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the addition need be but very small and the degree of hardness not 
very great: the question here is only to impede cleavage or gliding. 

But then similar phenomena we know excellently weU in alloys, in 
which very smaH additions may considerably increase the hardness 
of the main substance, and these additions in themselves lleed not 
be very hard. This is a known faci of iron, but the quotient of 
copper (its theoretical hardness) is equally great as that of iron; so 
copper by the addition of smaH quantities of other clements must 
be able to acqnil'e not on1y the hardness of iron, but also that of 
steel. 80 by these additions we must impede cleavage or gliding in 
copper. For this purpose it is preferabIe to choose elements, which 
are not too near akin to copper, because they lllay possess the same 
cleavage or form an isomorphous mixture. 

What has been said of copper as a matter of course, holds for 
all metals, not one, as we may say, entirely lacking cleavage or 
translation. 80 not a single metal will re ach its theoretical hardness. 
In the first place however this may be said of the mehl beryllium, 
which yields the very high quotient 0,233. AcC'ording to its quotient 
(theoretical hardness) it should be able to attain an experimental 
hardness, which greatly exceeds that of steel. 

Astronomy. - On the luminosity of the fixed stars. By PlOf. 

J. O. K.A.PTEYN. 

1. J1 ean parallrtx of stars of determined magnitude and propm' 
motion. 

In a paper published elsewbere 1) I found for the mean parallax 
n,.,... of stars of a determined proper motion fl and a determined 
magnitude m (Potsdam systern) the formula 

• (1) 

The values of the constants were derived as weU for the whole 
of the stars as for the stars of the first and second spectral type 
(8ecchi's notation) separately. 

1) Publ. of tlle Ast!'. Labor. at Gromngen No. 8, On the mean parallax of stars 
of determined proper motIon and magnitude. 



- 3 -

( 659 ) 

I found 

Type I Type n. All the stars. 

A 0.116 0.0262 0.0387 

I 'P 1.11 1.54 1.405 . (2) 

IJ 0.905 0.905 0.905 

The spectra were there, as they are in this paper, taken from 
Pickerillg's »Draper Catalogue". Exceptions to this rule will be 
expressly stated. This catalogue will be denoted by the letters D.e. 
The relation (1) was derived: 

1 st From directly measured palallaxeE>, almost exclusively using 
the longi::st and most rebable series of such mE'asures. 

2nd From tbe mean parallax of stars of different magnitudes, 
according to tbe determination w hich was communicated to the 
Academy in tbe meeting of October 1897 1). 

A further confirmation of the values of tbe palallax given by 
formula (1) for the stars with extremely smaH proper motions was 
found in the strong cundensation towards tbe milky way of the bright 
stars with very sm all proper motions (see Proceedings Jan. 1893), 
as compared with tbe condensation for the wbole of the fainter stars. 

The values for type 1 are, comparatively speaking, very uncer
tain. This is eXplained hy the tact that for this type large proper 
motions are exceedingly E>carce, in consequence of wbicb the paral
laxes of very tew stars of this type, and these exclusively very bright 
ones, have been directly determined. 

For type II the circumstances are much more favourable. Still 
the values given for this type and for the whole of tbe stars must 
only be considered as preliminary results, which may be altered some
what by the here following considerations. 

2. Probability that a star's parallax exceeds its mean value 1'n 

a given proporlion. 

In the paper quoted I also tried to derive tbe probability tbat 
the parallax of any arbitrarIly chosen star shall exceed its mean 

1) The only alterntion made in the figures there given is n sInall correctioll, which 
has heen npplied to the me.lll magnitude of the stars 0-3.5, in order to bring them 
in better accOldance with the best photometric determinatlons. 
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va luc, computcc1 by formula (1), in a givon proportion. 'I'hii detet'
millati011, which llecessal'ily must oe VÛ1'y l'ough, was based on the 
hypothesis that the quantities 

n 
z = log

no 
. . : • (3) 

w here n is the tl'ue, allu no tbe ]Jl'obable parallax, arc distl'ibuted 
aecording to the law of errors. -

Ey thi::; hypothesis the detCl'Inination of the rcquired probability 
WHS redllced to the del'ivation of a single quantity, fol' wlJÏch the pro
bable amount (1/) of z was ('hosen. 

1'ho relations betweoll tbo prooablc parallax '1"0 and tho mean par
allax ;. is given oy tho fosmula 

- - 4 mod'~ (0 476\14 .... )1 - " SQ"p'i 
1fo = 77:. e ::::: n. e-'" -I • • • • (4) 

The valuo of I! was del'ived from t110 observed parallaxes m dif
ferent ways. '1'ho valllo which was finally adopted is 

l! ::::: 0.19 ± 0.02. . • • • • • • (5) 

Introducing this value, (4) becomes 

no = 0.810 ;; . • . • • (6) 

Tho true uneol'tainty of this value of {! is somewhat largel' pro
bably 1han is indièated Ly' the p. e.; it can not be doubtod however 
that the t1'ue value of I! must be VCl'y small. It thus appears that 
the proper motion, combined wiLh the magnitude of a star, affords 
a very good critel'ion of its distanee, It is not difficult by meaJlS 
of the value (5) of (! to compute a table giving the probability that 
the parallax of an arbitrarily chosen star exceecls ct timos its mean 
value;. Sueh a table is given in the paper quoted above. It appears 
that the probability is 0.5 that tIle parallax. of a star taken at random 
shall be included between 

0.523 -; and 1.2G5 -; Ol' between na and 1.55 nOl 
1.55 

where no is tho prohable parallax eomputed by the formulae (1) and (6). 
The aceuracy of all these detcrminations (with the exceptioD per

haps of those fol' iypC' I) is all'C'ady so consioorable !.lS to jnstify 
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au attempt to determine fl'om these data, eombined with tho knowIl 
num Lor of stars of determillod magnitude and proper motion, the 

. number of stars of determined apparent magnitude within a givOll dis
tanee from the solar system, and from these llumbers again to eon
eludo the relative frequeney of stars of detel'milled absoluto luminosity. 

3. Data {or pl'opm' motton , magnitude, mul nU1I1ber of 
stars of ({, given magnitude. 

For the northern hemisphere the neeessary data about tho proper 
motions of stars brightor than 6.5 can be del'iveu from AUWERS 

BRADLEY. 
To the proper motions derived from this souree I have applied 

the following corrections : 
a. A. correction ol'iginating in a conection to tho constant 

of precession of - 0.000446 of its amount. 
b. A correction to the motions in declination of - 0".008 

fol' declinatiolls south of + 51 0 30' and of - 0".001 fol' more 
northern declinations. 

These values of the eorrections are 110t yet the best which ean be 
derived, but they diffel' very little from them. For the fainter stars 
tbe data about proper motions are mueh moré unccrtain. 

Still I think I have succeeàed in collecting even for these stars 
su eh data as will suffice to furnish a good check 011 the l'esults 
rlerived from the brighter ones. 

1'0 derive data for the number of stars of a gi ven magnitudo the 
following Bourees were used: 

a. Gore. 'l'he hundred brightes.t stars. Knowlec1ge Sept. 1900 p. 202. 
b. Kobold. (Vierteljahrsschr. der A.. G. Vol. 34 p. 213). 
From these two sourees I could derivo directly the numbers of 

stars of different magnitudes up to 5.5, aceordillg to photometric 
deterrninations. A eorrection of + 0 m 17 (see Potsdam Obs. Vol. 13, 
p. 459) has been applied to reduce the Harvard reslllts to tho 
Potsdam scale. 

c. For fu.inter stars the data of the B. D. wcrc usod. 'file COl'l'C{;

tiOIlS whieh are necessary to reduce the magnitudes of this work 
to the Potsdam scale arc now known with tolerabIe accuracy. For 
the magnitudes 3.0-7.0 these eorreetions are goi ven in the Potsdam 
D. M. (Potsd. Obs. Vol. 13, p. 454) i fol' the magnitudes 6.5-9.0 
by the investigations of SEEL TOER (Betracht. üb. die raümliehe Ver
theilung der Fixsternc. Abh. der IC bayer. AIr. der ,Viss. 2c Ol. 
1ge1' Bd. 3c Abth. S. 21). The lllean was taken of SEELIGER'S values 
for the declinations 0°_49°. SrmLIOElt'R (lata, whf'n reduceJ to tho 
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Potsdam seale, agree very weIl with the values whieh have been 
found in Potsdam for the magnitudes 6.5 and 7 O. 

From all these data I find the folloWlllg eomparison of the mag· 
nitudes of the B. D. with the Potsdam photometl'ie magnitudes. For 
the latter we have as is weIl known 

1 intensity of star of mag m _ 0 4 (7) 
og intensity of star of mag m + 1 - .. . . 

BD. Potsdam. 
3.0 3.38 

\ 
4.0 4.25 \ 
5.0 5.08 

6.0 6.01 

6.5 6.59 

7.0 7.13 . . . (8). 

7.5 7.68 

8.0 8.18 

8.5 8.77 
I 

9.0 9.37 I 

It was assumed that the magnitudes of AUWERS BRADLEY are 
homogeneous with those of the B.D. 

For the numbers of stUIS I find from tbe jllst mentioned sou rees, 
aftel' a careful reduction ta rounded off values of tbe magnitude 
aceording to the Potsdam seale: 

Potsd. mag. 
bl'ightel' than 1.50 

1.50-2.50 

2.50-3.50 

3.50-4.50 

4.50-5.50 

5.50-6.50 

6.50-7.50 

7.50 - 8.50 

8.50-9.50 

total 
18 

51 

145 

466 

1 508 

4 944 

15 370 

45 5~0 

153 830 

Typ. I + IJ only. 
17 

47 \ 

133 

456 

1 476 ~. (9) 

4 839 

15 043 

44 56L 

150 557 
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The numbers of Rtars belonging exclusively to the first and second 
spectral types, whi<,h are given in the last column were derived: 
for the magnitudes 0-3.5 from Me. OLEA.N'S determinations; for 
the other magnitudes by multiplying the numbers of the foregoing 

46 
column by 47' 

This ratio was found by actual countings in the D.O. 

4. Numbers of stars wkose proper motion is included between 
given limits. 

In the following table are given the numbers of stars which I 
found between dIfferent limits of proper motion and magnitude. 
The reason why not the total numbers, but only those for types 
1 and II are given, is simply that the lat ter could be more easily 
derived from other countings which had previously been made. The 
difference is practically of 110 importance for the present investigation. 

The stars brig'hter than 1.5 are entil ely omitted ; of all these 
stars the parallax es have been measured. For the formation of the 
following tab les they can be taken directly from the observations. 

Magnitudes 1.5-3.5. The proper motions were taken from NEW
COMB'S Fundamental Oatalogue. 'rhc spectra of those stars, which 
are too far south for the DO. were taken from Me. OLEAN'S Spectra 
of Soutkem Stars (London 1898). 

Magnitudes 3.5-6.5. The currected proper motions of AUWERS 
BRA.DLEY 1) were counted, the magnitudes having been previously 
corrccted by (8). In all there appeared to be of the magnitudes 
3.6-4.5, 4.6-5.5 and 5,6-6.5 respectively 297, 652 and 1017 
steUS. Thus, iu order to get the numbers (9) for the whole of the 
sky, the numbers of stars in BRA.DLEY had to be multiplied by the , 
the respective factors 1.535, 2.264 and 4.756. (Oonsequently to get 
tbe numbers of stars which are aetually in BRA.DLEY, the numbcrs 
of Table 1 must be divided by these same factors). 

Magnitudes 6.5-9.5. Different sourees (.A.UWER8 BRA.DLEY, 
.A.UWERS A G G, Boss A G 0, PORTER'S eatalogue of proper motions, 
combined with eountings iu the catalogues of LALA.NDE and BESSEL) 
Were eonsulted to determine what fraetion the numbers of the stars 
with proper 1l10tions 0"00-0"10, 0"10-0"15, 0"15-0"20 ..... 

/1 
1) Rejected were all the stars which have been incompletely observed by BRADLEY, 

nnd a few others. There remained 2640 sturs in uIl. 
I 
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TABL'E 1. NUlllbcl' of stal's 'fYllc I + TYIIC II in fl1c wl101e slly. 

I~~ i 1;~';\ 'H~ 1
1 

"-'li":" i '.'-' , r 'H'18>-O" 
I (I. \ 2.1 3.1 4.1 5.1 6.1 7.1 8. t I !J.l 

0" .0051 (l 5 'I 22 90 343 1504 I 9010 --;;; 0".000 -0" . 009 

.010- .019 .015 4 15 52 194 638 1896 7313 28184 

I i 
.020- .029 .025 I 1 I 10 I 41 177 505 1010 58S2 21225 

.030- .030 

.010- .049 

.050- .050 

.ono- .069 

.070- .079 

.080- .089 

.000- .090 

.100- .140 

.150- .100 

.200- .209 

.300- .a99 

.400- .400 

.500- .509 

.600- .699 

.700- .790 

.800- .S!!9 I 
o 900- 0.999 

.035 3 

.0'15 3 
I' 

.Oà5 1I 5 

.(l65 I 1 

.075 

.085 

.005 

.125 

2 

I 

5 

.35 1 

.45 1 , 

.55 II 1 

!I .65 I 2 

.75 I 

.85 1 

O. \)5 

1.000- l.100 1.1 

1.200- 1.390 

1.400- 1.599 

1. 6(0- 1. 799 

1.800- 1.999 

1.3 

1.5 

1.7 

1. IJ 

2.000- 2.999 2.5 

3.000- 3.\)99 3.5 

4.000- 4.909 4.5 

5.000- 5.999 5.5 

6.000- G.999 6.5 

7.000- 7.000 7.5 

16 r 27 

U I 27 

13 22 

4 25 

2 

5 

o 

10 

9 

11 

S 

3 

18 

25 

17 

57 

ai 

32 

a 

3 I 

2 

188 542 

03 461 

80 357 

77 252 

1910 4708 

149~ I 3877 
I 

1249 I 3342 

063 I 25<10 

71 247 752 1827 

45 209 692 1337 

54 200 646 802 

152 424 963 1640 

70 181 420 1070 

73 200 315 070 

5 

2 

2 

2 I 

5 

5 

75 

121 

38 

24 

17 

12 I 
(j ! 
7.5 

12.0 

4.5 

1.5 

1.5 

fi.O 

3.0 

1.5 

17S 

J33 

53 

:32 

27 

l:! 

\) 

o 
4.4 

4.4 

0.0 

8.9 

4 5 

4.5 

15809 

12045 

9184 

-0775 

4008 

3614 

2409 

4373 

2033 

919 

422 

196 

60 

36 

21l 

16 

10 

JO 

7.6 

6.0 

1.5 

1.5 

ILO 

6.0 

3.0 

4..5 

Total 11 4,6 )134. 458 1 J4.7614842 1504.02 i 44 576 150607 
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are of tIJ(' whole number of all the stars. The subilivislon of tfld 
proper motioDs 0"000-0"100 was then made by the aid of eertain 
plausible eonditions, whieh are eertainly or probably fulfilled by the 
numbers of small proper motions. Further explanation about this 
point will be given in a subsequellt more detailed publieation. The 
numbers given in the table we re derived by multiplying the total 
nnmbers (9) by the fl'actions whieh have been found in this way. 

In oriler to simplify the computations without sensibly impairing the 
accuracy, all the stars of whieh the magnitude is between 3.5 and 4.5 
between 4.5 and 5.5 etc., were reclconed to be of magnitude 4.1 2) 
respeetively 5.1 etc. Similarly for all the proper motions between 
0."000 and 0."009; 0."010 alld 0."019 etc. the mean proper motions 
0."005, 0."015 etc. were substituted. 

For each magnitude and eaeh proper moiion oeeurring amongst 
the arguments of table 1, the mean parallax was now computed by 
the formula (1). 1 thus founu e. g. for 

p. 111. 0"045, mag 6.1, ;:; = 0"0102, 

whieh value thus l'epresents the mean parallax of the 461 stars 
of whieh aeeording to table 1 thc p. m. and magnitudes are included 
hetween the lirnits 0"040 and Ol/OGO, rqspeetively 5m,5 and 5m ,6. 
By the aid of the table whieh was quoted above it is now easy 
10 compute the number of stars amongst these 461, of which the 
tl'llC parallaxes flJ'e included between given limits. We thus fiud: 

2) If the nnmber of stars of lllngnitnde m or brighter is Am = 1\.. aln, then the meun 
magnitude iii. of' th(' stafs, who~e apparent magnltudes ure includeu bctween the limlts 

- 1 n" .. 1 [ti 1 . m nutl m + 1, will be 111 = m - - + -. .l!Ol' pllOtometnc Ul!lgmtUt es UI m 
1 n a-1 

thE' menn II = 3.2G6. This !l,-i.ves Ul = m + om 596, ror whicb I have tnkE'n m + O.G. 



- 10 -

~ 
:1 

( 6M ) 

Limits of 7r fractioll of Number. tbe whole 

0"00000 and 0"00100 0.001 0 

00100 » 00158 .004 2 

00158 :t 00251 .028 13 

00251 » 00398 .097 45 

00398 » 00631 .209 96 

00631 :t 0100 .275 127 

0100 » 0158 .226 104 , 
0158 I> 0251 .116 54 

0251 » 0398 .0358 16.5 

0398 :t 0631 .0068 3.1 

> 0"0631 .0009 0.4 

1.000 461 

Repeating the same computations for all the numbel's of table 1, 
the following summary is obtained 1). 

In thû second colllmn are given the mean p.nallaxes;', which 
were computed by the formula 

1 1 
5 1 '[f;25-nI5 

"3;. = 1 1 ....... (10) 

n2s - nIs 

The mean parallax ;. given by this formula sat:sfies the condition 
that the absolute magnitude (see next §) computed from it corre
sponds to the mean of the absolute magnitudes of all the stars whose 
parallaxes have values between nl and n2' 

In the last column are givon the volumes of the sphericallayers 

1) A similar table was pllblished by me last year. (Pub!. of tlle Astr. Lab. at Gro
ningen, No. I, p, 93). Since thnt time I found occasion to repeat the whole inves
tigotion with greoter care, so th at th!' lJresent result~ must be considered as more 
trustworthy. 
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TABLE 2. Number of parallaxes in the whole sky (Type I + Type 1I). 
~-- ~-

'Jr' I~II I I I;; /I-O.D 0.1 1.~ I 2.1 3 1 4.1 I 5.1 6.1 7 1 8.1 9 1 
I 

û" .00000-0" .00100 0.4 0.5 3.0 18 0 84 0 440.0 3016 0 15363 8 

.00100- .00158 0".00118 1.0 2.0 8.0 34.0 152 0 667.0 31i58 0 ]6197.0 

.00158- .00251 .00187 1 1.9 2.7 15.2 76.0 306.0 1216 0 5419.0 21953.0 

.00251- .00398 .00296 2.9 7.9 29.1 141.0 531.0 1942 0 6912 0 25578.0 

.00398- .00631 .00469 3.8 14 9 48.7 211.0 770.8 2642 0 7880.0 26044 0 

.00631- 0100 .00743 1 I 1 5.1 20.2 64 7 255 5 901 0 2899 7 7352 0 20977 0 

.0100 - .0158 .0118 6.1 23.7 74.6 248.8 833.5 2403.2 5278.5 14067 5 

.0158 - .0251 .0187 7.3 21.8 74 5 209.4 614.3 ] 556.9 /l003 9 6789.5 

.0251 - .0398 .0296 2 6.5 17.6 59.2 142.4 367.5 780.5 1338 0 2568.4 

.0398 - .0631 .0469 1 2 5 2 11.5 40 1 78 8 177.2 322.5 496.4 792.1 

.0631 - .0100 .0743 1 1 3.3 6.4 23.3 37.7 69.1 114.6 157.3 207 !l 

.0100 - .158 .118 1 1 1 6 3.0 114 15.3 22 9 39.2 45.8 50.0 

>.158 .204. 1 1 2 o 9 1.8 6.2 8.1 ]2.7 18 4 19 6 18.8 

I 11 
2 

1 
5 I 10 \46.0 134.0 I 458.0 I 1476.0 I 4842.0 I 150420 I 44576.5 ) 150607.0 ) 

Vol. 

3140000 

788000 

198000 

49700 

12500 

3140 

788 

198 

49 7 

12 5 

3.14 

1.05 

----0') 
0') 
-J 

'-'" 
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included between two spheres of which the radii correspond to the 
parallaxes of the first column. As unit of volume I took the volume 
of a cube, of which the side is the distance correspontling to a 
parallax of 0"1. The numbers entered in thc columns of thc 
apparent magnitudes -0.9, 0.1 and 1.1 show simply the numbor of 
stars whose measured parallax lies bet ween the corresponding limits 
in the first column. 

6. Absolute lumilZosity and absol1äe magnil1tde. 

A.s unit of luminosity I will adopt the total luminosity of the 
sun. It is true that our knowledge of the relation bet ween the 
quantities of light which we receive from the Bun and from cortain 
fixed stars is still very-impel'fect. This is however of little impor
tance, beoause, when this relation will he better known, it will only 
be necessary to multiply all our results by a certain constant. in 
order to bring them into accordance with the new determination. 

I will here adopt: light of the sun = 40.000.000.000 X light 
of Veg'a, 1). According to the Potsdam measures the apparent 
magnitude of Vega is 0.41. From these data it can be easily 
derived that the sun, wben transfer red to ft distance corresponding 
to the parallax 11: = 0"10, would have the apparent magnitude 5.48. 
I will adopt 5m,5, which accidentally a;);rees exactly with the mean 
magnitude of the Bradley stars. If we put further: 

L = luminasity, Ol' total illuminating power of a stal' of appa
rent magnitude mand parallax = 11:, 

wc fiod easily by the rolation (7): 

lOf} L = 0.2000 - 0.4 111 - 2 log JE. • • • • - (11) 

We furtber define the absolute magnitude (.M) of a star, ofwhich 
the parallax is 11: and the distance 1', as the apparent magnitude which 
that star would have if it was kansferred to a distance from the 
sun corresponding to a parallax of 01/1. It is easily seen that 

111 = m - 5 lOf} r = m + 5 + 5 log n = 5.5 - 2.5 log L. (12) 

Far the sun L = 1 j the formula thus gives for the absolute magni
tude of the SUil 111 = 5.5, in accordance with what has been said above. 

') Young, General Aetronomy p. 213. 
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TAB L E 3. Log. number or stars lIer uuit of volume. 

-7.S51-6.5J-5.551-4.5S/-3.551-2.551-1,551-0.55/ 0.4511.4-512.45T3~45/4.~5.4516.4517.45IS.4519.45llO.45 . 
_I uI I \)enslty. 

5.2214.8214 4214.02~.6213.2~12.8212.4212.~1.6211 ___ 221 0.82/ 0.421 0.02/9.62/ 9.22IS.8218 421S.02 ~ !lean or I -
r 102. 

L 
\ 

0".00118 84.7 

.001S7 53.5 

.00296 33.8 

.00469 21.3 

.00743 13.5 

.Oll8 8.47 

.0187 5.35 

.0296 3.38 

.0469 2.13 

.0743 1.35 

.1lS 0.S5 

- .204 0.49 

3.5113.S1 14.40 5.013 5 685 6.326F~68 7.7131 I 
4.11 4.38 .~ 5.286 5.984 6.589 7.188 ~18.44(j 

5.18 5.60 6.167 6.852 7.428 7.9921~19.111 
5.88 6.",/,.901'.62' 8.19' '-'" 19.201 9.710 I I 

5.1l0 15.90 15.90 16.613 ~ 7.714 8.310 8.858 9.366 ~ 0.225 I 
7.28 7.878 8.377 8.899 9.4-23 9.8841~ 0:65~ I 

7.97 ~ 8.975 9.423 9.892 0.295/0580 0.935 

8.00 8.52 ~ 9.476 9.857 0.269 0.5961.2.:~,2.1l.113 
8.32 8.60 9.021 9.3M 9.\)07 0.200 0.552 0.S121..!!.:.!!!!~.Il.202 

8.90 8.90 9.4-221\).709 0.270 0.479 0.742 0.962 1.10011.220 

9.51 'UH \-;;- \I.9S010.560 0.6880.863 1.09711.16411.201 

9 98 9.98 10.219 -;;; 0.173 0.663 0.864 1.04.1 ~ U!66 1.257 

0.122 

0.234 

0.418 

0.656 

0.869 

0.9S5 

1.031 

1.00Q 

0.917 

0.829 

0.742 

0.648 

---Ct.> 
Ct.> 
co 
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7. Derivation of the stal'-density and fhe luminosity-curve. 

By the aid of (11) and (12) table 2 can be sa al tel'fd that the argu
ment: apparent magnitude is replaced by th€' argument log Lor M. 

If this is done, and if further the llumbers of the table are divided 
by the volumes given in the last column and loganthms are taken, 
we get the following tabie: (p. 669) 

The numbers of the last row of this table require some explalld.
tion. If this 10W had been derived in the same way as the others 
the resulting numbers would have been Ihose corresponding to the 
values 1.94, 1.54, 1.14 ... etc. of log L. For the sake of unifor
mity 1 derived from these, by intcrpolatlOn between the logarithms, the 
values corresponding to the values 2.02, 1.62, 1.22 ... etc. of log L. 

Tt is still possible tol enter this table wlth the argument: apparent 
magnitude; for the logarithms belonging to tbe same apparent magnitude 
are now placed in an obllque line descending towards tbe nght. In 
order to facilitate snch an entering of the table, the logarithms 
belonging to the apparent magnitudes 3.1-7.1 have been included 
between heavy lines. This enables us to judge more readily of the 
weight of the several numbeTl:l tabulated. Thus it is seen at on ce that 
the numbers which are in the table to the left of the heavy lines must 
have a very small weight because they me relative to the stars of 
the magnitudes 21, 1.1 ... whiC'h are exceedingly few in number. 
Similarly, though for a different reason, the numbers which ale 
outside tho heavy lines on the right hand side, and which belong 
to the magnitudes 8.1 and 9.1, have a small weight, at least for 
the smaller values of the parallax. 

The table virtually is nothing else than a table for the loga~ 
rithms of the relative dcnsities of stars of different absolute magni
tudes (or absolute luminosity). The absolute denslty, ~ e. the total 
number of stars per unit of volume, can not be determir.ed of course, 
berause we know nothing about the very famtest stars. We ran 
however determine that density expressed lD its value at a cor:ain 
distanee from the sun as unit. 

For this distanee 1 will provisionally adopt tbe distance corres
ponding to a parallax of 0" 0296. I wIll adopt the hypothesis that 
the luminosity-curve is the same for different distances from the E>un. 
Luminosity-curve I eaU J.he CUl've which for every absolute magnitude 
gives the numb€'r of stars per unit of volume, or in other words, 
which gives the pl'oportion in which the stars of different apparent 
magnitudes would be distributed over the sky, if they were all placed 
on the surface of the sphere whose radius corresponds to the paral-
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Iax 0"1. In tbe following tables I will give not the numbers of 
stars of each absolute magnitude, but the logarithms of these num
bers. As a consequence of the hypothesi'l whwh has been mentionE'd 
the ratio of the absolute densities is necessarily the same as that of 
the densities for the separate absolute magnitudes. 

If the density was constant, the numbers in each vertical column 
of table 3 should be identical. For the middle of the table this 
condition is roughly satisfied; for the large and for the small distan
ces however it is not. 

The manner in which tbe densities given in the last column are 
determined, is perhaps best eXplained by an example. 

The number of stars (not the logarithm) per unit of volume for 
the stars of the four absolute magnitudes - 6.55, -5.55, -4.55, 
-3.55 together is: 

for 'J'& = 0"00118, (app. mag. 2.5 -6.5) 0.000 0623 
" ,,= 0"00187, (app. mag. 1.5-5.5) .000 1215 

We thus get for the ratio of the densitieb 6.1 and 6.9, 

6.1 = 0.513 
6 2 

As a second determination we have for the stars of the absolute 
magnitudes -6.55 to -2.55: 

for 'J'& = 0"00118 (app. mag. 2.5-7.5) 0.000 2743 
" " = 0"00187 (app. mag. 1.5-6.5) 0.000 5095 

from which we get 

~ = 0.538. 
6.2 

The mean was taken of the two values 0.518 and 0.5-38, giving 
to the first value (which depends chiefty on the stars of the apparent 
magnitudes 6.1 and 5.1) twice the weight of the second value (which 
depends chiefly on the stals of the apparent magmtudes 7.1 and 6.1). 

In the same way the ratio was found of the densities at conse
cutive distances from the sun (n- = 0"00118, 0"00187, 0"00296 etc.) 
These ratios, together wlth the adopted density 1.0 for the distance 
corresponding to a parallax of 0"0296, gave the values of the last 
column of table 3. 

lf now from the logarithms of each row of the table we subtract 
the corresponding logarithm of the density, or in other words, if the 
whole is reduced to the density for n- = 0"0296, the following table 
is derived: 

45 
Proceedings Royal Acad. Amsterdam. Vol. lIl. 
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T A. B L E 4. Log. number uf stal'S lier unit of volume, reduced to 7r' = 0"0296. 

-7.51-6.55l-5 55/-4.51-3 .'55(-2.551-1.55(-0.55/ 0.45 1.45 ( 2.45 3 451445 5 .4516 .45 ! 7.45 
! 

8.451 9 .45 10.45 

~t" \ 4 .. \ ... \ .O~ 13~J ~,,\ ' "1,.42 1" 0;1 162 1 L'; I ~s-;-I o"fOO'1 ;,,, I'·" I 8 82/8.42l8.02 

,,-.... 

C\l 
t
~ 

'-' 

0",00118 

.00187 

.00296 

.00469 

.00743 

.0llS 

0187 

.0296 

.0469 

.0743 

.118 

.204 

Mear.. 

-~ -- ---- ---

4 42 I 4 72 I 5.31 I 5.947 6.599 7.240 7.98218.627 

4,74 1-;;-(~15.917 6.615 7.220 7 81918.46919.077 

5.56 ~ 6.546\7.231 7.807 8371(8922\9.490\ 

6.06 

5 . 96 I 5.96 I 5,96 

6.660[7174 78U 8.373 8.909(9.384\9902 

6.67417.270 7.775 8371 8.919 ;;;-19 83010.286 

-;;-17 885 8 384 8.906 9.430 9.89110.232 1 0.658 . 
1- -, ! 7.96 8.4288.962 9.410 ~1.879 0.282 0.567 0.922 

8.00 ;-;-18.949 9.476 9.857 0.269 0.59610.83011.113 

8.36 8.64 [I;;; 9.402 9.945 0.238 0.590 -;;;b .0~711.240 
8 98 8.98 /";;;;19.790 0.351 0560 0.823 ~ 1.181 1 1.30L 

9.64 9.64 ;;:-10.110 0.690 0.818 0.993 ~ 1.29411.331 

017 0.17 0.41 1;;-/0.361 0.851 1.052 1.229 ~ 1.45411.445 
1 1 . I I 

(4.42) 14.7215.2715.94316.60117.222 

(4.38) 4.68 5.27 5 ... 13116.58917.215 

I 7.809

1

8.376 

7.806 8.372 

8.920 \ 9.431\9.879\ 0.2641 0.58310.830 )l.024I1.22911.398j (1.45) 1 (1.44) 

8.909 9.410 9.863 0.26l 0.601 0.857 1.04,8 1.239 1.4û8 (1.46) (1.455
) 

-----
~._------~~~.~~~~---.:t:;~'iS:--=...,...:~z_ ... -'" ~_._=""~~ .... ~='--~=_--.::7--.,--:..t-. ___ ::... ~.r_~_,:::_____.::: ... ~_""--~-=-,,,-~_-----..~ _____ :.~ ~ r-~~~~"";;----=~':-:;;""_-"""'~~-~~~=-=-~~-~ ~~~;:::-~ 
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The numbers given in this table evidently define what we have 
called the ] umillosity-curve. 

In taking means the following weights were glven: 

A. In the columns of abs. mag. -6.55, -5.55 ..... to + 0.45 

B. 
" " " " " " 

1.45, 2.45 ......... 8.45 

apparent magnitude A. B. 
brighter than 2.5 0 0 

3.1 2 2 

4.1 5 5 

5.1 14 7 

6.1 21 7 

7.1 3 1 

fainter than 7.5 0 0 

These weights are roughly proportional to tbe nUTnbers of stars 
in BRADLEY which have cUlltributou to the formation of the nUill

bers of table 4. 
It is evident tbat the fiual means depend 0111y in a very smaIl 

meaRure on thc values which we re found for the densities. They can 
be derived qnite independent1y of these densities.' So we find e. g. 
directly from table 3 for 

1 
Ilumber of stars of absol. mag. -1.55 

og -2.55 
" """ " " 

tbc following values (the ussigned weights are added in brackets) 

0.599 (3) 

0.576 (5) 

0.637 (3) 

0.505 (1) 

Meal1. 0.591. 

If in the same way the ratios are derived of the numbers of stars 
belonging to any two consecutive magnitudes, it is only necessary, 
fol' at( complete knowlerlge of thc luminosity-curve, to derive the num
bel' of stars per unit of volume for one absolute magnitude. This 
lIumLer was obtained by effecting the best possible agreement with 

45* 

• 
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the curve which has already been found. The resulting vaIues are 
given in the last row of table 4. It will be seen that the discra
pancies of the values derived by the two methods are very smalI. 

8. lnfluence of tlte unce1·tainty of the constants of formula (1). 

In order to investigate in how far the values here derived are 
affected by uncertainties in the fundamental quantities (J, 8, lr55, I 
have altered these quantities by, amounts which are almost certainly 
outside (in some cases far outside) the limits of the tcue uncer
tainties. 

As far as the values of lr55 (i. e. the mean parallax of stars of 
mag 5.5 and p. m. p) are concerned, the principal causes of uncer
tainty are: 1 st. the remaining )lncertainties in fhe measured paral
laxes and 2nd• the remaining uncertainty in the linear velocity of 
the sun, by the aid of which the mean secular parallaxes derived 
from the parallactic motion were reduced to parallax es in the usual 
acceptation of the word. -

N ow it is evident th at, if every parallax is multiplied by the 
same factor not much different from unity, then also all densities 
will be multiplied by a certain constant factor not muclr different 
from unity. Thus, if provisionally we do not aim at the most reflned 
precision in the absolute vaIues of the densities, it is cIear th at we 
can make these two uncertainties to bear either wholly on the large 
and directly determincd parallax es, or wholly on the small paral
laxes derived from tbo parallactic motion. 

I chose the latter course, and consequently I took care that the 
directly measured parallaxes we re as weIl represented by the new 
formula as by the old one. _ 

In deriving the formula (1) the value 1) k = 16.7 .:!: 1.15 kilo
meter p('r second was used. for the velocity of the sola1' system. 
A few months 2) ago CAMPBELL, derived from the material given 
by his own observations, which is m llch more extensi ve thall that 
from which thc above value was derived, the vaIue h = 19.9 + 1.5~ 
kilometer. For the mean linear velocity of the stars he finds 34.1 
kilometer. From this Jatter value we get, by Ihe method explained 
in Proceedings Octobpr 1897, anothe1' value, which cannot differ 
much from k = 18.3. As the flnal value from CAMPBELL'S ooser
vations we ~ust thus adopt about h = 19.0. Everything considered 
the value: 

I) Proceedings October 1897. 
2) Astrophys. Journ. Jnn. 1901, p. 81 5\19. 
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" = 18.45. • • (13) 

appears to me to be the most pl'obable value which can at present 
be adopted. 

I now derived anew the values of 1ZI-'ln in formula (1) in the follow
ing suppositions, to which I add the constants which were for
merly found (sol. I): 

Sol. Tt A P E P 

I 16.7 0.0387 1.405 0.905 0.19 

II 16.7 0.0387 1405 0.905 0.00 (14) . 
III 167 0.0387 1.405 1.000 0.00 

IV 202 0.0454 130 0.905 019 

Y 18.45 0.0419 1.355 0.87 019 

In these solutions the stars fainter than 2.5 and in some of them 
also thase brighter than 7.5, which have na influence on the 
resuIt, were, for brevity's sake, omitted. 

These different solutions give for the 'densities (b.): 

TABLE Ó. Density 6, 
-

'I' 

I I 

I II III IV V 

Limits. 
I 

Meall. 

0" .00100 -0".00158 0" 00118 I 0.122 
I 

0.187 0.162 

.00158- .00251 .00187 0.234 0.345 0.292 

.00251- .00398 .00296 0418 0.223 0.184 o 568 0.465 

.00398- 00631 .004G9 0.656 0.592 0.571 0.789 0.684 

.00631- .0100 .00743 0.869 1.072 1.294 0.968 0.852 

.(}lOO - .0158 .0118 0.985 1.191 1.507 1.040 0.945 

.0158 - .0251 .0187 1031 1 122 1.403 1.050 0.984 

.0251 - .0398 .0296 1.000 1.000 1.000 1.000 1.000 

.0398 - .0631 .0469 0.917 1.045 0.889 1.007 0.980 

.0631 - .100 .0743 o 829 0.771 0.497 0.875 o 957 

.100 - ,158 .118 0.742 0.728 0.406 0.813 0.933 

> 0.158 .204 0.648 0.627 0.220 0.780 0.929 
I 
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For the luminosity-cul've we find (aftel' adding to the values I, Ir 
and III the cunstants - 0.081, + 0.056 and - 0.104) 

TABLE 6. I,umillosity-cul·ve. 
(Log. llltmber of stars per uuit of volume fol' 7r = 0"0296). -

I 1I III IV - V-
Log. L. :AI. 

- 0 081 + 0056 - 0 104-

5.22 - 7.55 (4.34) -
4 82 - 6.55 4 64 4.65 4.60 

4.42 - 5.55 5 Hl (5.71 ) (5.82) 5.29 5 17 

4 02 - 4.55 5 862 5.71 -5.04 5.960 5.928 

3.62 - 3.55 6.520 6 46 6 58 6.601 6.586 

3.22 - 2.55 7.1Jl 7 1,65 7.1402 7 ]89 uno 
2.82 - 1.55 7.728 7.838 7.682 7 764 7.815 

2.42 - 0.55 8.295 8.431 8.227 8.323 8.380 

2.02 0.45 8.839 8 993 8.735 8.852 8.922 

1.62 1.45 9.350 I 0.564 Il.3Il 9.340 9.413 

1.22 2 45 9.798 0.9% 0.763 9.760 9.839 

o 82 3.45 0.183 0.285 0.]74 0.117 0.190 

0.42 4.45 0.502 0.480 U.521 o 45~ 0.478 

0.02 5Ai 0.710 0.533 0.622 0.6GO 0.680 

9.62 6.45 0.943 O.GOI 0.687 0.850 0.836 

9.22 7.45 1.148 1.132 1.389 1.084 1.026 

8.82 8.45 1.317 1.20 1.607 1.248 1.102 

8.42 0.45 (1.37) (1.3) - (1.7) (1.10) 

8.02 10.45 (1.36) (1.4) (1.8) (1.11) 

The discussion of the dcnsities must be defeJ'l'ed to a subsequent 
communication, because it will be necessary in that discussion to 
keep the stars of differen t galactic la ti tudes separatcd ab initio. 
There seems to be l'eason to believc thnt this dist'ussion, if therein 
we include some additional data furnished by observation, will lead 
to a better understanding of the rea I structure of the galactie system. 

The table 5 lllight tbel'efol'c have becu omitted here but for tbo 
fact that it bl'ings out clearly a defect of our solution I alld indicatos 
at the sumo time the Il1CAllS to concct it. This defect lies in thc 
rapid dccrease of thc uensity L::. fol' thc larger parallaxes. A. graphical 
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representation in which the densities are taken for ordinates, while 
the abscissae arc not tbe pal'ullaxes, but the distances from tlle sun, 
shews the e~ormous rapidity of this decrease. Such a rapid decrease 
appears entirely incredible, as compared with the slowand gradual 
change for larger distance.,. If we could Ilctually use stars which 
are evenly distributed over the whole sky, instead of almost excIu
sively over the northern hemisphere, and if the density varies con
tinuously with the position in space, then the mean density in the 
immediate neighbourhood of the sun must even be found constant. 

The values of b.2 show the same uecrease. A ;'ariation of Q has 
thus no influence. The !:::.s's on tbe other hand show a still more 
rapid decrease. It fûl10ws immediately that by a diminution of ~ the 
defect in question can be corrected. It appears from the b.4'S that 
a change of the di stances in the direction ",hieh is made necessary 
by CAMPBELL'S results, has also au effect in the desired direction. 

It is easily inferred from the table that the defect must uearly 
disappear by a new computation, if therein we determine the paral~ 
laxes in accordance with the value (13) of the sun's velocity, and 
adopt 

8 = 0.87. . (15) 

This alteration of 8 is just inside the estimated limits of uncertainty 
of this quantity 1). 

Thc last column of table 5, which wal:! computed with these data, 
shows that the density becomes indeed tolerably constant for all 
parallaxes larges than 0".01. 

For this reason the solution V is the solution which in my 
opinion is to be preferred, though it remains possible that the sub
sequent discussiou of the densities will neeessitate further smaIl 
changes in the values of the constants. 

9. Reliability of the l'esults derived for the luminosity-curve. 
The values which were given to Q in solution II, and to (! and 8 in 

solution III are outer limits, which were taken for the sake of the 
simplicity of the computa.tions. With regard to Q the alteration is 
9 to 10 times the p. a., fol' s it exceeds nearly three times the esti
mated limit of uncertainty. Also tha solution IV was made with 
values ,of the eonstan ts, the Jeviations of w bi eh from those of solution 
I probably excced the roal uneartainties of the latter. 

N evertheless the dis<'l'epancies betweell the different curves in 
table 6 are inconsiderable. It thus appears th at 'thr. form of the curve 
is very little affected by e1'1'Ol'S in the constants of formula (1). 

1) See Public. of the Astr. Lab. at Groningen No. 8, p. 10. 
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:Elxcepting the extreme ends of curve, whirh for evident reasons are 
rather uncertain, errors of 0.1 in the values resulting from solution 
V must already be considel'ed as unprobable. In the middle of the 
curve this corresponds to only about 0.2 of a magnitude. 

Besides on the uncertainties of the constants, the correctness of 
the curve also depends on the greater or smaller degree of comple
teness and certainty of the data about the magnitudes and the proper 
motions which form the basis of the whole investigation. We can 
however easily estimate the effect of these eauses, as it is possible 
to derive the curve: 

lst. exclusively from stars of app. mag. 3.1, 5.1, 7.1; 
2nd

• " " "" " » 4.1, 6.1, 8.l. 
These two determinatiops are absolutely independent of ;aeh other. 

The computatlon was carried out with the data of solution 1 1), 

in precisely the same way a.s that for the last row of table 4, i. e. 
entirely independently of the densities. The results are given in the 
following table • 

M. I Mag. 
3 1, 5 1, 7 1 

II Mag. 
4.1, 61, 8.l I-IJ 

-6.55 4730 

-555 5183 5.272 -0089 

-4.55 5.957 5.930 + 027 

-355 6.638 6.561 + .077 

-2.55 7.229 7.233 - 004 

-1.55 7.815 7.B83 - .068 

-0.55 8.349 8454 - .105 

0.45 8.875 9.013 - .138 

1.45 9.368 9.482 - .114 

2.45 9821 9.927 - .106 

3.45 0.222 0.280 - .058 

445 0.576 0693 - .017 

545 0.882 0797 + .085 

6.45 1.163 0968 + .195 

7.45 1,291 1.165 + 126 

8.45 1.509 1.269 + .240 

945 1.390 

1) Aftel wards this computatÏim was also mnde for solution V. The reslllts ale nll 
but identicnl to those of sol. 1. 
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Keeping in mind that we may legitimately expect that the errors 
in the adopted curve, 80 far as they dep end on the uncertainties 
here considered, will range between hmits only abollt half as wide 
as those of the dlfferences I-lI, we co me to the conclusion that 
these differences are al ready very s,lhsfactory. All things considered 
I think we may safely expect that (excepting the extreme ends of the 
curve) the values resulting from solution V will never be in error 
much more than 0.2, wh1ch conesponds to about 0.4 of a magnitude 
in the middle of the curve 1). 

Moreover our know1edi!-e of the proper motions is increasing 
rapidly, so that we may reasonably hope that within a comparatively 
short time, we may be able ta reduce still more the uncertainties 
of the curve. 

Especially for the fainter end of the curve, which depends exclu
sively on the large proper motions of faint stars we will certainly 
soon have better data by wLich it can be corrected and 
continued. 

From the abovo numbers the curve appears to reach a maximum 
aboui- the absolute magnitude 10.5. Whether for fainter stars it 
will deseend as rapidly Ol' more rapidly, and whether it will soon 
rea eh a limit, below which no luminous stars exist, are questions 
to answer which a knowledge of the number oflarge proper motions 
of stars fainter than the llinth magnitude is requil'ed. It seems not 
at all impossible by the aid of photography to derive, even within 
a few years, an approximate knowleclge of these proper motions for 
stars down to the 131h or even somewhat higher magnitudes. 

At the brighter end the continuation will ('aUlle more difficulties, 
as it must depend on au accurate knowledge of the extremely 
small proper motions, which cau only be slowly attained in the 
course of years. 

A numher of conclusions cau at on ce be drawn from our resuIts, 
which however I will deier till af ter the discus sion of the densities. 
I will here on1y illustrate the meaning of the curve by a few num
bers. According to the curve V, there will be in a space which 
contains 

1) The uncertninty resulting from errors in the adoptecl posltion of the Apex. and 
in the aorrections to BradIey's declinahons, was left out of considerution here. I hope 
shortly to be able to give the nlterations which resnlt from these cnuses. 
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2.000.000 stars of the same luminosity as th at of the sun 

1 stal' with 100.000 I,Îmes gl'eater :I> than :I> :I> » :I> 

38 stars ~ 10.000 » ~ :I> ~ » :I> :I> :t 

1800 :I> l> 1.000 » » :I> » » » » :I> 

36000 :t » 100 » » » » " » » :t 

440000 » » 10 » » :I> :I> » :I> :t '» 

over 5000000 :I> » 10 » smaller » » » » » » 

7500000 » » 100 » » :11 » » :I> » » 

Below this degree of luminosity it seems th at thc number of stars ceases 
to increase. The first and last l1umbel's are of course very uncertain. 

It may a180 be remal'ked that we find a tata] density which is 
rnuch larger than is commonly assumed. 

Th€' mean parallax of the stars of magnitude 5.3 becomes 0".0158 
hy the solution V. Inside a sphero with a rad:us cOl'resp~nding to 
this parallax I find (oy sol. V) alreac1y 43000 to 44000 stars whose 

luminosity is not smallfll' than 115 of that of the sun. The number 

of the still fainter stars can not be determined. If on the other hand 
we adopt the uSllal approximation which assumes tbe same luminosity 
for all the stars, the llumber of stars inside the same sphere will of 
course be the numbel' of stars of the apparent magnitude 5.3 and 
brighter. This num bel' is (Potsdam system) only about 1730, that 

is only 2
1
5 part of the numbor which was found alJove. 

10. Sta1'S of tke first ,and tlze second spectral type. 

Although the data relating to the separate spectral types are by 
far less certain than for all stars together, I will nevertheless mention 
the results which I derlved from them, as they bear on the conclu
sions arrive.d at in a farmer paper. 

The uncertainties are of two kinds: 
1 st. For Type 1 the constants (2) are very uncertainly determined. 
2nd• Our knowledge of the spectra is far from sa complete alld 

accurate as could be wished. 
For these reasans the following results, at least those for type I, 

do not deserve tbe same confidence as the preceding ones for all tbe 
stars together. With regard to tbe first point, it has already been 
mentioned that the total weig'ht of the direct detel'minations of paral-
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lax, which were available for type I, is very smal!. It is not One 
sixth part of that for type 11. 

Moreover these parallaxes belong' exclusively to bright stars of 
comparatively small proper motion. Tt would be of the highest impor
tance for an investigation like the present, if observers, who devote 
themsel ves to the deLermination of parallaxes, wouW pay especial 
attention to the comparatively few stars of the first type with large 
proper motions. 

As to the second point: 
Having regard to tbe fact that the D.e. is only complete down 

to thc stars of about the 6th mag'nitude, it is to be feared that of 
the fainter stars which it contains a largel' number proportionally 
will belong to the photographically brighter stars of the 1 st type 
than to the stars of the same \ visual) ma,gnitude of the second type. 
If tbis is so, OUl' results wlll be systematically affected. 

In order to get more certaiuty auout this point I derived the ratio 

p = number of stars of Type Ir . (16) 

" " " " " 1 
for different magnitudes, not only from PICKERING'S data 1) but also 
from the spectroscopie Dm (Deel. - 10 tot + 20°) of Potsdam 2), 
wbich is complete down to thp. visual magnitude 7.5 and is thus of 
special value for our purpose. 

PICKERINO'S results are g'iven "ith the argument: photographic 
magnitude, while wc rcqllirr. here Y:811111 magnitudes. The necessary 
data to effect thifl reduction are giYPl1 in PICKERING'S work; never
theless the accuracy of the re'lults is considerabiy impaired by this 
circumstance. 

Tbc result of my computatiol1s was: 

Vis. mag. Number stars in DO. P. 
Typ L Typ H. 

3.50-4.00 74 52 0.70 

4.00-4..50 157 109 0.70 

4.50-5.00 301 234 0.78 

5.00-5.50 633 494 0.78 
.. (17) 

5.50-600 1348 1045 0.78 

(6.00-6.50 ~717 2220 0.82) 

1) Annals of the Astrophys Obs of HnrVOl'd Collo vol. 26, Part 1, p. 147. 
2) Publ. des Astrophys. Obs. zu l'otsdnm Ser Bd. 3es Stuck. 

/ 



- 26 -

( 682 ) 

The data for stars fainter than the 6th magnitude are included in 
brackets, because we cannot be sure that the two types are observed 
equally completely; there IS even astrong probability to the contrary. 

The Potsdam Dm gives a classification which differs from that of 
the D. C. 

Àccording to Harvard. Obs. 26, part I, p. 177 we have approx
imately: 

Class I of Vogel = -Á + T/ + G Draper Cat. l 
" II" " = K "" \.... (18) 

Now I find by countings in the Potsdam Dm.: 

mag. BD, 

0-3.5 

3.6-4.0 

3.1-4.5 

4.6-5.0 

5.1-5.5 

5.6-6.0 

6.1-6.5 

6.6-7.0 

7.1-7.5 

7.6-8.1 

8.1-8.5 

8.6-9.0 

Cl. I.-

40 

19 86 

27 

:: i 
164 ~ 
300 

276 

Cl 1I. 

10 

16 40 

14 

39 

39 

73 

185 

151 

Cl. II 
Cl. I 

0.25 

0.84 0.47 

0.52 

0.89 

0.58 

0.445 

0.62 

0.55 

552 1708 308 953 0 56 I 0.56 

856 _ 460 0.54 

:: ~ 113 ::! 57 

0.53 ! 
0.43 0.50 

0.67 I 

\ 

(19) 

Tt follows from these numbers that, at least down to the visua! 

. Cl II d' t 'bl . h tb magnitude 7.5 the quotlent CïI oes no senS1 y vary wIt e 

magnitude. 
Accordingly we have by (17) in the notation of the D. C. 



- 27 -

( 683 ) 

K 
A + F + G = Const. = 13 

from which 

K + .F' + G = Type II = P = fi + (13 + 1) F + G. • (20) 
A Type I A 

From thc data of the D. O. redueed to visual magnitudes I find 

Number Number F+G 
vis. mag. 

F+G A A 

3.5-4.0 21 63 0.34 

4.0-4.5 44 134 0.33 

4.5-5.0 94 255 0.37 

5.0-5.5 200 560 0.365 

5.5-6.0 425 1269 0.335 

6.0-65 908 2629 0.345 

Thus also the last term of (20) appears to be eminently constant. 
From the Potsdam Dm we thus derive the eoncluElion, whieh is 

in good agreement with the directly deriveà table (17), that the 
value of P does not sensibly vary with the magnitude (at least not 
down to mag. 7.5). 

The num bers of stars of the two types ware now derived as 
follows, the very few stars brighter than 2.5 being omitted: 

l st • Magnitudes 2.5-3.5. All stars of Ihese magnitudes in the 
whole of the sky were brought togethel', as eXplained above. 

2nd• Magnitudes 3.5-6.5. The spectra of the Brarlley stars 1) 

were taken from the O.O. and the wholc of thp. stars whieh are in 
this catalogne were counted between the same limits of proper motion 
and photometrir magnitude as in table 1. Fl'om these eountings the 
tobt! number of these stars for the whole of the sky was then 
derived in the manner whieh has been explained above. Finally 
the numbers of stars of the diflel'ent magnitudes (2.5-6.5) were 
multiplied by sneh factors (differing little from nnity) that the con-

----
1) The stars which hnye been eMlltd~d h!we al ready been mentioned nbove, 
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dition P = con st. is fulfilled, while the total numbers (Type I + 
Type II) are left unchanged. 

3rd • Magnitudes 6.5-7.5. To begin with the same method was 
used for these stars as for those of the magnitudes 3.5-6.5. The 
number of stars in Bradley belonging to these magnitudes is 80 small 
ho wever, that the numbol's for the individual proper motions neces
sarily run somewhat irregularly. Therefore I first divided the whole 
of the stars in two parts, viz. those with proper motions < 0"10 
and those with proper motions > 0"10. 

. number of stars of pt 'rype . 
The ratlo a = 'd 1 t T + 2 d T was then determmed 

1. S ype n ype _ 

separately for each of these parts alld compared with the analogous 
ratio for the magnitude 6). It appearecl that the factors, by which 
these ratios for thc magnitude 6.1 must be multiplied to gi ve those 
for the magnitude 7.1, were very nenr unity. These factors were 
then used to der~ ve tbe ratios a for the sepa?'ate proper motions 
011.00-0".01" 0".01-0".02 ... etc. for the m[lguitude 7.1. ance 
these ratios a found, tbe table 1 furnishes the noces~ary numel'ical 
values. 

In this way I found Bna1ly the numbers which are given in 
tbe following tabie: (p. 685) 

It appE'ars from this table that the numbers for type I shoW' still 
considerable irregularities, which are still more apparent, if tbe table 
is condensed by taking wider limits of proper motion, and if then 
all the numbers are expressed as frnctiolls of the analogous n umbers 
of table 1. It appears in tbis way that e. g. the number of stars of 
large proper motioll of tbe magnitude 5.1 is consioerab1y smaller 
than might be expected from the fJame numuors for the magnitudes 
4.1 and 6.1 . .At first sight such an irregularity is rather surprising, 
as it is not at once apparent how the spectrogl'apbic observations 
can be subject to systematic errors depending 011 the proper rnotion . 

.A. eloser scrutiny shows however that such a thing' is not at all 
impossible in the present case. 

In .A.stronomy and Astrophysics Vol. XII, p. 811 are given a 
number of corrections to thc data of the D. 0., which corrections 
I have duly applied. 

The corrections bear exclusively on stars of large proper rnotion, 
wbose spectrum bas been reinvostigated on the indication of Mr. W. H. S. 
MONCK. In how far these correcLions influence the number of stars of 
the first type with large propor motions is :tppMent from tlle precoding 
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TA.BLE 7. NUDlber of stars in the wllOle sky. 

TYPE I. TYl'E Il. 

(/0 

11

31
1 

4 1 
I 

5.1 I 6.1 
1 

71 3.1/4.11 5.1 1 6.1 
1

71 

0" .000- 0" 009 2 15 76 220 914 3 8 17 121 590 

010- .010 8 37 128 435 1227 7 16 68 199 669 

.020- .029 8 fl8 126 332 1007 1 14 54 262 903 

.030- 039 9 20 117 345 1154 7 7 73 194 756 

.040- 019 7 19 47 284 872 5 8 45 174 618 

050- .059 8 18 53 201 665 5 5 34 155 584 

.060- 069 2 18 50 130 470 2 7 28 121 493 

.070- .079 13 24 112 320 2 6 46 136 432 

.080- .089 2 12 21 112 349 3 13 24 97 343 

.090- .099 6 10 19 66 199 2 7 34 136 447 

.100-- .149 4 24 62 173 391 G 32 88 253 572 

.150- .199 6 8 2](2) 51 117 2 24 56 132 303 

.200- .299 3 10(3) 5(12) 19(19) 29 9 22 65 185 286 

300- .399 1 2 2(4) (5) 2 14 39 107 75 

.400- 499 2 2 5 17 3 11 15 30 104 

.500- .599 3 8 7 24 38 

.600- .699 (5) 2 7 5 24 

.700 - 799 8 5 10 17 

.800- .899 3 2 12 

0.900- 0.999 2 6 

1.000- 1.199 1 3 5 7.5 

1 200- 1.399 3 2 5 12.0 

1.400- 1.599 2 4.5 

1. 600- 1. 799 1.5 

1 800- 1.999 2 2 1.5 

2.000- 2 999 1 6.0 

3.000- 3 999 5 3.0 

4.000- 4.999 2 1.5 

5.000- 5 999 5 ju 6 000- 6.999 

7.000- 7.999 

I 
08

1 
234, I 753 I 24S5 I 7731 04, 12231 722 2356 7311 
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tabie. If the correctiona had been neglected, the num bers of star.s of 
the magnitudes 4.1, 5.1, and 6.1 would have been increased by the 
quantities which are added in brackets. 

For the magnitude 7.1 the analogous increase could not easily 
be derived, owing to the particular manner in which the numbers 
for that magnitude were obtained. It will be seen that by these cor
l'ections the proportions are entirely changed in the case of the very 
large proper motions of type I 1). 

If the corrections which -are still necessary are so considerabIe, 
we cannot expect very reliable resnlts. 

The mannel' in which I tried as compIeteIy as possible to remove 
the irregularities, will best be shown by an example: The total num
bers of stars of type I for the magnitudes 4.1, 5.1 and 6,1 are 234, 
753 and 2485. If now every number of the third column is multi-

. 753 - - 753 
phed by 234' and every nnmber of the fifth column by 2485' these 

three columns are rednced to the same total numbcr. 
Aftel' this was done the numbers of the 3rd , 4th and 5th columns 

were added; the sums were divided by 3 and the resulting values 
were adopted as corrected values for the magnitude 5.1. In the 
same way the corrected numbers for the magnitudes 4.1 and 6.1 
were derived. In order to be able to do the same for mag. 3.1 the 
numbers for mag. 2.1 were also derived. The numbers for mag. 7.1 
were not altered. 

In the case of type II the number of large proper motions is so 
considerable, and the infiuence of the corrections which have just 
been discussed is so sm all , that the numbers of table 7 were adopted 
as they stand. ' 

In order to derive from table 7 (aJtered for type I as just now 
explained) the densities and the luminosity· curve in the same way 
as -explained above, a first computation was made with the values 
(2). Afterwards a second computation was carried through in which 
the corrected value (15) of E was used and the parallax es we re made 
to agree with the corrected velocity (13) of the solar system. 

In the case of type I the al teration of E had a large infiuence 
on the value of 1"& 5.5 derived from the directly measured parallaxes, 
owing to the faet that these direct determinations belong exclusively 
to very bright stars. 

1) According to Mr MONCK 60 percent of the SItars of type I, to whicll he called 
a,ttention ou account of their large proper motions, were actually altered to type 11. 
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The following are the values of the constants for the two solutions 
(A and B): 

Type I Sol. I h I 
A I p I E I p 

-
I A 16.7 0.116 1.11 0905 0.19 

I' .B 18.45 0.0753 1.20 0.87 0.19 

IJ A 16.7 0.0262 1.54 0.905 0.19 
(21) 

, B 18.45 0.0316 V\,7 0.87 O.1\l 

With these data the following den si ties we re found: 

TABLE 8. Densities ,1. 

'7r Type I. I Type Il. 

Limits. I Mean. Sol. A 
I Sol. B I Sol. A I Sol. B 

0"00100 - 0"00158 0"00118 0.280 '0.278 0.070 o 102 

.00158 - .00251 .00187 .470 0.478 0.156 0.190 

.00251 - .00398 .00296 .738 0.726 0.254 0.314 

.00398 - .00631 .004-69 1.006 0.986 o 440 0.474 

.00631 - .0100 .00743 1.202 1.172 0.622 0.655 

.0100 - .0158 .0118 1.215 1.171 0.802 0.790 

.0158 - .0251 .0187 1.189 1.283 0.9liO 0.933 

.0251 - .0398 .0296 1.000 1.000 1.000 1.000 

.0398 - .0631 .0469 0.822 0.826 0.993 1.186 

.0631 -- .100 .0743 0.669 066

1 0.940! 1.083! 
.100 - .l58 .118 0.338 0.583 0.505 0.619 0.883 0.908 1.059 1.072 

> 0.158 .204 0.290 0.368 0.598 0.981 

46 
Proceedings Royal Acad. Amsterdam. Vol. Ill. 



- 32 -

( 688 ) 

For the luminosity-curve wc finu: 

'l'AULE {j. JJlIlIliIlO~\jy·(JIIl'VC. 

(Log. nUlllllCr per unit of volume for 7r = 0"02\!ü) 

Lo~. L.-I J1[. 

1.82 -6.55 

4.12 -5.55 

4.02 -4.55 

3.62 -3.55 

3.22 -2.55 

2.82 -1.55 

9.42 -0.55 

2.02 0.45 

1.62 1.45 

1. 22 2.45 

0.82 3.45 

0.42 4.45 

0.02 5.45 

\!.ü2 6.45 

9.22 7.45 

8.82 8.45 

- - -1'ype -1 

Sol. A I Sol. B 
-0.0:!\! 

4.453 - 4.382 

4 \!51 5 1)00 

5.610 5.636 

6.223 6.262 

6.804 6.851 

7.~58 7.422 

7.\!02 7.972 

8.413 8.477 

8.902 8.907 

9.308 9.362 

\!.644 9.632 

9.927 9.843 

0.093 0.002 

0.2\!7 0.139 

(0.50) (0.08) 

'l'ype JI 
Sol·

0 
A I Sol. B 

-0.78 

4.182 4.1\!2 

1.702 4.C78 

5.375 5.371 

6.104 6.131 

6.767 6.84\! 

7.443 7.4\!1 

8.016 8.116 

8.634 8.703 

9.170 9.232 

9.635 9.691 

0.062 0.054 

0.401 0.422 

0.670 0.640 

0.\!37 0.818 

1.080 1.0U4 

1.306 1.115 

In table 8, Sol. A. we UgUill fine1, fOl' both types, astrong 
decrease of the density with diminishing distance. By the alteration 
of 8 to 0.87 and the slight alteratioll to the distallces in Sol. B. 
this decrease disappears pmctically entirely for type Il. Ful' type I 
the deurease has bec'ome somewhat less rapicI, but it has not 
disappeal'ed. The weight of this rcsult is but very imall howeV"cl', 
'l'he llUmbCl' of stars of type I whose parallax is > 0".063, is so 
small that any conclusion based thereon is of necessity little rcliable, 
especially in a case like the present wh ere, as has been ShOWIl 

above, the a<1opted nnmber of stars with lrtrgc proper motions may 
be very matel'ially in ep'or. Fot' reasons which have alroady been 
mentioned) it must be consiflcrc'} as Pl'obablo that, as soon as more 
rcliable data. will he flvftilable, we will, for 1his typo also, find tho 
dcnsity not Jin' froJll constant rOl' parallaxes large!' than 0".02. 
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As ft conscquellee of tlti:::; result same of tllO cundu::;ioTlR, at whirh 
I hau previously al'l'ived (Proceedings Jan. 1893), must 1.>e witIH]rawll, 
or at least considera1.>ly altered. 

rl'hese conclusions were baseu on the l'esult, derivec1 by S'l'Ul\rl'l~, 
ltlS'l'ENPAWr, and others, viz. that, if the stars are arranged in 
gronps according to their proper motions, the mean parallaxcs of 
these groups are approximately proportional tI) the Im'an proper 
motions. Tt is onl)' subsequent]y that I found that this result was 
arrived at by au illegitimate reasoning and is certaillly not in 
aceordance with tbe facts. 

For the stars with large proper motioJl!> (say large!' than (J".1 0) 
it fo11ows from the above that the variatioll of tho quantity Q in 
the paper 'quoteu, is, either entirely or at least to a large extent, 
t1 consequence, not of a condensation of the stars of type II in 
the neighbourhood of the sun, hut of the fact that the numuer of 
fÎ:l.int stars of the fi!'st spectral typo, as compared to tho numuor 
of bright stars of the same type, is not so large as in the case of 
the second type. 

Physiology. - H. D. BEYERl\[AN: "On the infiuence UpOIZ 1'C'spim
thJlt ot' the t'aradic sthllulation ot' nel've tmcts passing througlt 
the intemal capsula." (Comll1ullicatetl by Prof. C. WINICLER). 

In it recent }Juulicatioll "\VINICLEH àud WlARDI BEUIC:\IAN 1), in 
Htimulatillg' with the fllraLlic CUl'l'ent the lateral part of the praecl'Ueial 
eircull1volution in a (logo's 1.>min, luwe pl'OVCU thc influollee of thi::; field 
of thc cortex upou the respiratory lllovemon tso Accelemtion of 
rhytlull antI an inspil'ator)' position of tbe thorax wore the effects 
g'cnerally oLtaiuOll uuring th e fal'H<lisation of tlds spot (fig. 1, 
compare tlw field::; 11, ]2, 15 <Lwl 16). 

Repeatiug their experiments I fOUllU, tlmt famditiatioll of the 
most proximal parts of the abovo meutionou ::;pot (the fielLls 15 auu 
16) causos on]y aecelemtion of rhythlll (Ol' if respimtion iti ,'ery 
frequent, inereaso of tho fUII pli tUt1e of eaeh l'espimtion), whcrcas 
fllradisatiou of itH eau<1al pal't (tho fieltIs 11 a11<l 12) is t'ollowc<l 
hy a fOl'co<l iIlSpi ratory po:-lition of tlw thorax. 

lIeJlco thore arc to be adol)teLl two cortieal :-lllUtH reo'ulatinu' thp , ~ 0 ' 

respimtioll, one, pl'oximal, aeee1emtillg' rhytlllll, tJLe otlwr eaudal, 
fOl't'ing tlw illt!pimtioll. Both aro :-\ituatü<l 011 t]J(} latoral olld of the 
pm,eel'ucia] eil'cnlll volutioll. 

1 WIXKI,J:U HUU Wr.UtDl 1I1:CIOLUO:. l'l'ocpmlillg" Vo!. I, :&5 J\!ill'lJ!t l~:HHI. 
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