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Physics. - J. C. SCHA.LKWIJK: "Precise iSIJt7tel'mals. 1. Meas .. 
urements and calculations on the COl'l'ections of the me1'cury 
meniscus with standm'd gas-manometers" (Continued.) (Com
munication N°. 67 from the Physical Laboratory at Leiden, 
by Prof. H. KA.MERLINGH ONNES). 

§ 6. We now can change the formulae fOlmd sa, that they repre
sent the surface of interpolation meant in S 3 for the mean height 
up to the limits R = ° and 0 = 0. 

For the narrow tubes we find then: 

and for small values of 0: 

• • • (1I) 

It should be nofed that in both the expressions the factor of oR 
is greater than ~. 

In order to be able to calculate I in the limiting cases by means 

of these formulae, we must introduce the value of ~. This is not 

exactly lmown to us. Fortunately an uucertainty in ; is of little 

interest for the correspondence meant in § 4, since for small values 

of R, ~ in the formula (I) occurs only in that term in which also 

R3 appears, so that ai change in ~ has only little influence on I. 

In the same way in small values of 0 the influence of a change in 

the value of ~ is unimportant for values of R smaller than 

0,045 cm. 
In order to demonstrate this I have calculated for 0 = 0,05 two 

H 
menisei, for which J have not accepted - = 0,0354 cm2, which 

s 
Ilumber may be derived from the data of QUINCKE for mercury, 
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three hours af ter tbe formation of a drop 1), but 0,0433 cm2• for 
mercury, immediately af ter the formation of the drop. Then we 
have for: 

R = 0,588 cm. f= 0,0168, 

R = 0,4555 ~ f= 0,0125; 

wbile for H = 0,0354 cm2• we get for: 
8 

R = 0,588 cm. f= 0,0172, 

R = 0,4555 " f= 0,0127. 

And so we may easily complete tbe direct meai:lurements by the 

limiting cases calculated on the supposition H = 0,0354 cm2• up to 
8 

\ 

tbe surface of interpolation. From § 7 it will appear that th:s value 
may certainly be put in stead of that whicb existed with tbe menisci 
observed by us. 

I will now first draw the curve which represents f as a function 
of (j with the tube of 0,283 cm. radiui:l (curve I in fig. VI of the 
plate) 2). 

For this I have drawn (j from thc point A in a horizontal direct
ion for whieh 0,0025 = 1 mm. is taken and f in a vertical direct
ion for which 0,0005 = 1 mm. 

In this manner from the menisci measured the points B, C, D 
and E have been obtained; but here it must be borne 111 mind that 
the curve is not detel'mined hy these points themselves, but by the 
condition that Band E and in the ~ame way C and D must always 
be situated at equal distances on either side (cornp. §s 2 and 3). 

Further are computed by means of the yet unsimplified formula: 

f=(jR-~~R211 
~n+l 

1) But even this number is fnr from being certllin, for from two kinds of series of 

experiments at 20° C" QUINCKE found nlso vnlues correspondillg to !!. = 0,0391 nnd 
8 

H 2 _ = 0,0896 cm, 
8 

S) Given in the Proceedings Dec, 1900. 
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the fol1owing value~: 

J = 0,0991 ; f= 0,0148 represented by the point Pj 

~ = 0,0708 ; f= 0,0105 ) l) » G j 

~ = 0,0425 ; f = 0,00627 » » »H. 

And then the line I is drawn. 
In the same way line Ir in fig. VI is obtained for the tube of 

0,382 cm. radius. From the point A, ~ and f have been drawn in 
a similar manner and ~o we get the points L, M, N and 0, for 
which the paired points are again Land N, together with Mand O. 
The points Pand Q have again been caleulated. 

Line UI in the same fig. VI applies t'o the tube of 0,5814 cm. 
radius, and has been drawn from the point A. Here the paired 
points are S and T, and also U and V j Wand X have been eaI
culated. The points S' and T' as well as U' and V' belong to 
measurements in a tube of about the same width. It is difficult to 
draw the line through Wand X and a]so between the paired points. 
But as I do not use tubes of more than 0,4 cm. radius, I have 
not considered this mueh further, because in sueh wide tubes the 
riill is' no longer perfectly circular and parallax ean not easily be 
a voided in the measurements. 

Then fig. IV is drawn in whieh f as a funetioll of .R has always 
been drawn for the same value of ~. The seale values are again 
for f: 0,0005 = 1 mmo and for R: 0,0025 = 1 mmo 

First we have drawn the points with R = 0,2832 cm. in the line 
1 for the .. values of c): 0,05; 0,1; 0,15; 0,2; 0,25; 0,3; 0,35; 0,4; 
the straight line on which these points are situated is in fig. IV 
also numbered by 1. 

Secondly the points with .R = 0,382 cm. in the line II for the 
same values of ~; the straight lme is also marked 2. 

Then the points for R = 0,04 cm. and R = 0,1 cm. have been 
calculated and lastly a number of points are caleulated according 
to the forrhula (II), all for ~ = 0,05. 

The points Y and Z are those ealculated with the value H =0,0433 em2• 
8 

Now the line for J = 0,05 eould be drawn, by which the type for 
the lines ~ = constant is known. Moreover we could draw each 
time the beginnings of those lines at srnall valuo of B, auu so they 
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could be continued through the points given by tbe lines 1 and 2, 
The rest of fig. VI has been derived from fig. IV by seeking 

each time for tbe same value of R in fig. IV tbe corresponding 
values of (J and!, and by drawing them anew as in the case of 
the curves I, II and III in fig. VI. 

Curve V in fig. VI belongl:'l to tbe tube of 0,409 cm. radius, of 
which only one meniscus was measured. The remaining lines in 
fig. VI belong to O,OG; 0,1; 0,15; 0,2; 0,25; 0,3; 0,35; and 
0,4 cm. radius. 

§ 7. The form of the meridian section of tbe meniscus can, if 
H 
-; were exactly known, also be found graphic~lly in the way snown 

by Lord KELVIN 1). For if Q is the radius of curvature at the top 
of the meniscus, 1'1 the radius of curvature at the point P of tbe 
normal section perpendicular to thc meridian plane and 1'2 the radius 
of curvature in tbe meridian plane, then we can write the equation: 

so that, 
we can 

8 

for H' 

1 8 2 1 
-=-h+---, 
1'2 H Q 1'1 

if we start from tbe top witb a given radius of curvature 
always calculate '1'2 if we have accepted some value for 

For this I have again taken the value 28,25, hence 
r 

H - = 0,0354 cm2• and then all the values must be expressed in 
8 

cm. Änd so fig. VIII has been drawn on a 10 times magnificd 
scale, in which Q = 0,8 cm. has been taken 2). For 1'1 and lt we 
have each time taken the values which they have at the starting 
point of each element of the meridian curve so that the curvature 
is sure to be too small. In the same way fig. IX has been drawn 
in which h has been taken, as it is at the end of each element, 
BO tbat tbe curvature is too large. 

1) Ta a request to Prof. PlJRRY about the drawings of the menisai macle aftel' this 
methad, Prof. PERRY answel'ed that they were not published iu the puper in the 
1'ransaations of t11e Roynl Sor.iety of Eclinburgh nnd were aftenvards lost. 

I) 'l'his drawing, ns weIl as fig. rx wns originnlly constructed ou a 30 timE's mug
nified scnle and t11e curve was not divided into four ns in the figure, but in twenty
foul' elements; in the reprocluctiol1 011 al/I scale only four lines of r..onstruction 
have been clrawn. 
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meniscus with standard gas-manometers (Continued). 

Fig. X. 

~~IX 

Proceedings Royal Acad. J\ msterdam. Vol lIl. 
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The two curves are combine.d in fig. X on the original 30 times 
magnified scale and there the mean curve has been drawn as a 
probable meridian section. Fig. XI represents the meniscus when 
the radius of curvature is 1,1 cm. at the top; it was drawn on a 
25 times magni6ed scale, but is here again reproduced with some 
construction lines on a 25/3 soaIe; while for lt we have here always 
taken the height of the middJe of each curve element and in tbe 
same way for 1'1 the value, whieh that radius of curvature would 
have in the middle. 

From the original drawings of the figures X and XI I have 
again calculated for sevcral values of R (the radius of the tube), 
the height and the volume of the meniscus and from them agaill 
o and f and I ha, e a1so indicated these values in fig. VI by litHe 
sq uares; the deviation from the curves drawn already remains below 
the limit we require. The following' values are found: 

in fig. VI 

R. p. o. I. f· indicated by: 

0,2 0,03 0,15 Tt X 0,000619 0,0155 (3 

0,25 " 0,0487 0,195 n X 0,001582 0,0253 r 
0,2832 (1) 0,0653 0,230 n X 0,00278 0,0346 0 

» . 0,0424 0,150 Tt X 0,00180 0,0225 11 

0,3 0,0758 0,253 n X 0,00367 0,0408 E 

» 0,0493 0,164 n X 0,00238 0,0264 tJ 

0,35 0,115 0,329 n X 0,00786 0,0642 ç 

» 0,0727 0,208 n X 0,00484 0,0395 I-

0,382 (IIJ 0,092 0,241 n X 0,00748 0,0513 ;e 

0,4 0,105 0,262 n X 0,00976 0,0610 ).. 

§ 8. It follows from the given dimensions for menisci derived 

from the value H = 0,0354 cms. that the difference in value which 
8 

H has had in the menisci which I measured directly cannot have 
8 

had much influence on the determination of the volume. 
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The mercury in the tubes used for that deterrnination of the 
volume of the menisci was treated in exactly the same way as for 
the calibration of my piezometer tubes. And sa we have as much 
certainty as can be obtained, that tbe values derived from the direct 
measurements of tbe menisci are applicable to the meniséi which 
occur in the calibration. 0 

H ' 
Also for values of - not deviating much from 0,0354 cm2., as 

8 

they may occur perhaps, when tbe piezometertubes are used with 
compressed gas, it wiIl be allowable to use tbe values for tbe 
menisci which we have now found. 

In general it is obvious that from tho differential equation for 
hand r the same relation wiJl be found when the unit of length 

is changed in tbe ratio of the square root of ~. Thereby_ g rel11ains 

H 
unchanged. If therefore :::..... changes fr om 0,0354 to 0,0433 cm2., in 

8 

order to be able to use the same values tbe unit of length must 
be taken Vl,225 or 1,107 times larger. If for installce we desire 

H 
to know f for g = 0,35 and R = 0,3 cm., - = 0,0433 cm2• then 

8 

we must look for it at g = 0,35 and R = 0,271 cm.; we then find 
f = 0,0506 anel the value desired is 0,0560, while we find from 
the values measul'ed: 0,0566; wbich would give a deviation of about 
1 percent, and sa wi*in the limiis we have indicated. For wider 
tu bes tbe deviation increases; if for instanee we want to know f for 

H 
g = 0,35 and R = 0,4 cm., - = 0,0433 cm2., thcn we find in 

s 
Fig. IV at g = 0,35 and R = 0,361 cm., by continuing the curve 
a little f= 0,0735 and so the value sought is 0,0814; while from 
Fig. VI 0,0904 follows for the vaJue measured, a large difierence, 
for which it should be borne in mind that tbese numbers have not 
the accuracy of tbc values at a smaller (~, because they are obtained 
by continuing the curves for R = const. and I g = con st. a little 
beyond the range of observation. From the two instances given 
it appears that when }] increases, for wide tubes (R=0,4 cm.), 
the mean height decreases perceptibly. From the situation of the 
points ç, % and }, it wauld then follow that in the experiments 

H wauld have beEln just a little smaller than 0,0354 cm2• While 
8 

as we see OUI' results can be applied with a great certainty for the 
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calibratioll, when we use compressed gas, this is dependent on the 
. b H H12 

questlOn ow - or as we must write that factor then: --'-
8 ~-~ 

"aries with tbe pressure ofthe gas. Corresponding to the important changes 

of B arising from contact of the mercury surface with the air, the 
8 

contact witb a bighly compressed gas can also influence it. As I 
could not obtain any indications on this point, I bave assumed in 

H12 my calculations th,tt the influence of the pressure on --'- may be 
81-82 

neglected; it may be that later on we wiJl be able to apply these 
corrections again. 

That however these corrections wil! not probably become important 
for my determinations of isothermals, fo11ows from the fact that the 
wide tube has only been used to 8 atm. for which tbe change of 
H 
- by tbe pressure will certainly be only very smaIl; while at 
8 

high pressures the volume is measured in narrower tubes, and we 

bave proved that the influence of H decreases as the tube becomes 
8 

narrower. 
11 

§ 9. Although my researcb on tbe volume of the mercury 
meniscus has been made in order to evaluate thG correction in the 
calibrations of our piezometertubes and in the measurements made 
by means of them, 1 have with a view to possible researches, for 
which tbe meniscus must be known still more accurately, read the 
valucs of f as accurately as possible in the figures IV and VI on 
the original drawing of which the scale was twice and a half as 
large again as that for the plate. We caD now combine the values 
obtained in the following tabie; thotle which deviate imperceptibly 
from the mean height of the segment of a sphere have been pri.ated 
in a smaIl type. 

To make it prominent for wbieh menisci the deviation from a 
segment of a sphere begins to Lecome important in our accurat~ 
determination of isothermals I have underlined them in tbe table 1). 
The values obtained by extrapolation are in italics. 

1) In the clllibration of the piezometertuhe of 0.4 cm. 15 menisci occurred, the 
heights of which varied from 0.0870= 0.22) cm. to 0.143 (J = 0.36) cm., mean height 
0.114 CJ = 0.286

) cm.; in the measurements SO menisci occurred from 0.092 (J = 0,23) cm. 
to 0.14<1 (d = 0.36) cm. height; most of them between 0.108 (d = 0.27) aod 0.127 
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// 

R in c.m 11 0 . 05 I 0 1 I 0 . 15 o.g 0.25 I 0.3 I 0 35 I 0.4 

-
0.05 0.00126 0.00252 0.0038 0.00506 0.00637 0.00773 0.0091 0.0107 

0.1 o 0025~ 0.00504 00076 0.0102 o 0128 0.0155 0.0183 0.0213 
-

0.15 0.00376 0.00756 0.01145 o 0153 0.01925 0.02325 0.0274 0.0318 
-

0.2 00050· 0.0103 0.0155 0.0206 0.0257 0.0310 o 0366 0.0426 -
o 25 0.00655 0.0131 0.01965 0.02615 0.0327 0.0393 0.0462 0.0536 - -
0.3 0.0030 0.0159 0.0239 0.0320 0.0401 o 0483 0.0566 o 0657 - - -~ -
0.35 0.00935 o 0188 0.0283 0.038,j. U.0489 0.0592 0.0700 0.0815 - - - - -
0.4 0.01086 0.0218 0.0331 0.0453 0.0583 0.0737 0.0904 - - - - -
I thought it better to let the table stand in this form, because 

on account of the slight curvature of the lines in fig. IV and VI 
a better interpolatioJl is possible than if I had expressed the volume, 
in terms of the heigbt and the radius. 

But if rnany menisci at one width of the tube must be calculated, 
then tables must be derived for tbem from tbe preceding tabIe. 

If finally we reconsider the Dumerieal example of § 1 we cal
culate from this table a section of 0,5 cm.2 and a height of 0,14 
cm., a volume of 0,045 ce., while the segment of a spbere gives 
0,0365 co., and so we find a difference of about 0,0085 cc. or 
23 percent, or more than 7 times the error allowed in our measure
ments, BO that the correction oaleulated in these communications is 
indispensable for the accurate measurements aimed at. 

(~=0.32) cm., on an average 0.115 0 = 0.29) cm. For the tube of 0.283 cm. radius 
I obtained in tlle calibration 16 menisci from p = 0.042 (~== 0.1&) to P == 0.095 
(~ == 0.336) cm., on an average p == 0.073 (d = 0.258) cm. j in the measurements 33 me
nisci fromp=0.031 (d = 0.11) to p=O.l21 (ó=0.43)cm., on an averagep == 0.075 
(~ == 0.265) cm. The third and the fourth tube are sufficiently narrow, so that we can 
Olnit the correction on the segment of sphere. 

(February 20, 1901.) 


