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As will be seen, ET.A.RD has experimented here below 860 with 
unsaturated and above 860 with supersaturated solutions. 

8. Finally, it is shown from the latest determinations which 
have been executed with great care and accuracy in the Physikalisch
Technische Reichsanstalt by DIETZ, FUNK, Y. WROCHEM and MYIJIUS 1), 
that ETARD wh en he detelrnined the solubility of the salts inves
tigated by these authors has always worked with unsaturated solu
tions. In some cases the existing differences are not large. It is not 
worth while to insert here all the tables as the general result seems 
to be tboroughly established. 

9. LENOBLE 2) pointed out in 1896 that the data formerly com
municated by ETARD did not lead to straight lines but to curves 
of the fOUl·th degree or higher with slight curvature. As it now 
appears that ETARD'S original material does not represent the true 
state of affairs, a closer investigation in this direction bas become 
superfluous. 

Result of the Investigation. 

ET.A.RD'S law of solubility is not in agreement with the facts; a 
sirnple relation like this between the solubility of salts anel the 
ternperature does not seem to exist. Repetition of ET.A.RD'S experi
monts at high temperatures is desirabIe. 

Amste"clam, Chern. Lab. University, February 1900. 

Mathematics. - Prof. J. C. KLUYVER: "On tlte expansion of a 
fttnction in a series of polYllomials." 

According to BOREL'S ramark 3) the fundamental problem consists 
in oxpanding 1: l-:c. Fur, having once obtainrd an expansion of 
tho form 

1 '" "'( ) -1 = 1 +:I Tn (.r) = 1 +:I aln.'I: + «2n w2 + Ci3n .c3 + ... anI! .v
n 

-IJ] 1 1 

1) Wissenschnftliche Abl1RlldlulIgell dE>r Physiknlisch-Teclmischell Reichsnnstult. 
na. m, 427. 

2) Bulletin de la Société Ohimiqne (le Paris, X V (lS96) 54. 
3) Annales de 1'école normale, t. 16, p. 132. 
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that can l)e rendered converging in every finite region of the x":p1ane, 
not enclosing any part of the straight line (+ 1, + (0), from 

we may deduce 

00 

f(llJ) = ~ Cm (m-a)m 
o 

and the series of polynomials Un (x-a) can be made to represent 
f (x) in every finite region of MITTAG-LEFFLER'S "star". 

Solutions of the fundamental problem are given by MITTAG
LEFFLER 1), PAINLEVÉ 2) and others; still as yet new solutions are 
not devoid ofinterest. Perhaps the solution described here is not behind 
in ,point of simplicity at least from a theoretical point_of view. 

As was shewn by PAINLEVÉ the problem of expanding 1: I-x 
is connected with a problem of conform aI representation implying 
a certain want of determinateness. This problem requires the mapping 
of the interior of a u-circle, eentre the origin and radius unity, on 
the interior of a nodelefls elosed z-curve, going round the origin and 
passing through z=+1. The homologues of tt=O, tt=+1 are to be 
the points z = 0, z = + 1; mOl'eover the shape of the z-curve must 
be made to depend on a single or on several arbitrary parameters 
in sueh a manner, that by their assuming appropriate va]llcs the 
z-curve takes more or less elongated forms, varying from a z-circle, 
centre the origin, to an area of infinitesimal breadth covering the 
stroke (0, + 1). 

In no other way is the choiee of the Z-Cllrve limited. We take it 
here to be an ellipse having one focus in z = ° and the farther 
extremity of the axis major in Z = + 1. 

SCHWARZ'S functional relation 

.in ui 
z -,;: C sw ,- sn-l -\ 

- (2K Vk 

makes a u-circle and a z-ellipse conformal are as ; since howcver by 
this formula the centres of both curves are eorresponding points, 
and in our case the centre of the circle should be the homologue 
of one of the foci of the ellipse, a slight alteration IS necessary. 

1) Acta Mathematica, t. 28, p. '18 Ilrrel t. 24, p. 188 Ilnd 205. 
2) Comptes rendus, 23 Mlly !\1111 3 J uly 1 B99. 
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1t will be seen that the correspondence defined by the equation 

_ 4q% . 2 \ n -I V~ 
z -- 11 2 SUl I 17 sn - \ ' (1 + q 2) 2.L1. k 

meets all requirements. 
As to le, ]{ and q, they are the usual JAC'OBIAN COllstants in the 

theory of elliptic functions; we will consider k and J( as functions 
of q, thus rnaking the lat ter quantity serve as an arbitmry real 
parameter able to assume all values betwecn 0 alld 1. Putting 

the functional relation between u alld z maps the u-circle on a 
z-ellipse represented in polar coordinates by the equation 

1-8 
R=~--

1-8 cos cp 

When q tends to zero, the excentricity Evanishes, the z-ellipse 
beeomes a z-eirele and ultimately we have z = u: on the contrary 
when q approaches its uppel' limit unity, the z-ellipse tmnsforms 
jtself into a narl'ow loop stretched round the stroke (0, + 1). 

Obviously we may deduce from the functional relation an expan
sion of z in aseending powcrs of 1t. Writing 

the coeffieients 0" are obtainable by means of the differential equation 

d2z J 0 dz n 
u(k-lt)(I-1~lt) du2 +2" [k-2lt(1+k")+3ku2

] du - 41(2 z = 
2ql/2) n 

- (l+gl/2)2 . 4j(2 • 

We sha11 find for the first and second tcrms 1) 

1) 'rhe Ilotlltioll of the .&-constallts is that of 'l'AN:-IERY lIIal MOI,K, Élélllellts elt' lu 
théorie des fOllctiollS dliptiques. 
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c _ 2 (824 + t9i-l) 
2 - 3 {)i t'J

S
4 

and we may th en use the relation 

to obtain the higher coeffieients. 
Similarly it is possible to expand Zll. For ZII as weil as Z iti::elf 

is simply an aggregate of cosines of constant multiples of tbe quantity 

'll U V-
(1= 2K sn-1 kt 

and tbe expansion of cos 2 m (1 gives no more troublé than th at of 
cos 2 (3. In particular it should be notieed that the series for Z" begins 
with the term Uil. 

The foregoing eonsiderations enable us to express the function 
1 : 1- xz as an integral series of u. For, in faet, we have only to 
expand the different powers of z in the se~ies 

1 + ti' Z + ;1'2 Z2 + aJS z3 + . . . . 
and to arrange the result aceording to aseending powers of 1e. 

In this way we obtain an expansion of the form 

1 GO ---= 1 + :E Tfi (x, q) UfI, 
1 -tI'Z 1 

where tbe coefficient Tn (x, Ij) is a polynomial in x of order n, the 
coc::ffieicnts of th€' polynomial involving the parameter q. 

Putting now x = (Jei9 we will ask under wh'l,t; conditions as to x 
and to q this ze-series has its radius of con vergen ce at least equal 
to unity. This point is examined in tbe following way. Suppose 1e 
to move at random through the interior of tbe u-eirele, centre the 
origin and radius unity, then z simultaneously moves within the 
corresponding z-ellipse alld the motion of the point xz is restrictecl 
to take plare in the interiOl' of aserond ellipse of the z-plane. Evi
dently this xz-ellipse is obtained by turning the z·ellip8e round z = 0 
through au augle 0, stretching at the same time its radii vectores 
in the ratio (!: 1. Henre if only the point z = 1 lies outsidc this 
xz-ellipse, given by the equatiou 
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R= __ (1-8)(,.1 , 
1 - 8 COS UP - 0) 

the function 1: 1 - xz remains uniform and fini te, whatever may 
be the position of H within tbe u-circle or even on its boundary. 
Therefore as soon as x and q be sneh th at 

1 (1-8) (! 
> 1-8 COS 0 ' 

or what is the same that 

1 8 
(! < --- ·-cos 0, 

1-8 1-8 

the 1~-series will converge unconditionally for I u I < 1. 
We assume x and q to satisfy the condition imposed upon them 

and put u = + 1; thus we obtain 

1 co 

- = 1 + ~ Tn(x, q), 
I-x 1 

a development of 1 : I-x holding good for all points x inside the 
limaçon 

,18 
€I = -----cos O. 

l-e 1-8 

This limaçon has its acnodal point in x = 0 and the nearer vertex 
in x = 1. lts ·shape depends on the value of qj by variating this 
parameter we may rpgulate to a certain extent the region of eon
vergence of the series of polynomials. Take q = 0 and the limaçon 
degenerates into a circle, centre x = 0, radius unity. Suppose q tending 
to its upper limit and the limaçon covers larger and larger parts of 
the x-plane. UJtimately for q = 1 the limaçon would enclose all points 
x of the plane except those lying on the straight line (+ 1, + (0). 

Thus we infer that the expansion of 1 : I-x can be made to COIl

verge in every finite region of the plane not including a part of the 
line (+ 1, + 00) and we may use it in the manner indicated at the 
beginning to form all expansion representillg a given function f (x). 

Sol, for instunce, taking q = (r"', we have for all points x inside 
the limaçon 
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Q == 1.663 - 0.663 cos 0, 

1 
- = 1 + [0.5785 oT] + [0.2133 IV + 0.3347 a2] + 
I-oT 

+ [0.0968 w + 0.2468 w2 + 0.1936 $3] + 

+ [0.0488 $ + 0.1575 w2 + 0.2142 $3 + 0.1120 $4] +-
+ [0.0262 w + 0.0978.1 2 + 0~1762.v3 + 0.1652 .v4 + 0.0648.1,5] + 

. . . . . . . . . . . . . . . . . . . . . . . 

If we now multiply the coefficients of xo, xl, ... x5, ••• respectivcly 

by 0, 1, 0, - !' 0, !, ... , that is by the corresponding coefficients 

of the power series 

IV $3 w5 

bg trl''V==---+7'" ., . 1 3 t> 

we obtain the expansion 

bg tg $ = [0.5785 w] + [0.2133 IV] + [0.0968 IV - 0.0645 a·3] + 
+[0.0488 $-0 0714.x3] + [0.0262 .v-0.0587 J3 + 0.0130,/;5]+ ... , 

and the equivalen0e of the function and the selÎcs is valiel fol' all 
points common to the interiors of the limaçon& 

Q = 1.663 ± 0.663 sin O. 

Anel again in the same way we deduce from 

1 

V 
= 1 + [0.2892 w] + [0.1066 m + 0.1255 .r2] + 

I-m 

+ [0.0484 il' + 0.0925 m2 + 0.0605 w3] + 
+ [0.0244 il' + 0.0592 m2 + 0.0669 w3 + 0.0306 m4'J + 
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the regîon of con vergence being the sa.me as for the expansÎon of 
1: 1-x. 

For a test we may make the substition x = -1; we shall find 

1 
2 

0.5000 = 1-0.5785+0.1214-0.0436 +0.0065-0.0042+ ... 

=0.5016+ ... , 

bgfg(-l) = - 0.7854= - 0.5785 - 0.2133 -0.0323 + 

+ 0.0266 + 0.0195 + ..• = - 0.7820 +"" 

1 
V 2 = 0.7070 = 1 - 0.2892 + O.01S9 - 0.0164 - 0.0015 -

- 0.0022 + ... = 0.7096 + .... 

Phycics. - Prof. J. D. VAN DER WAALS on: "Tlte equatiOlr of 
state ancl Uw tlleo1"y of cljclic motion. ", Il. (Continued fl'om 
page 528). 

BefOl'e we are able to c,tlculctte the oquatioll for the equilibrium 
allel the entl'opy and the ~peeific heat of a ~ubstance with triatomic 
molecules, we, must first lmow the mode of motiOll. Ir the motion 
should be such, that thc fil'st atom is phteed exactly in the centl'C 
of gravity, and eonsequently only thc two other atoms move, sueh 
a molecule must be regarded as a diatomic one, alld the equation 
of the equilibrium will be again cqual to: 

(p + d~v + d~b) (b-bo) = Rl'. 

But the value l'epl'esented by bo will indude besidcs the space of 
the moving atoms, also the space occupied by the stational'y atom. 

If tho motion of thc tlm'c atoms rolativo to their centro of gmvity 
should be sueh th at tho distance of one of them quite detel'mines 
the place of the two others, as would be tho caso when they move 
along three lines, which enclose constant angles, and if thc case is 
therefore to be considercd as a vibrating system with one degl'ee of 
freedom, th en snch a molecule mU'lt be treated in Our consickratiOllS 
as a c1iatomic OIlt'. 


