C. and

the composition 0.41, which re-

presentation however will only

be an approximation. Fig. 6 is

" obtained by reading on Fig. 4

PL IV for each a the relation of
S.‘!a

Sia + S2a, -

tangent-chord of the piece from

the intersection with the line

which has the composition z (for

which we want to investigate the
condensation phenomena) to the contact on the vapour side
" —— which ratio gives the number of molecules in the liquid state —
and by determining from this the liquid volume at the tangent-
chord ¢ by multiplication with »;. In the figure?) the liquid volume
has been measured as ordinate of the curve and the total volume
as absclssa.

The dotted line is KUENEN’s curve. The composition for which the
construction has been made has been chosen so, that the beginning
and the end of the condensation are in the same ratio as in
KuENEN's observations. ‘

By reading the values of the pressure at the points of intersection
of the tangent chords in fig. 4. Pl. IV, we find that the pressure
during the condensation varies almost linearly with the total volume.
This is also very uearly the case in KUENEN’s experiments. Also
the amount of the pressure is in fairly good' agreement. While
KueNew found an increase of 73,5—83,8, we find from our figure
one of 78,6—93,2,

R ]

50 ¢=

the ratio to the whole

S00 3000

Fig. 6.

1) Compure also the figwre for the retrograde condensation in mixtures of carbot
dioxide and hydrogen. VerscHarrevrr, Comm. 45, fig. 2 on the plate (Proe. Acad. Amst.
Dec. ’98.
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