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16.  Values of the differential quotients used in the preceding
articles.

The following formulac may serve for the various differential
quotients used in the preceding equations.

(For the meaning of the leiters see fig. 1).

i __ cos D cos O
04 sin A
Ox _ cosdsiny

0D~ “cos D sin A

04

a—A-z — ¢c0s 0 sin o
A
g—b-z-—cos()

where X, A and O-are to be computed by

sin A sin y = sin (& — A) cos D
sin A cos y == cos (& — A) cos D sin 0 — sin D cos
sin A sin O = sin (¢ — A) cos 0

sin A cos O == — cos (@ — A) cos 0 sin D -+ sin 0 cos D.

A few observations of Prof. Jax pE VRiEs and Prof. J. A. C.
Ouprmans were answered by the lecturer. .

Mathematics. — “On twisted quintics of genus unity.” By Prof.
JAN DE VRIES.

1. By central projection a twisted curve of order five and genus
unity can be transformed into a plane curve of order five with five
ncdes. Consequently in each point of space meet five chords or

bisecants of the twisted curve Rj;.
If the centre of projection is taken on R; a curve of order four

with two nodes is obtained. From this ensues that through each
point of Ry iwo trisecants may pass.

9. The bisecants that meet a given right line ! form a surface

\
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A, on which 7 is a fivefold line. Ten chords Iying in every planc
through 7 the scroll 4 is of order fifieen.

Besides the fourfold curve R; the scroll 4 contains a double
curve of which we shall determine the order.

If the points 4; (i=1, 2, 3, 4, 5) lie in a plane with 7 then
the fifteen points B = (4i4r, 4;4,) belong to the above mentioned
curve.

In order to find how many poinis B are lying on ! we assign
the point common to ! and 4;4r to the points common to ! and
the right lines A;4m, Amds, and A4,4:; hereby we create a corre-
spondence (15,15) between the points of /. Two corresponding points
only then coincide when a point B lies on I. In the correspondence
there are still thirteen other points which differ from B agreeing
with such a point; so & represents fwo coincidences. Hence ¢ con-
tains fifteen points B and the above mentioned double curve is of
order thirty.

3. If 7 has a point S in common with R; then 4; breaks up
into the quartic cone, with centre S, standing on Z; and into a surface
Ay, on which Rj is a threefold curve, / remaining a fivefold line.
Moreover by a very simple deduction it is shown that now the
double curve is of order eight. ’

4. If 7 becomes a bisecant » the surface .45 conlains two quartic
cones. The remaining scroll 4; has' the fourfold line & and the
double curve R;. The double curve (B) disappears here.

By assigning each of the three points of Bj lying with  in the
same plane to the chord connecting the other two, the chords of
the scroll #; are brought into projective relation with the points
of Ry,

So any plane section of A is, just as Ry of genus unity and
must have fourteen nodes or an equivalent set of singularities. This
curve has five double points on R; and a fourfold point on é.
Evidently the missing three double points can only be represented
by a threefold point derived from a threefold generalor of Ay, i.e.
from the trisecant of the twisted curve.

So @ bisecant will be cut only by one irisecant.

5. As & meets in each of it3 points of intersection with the
curve two trisecants, the trisecants of E;form a scroll T of order five
of which R; is a double curve. Evidently 7; can have no other
double curve, so this surface is also of genus wnity.
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Two bisecants meet a trisecant ¢ in cach of its points whilst
each plane through ¢ contains a chord. All these bisecants form g
cubic scroll 3 with double director ¢. The single director u is evidently
a unisecant of B;. On the seroll .7, determined by u of course ¢
is a part of the above mentioned double curve.

Each of the double points of the involution determined on u, by
the generators of 4 procures coinciding chords; consequently w is
the section of two double tangent planes.

6. A conic @, having five points in common with £&; is not
intersected by a trisecant in a point not lying on Ry, for in it
points of intersection with 2 it has ten points in common with T,
The surface I' formed by the conics &), the planes of which pass
through the line ¢, is intersected by each trisecant in three points;
so I' is a cubic surface.

The right line ¢ meets five trisecants lying on I's, hence also five
bisecants belonging to this surface. As ¢ is intersected by the
conic Qp of I'; in an involution, there are two conics Qp touching
it. ' When ¢ becomes a unisecant then its point S on R;is a double
point of I's. Besides ¢ still five right lines of I's pass through 8§,
two of which-are triseconts; the remaining three must be bisecants
completed to degenerated conics Q, by the other tiisecants resting on e.

If ¢ becomes a chord, I's has two double points, each of which
supporis iwo bisecants belonging to Iy and two trisecants also
lying on the surface. If finally ¢ is a trisecant, I's becomes the
above mentioned surface 3.

So: All conics Qg intersecting two times a given right line form
a cubic surface.

7. The comes @y passing through any given point P form a
cubic surface 1Ty with double point P.

For only one conic Q, passes through P and the point S on X;
as PS is a single line on the cubic surface I's determined by PS.
From this ensues that B; is a single curve of the surface II3, so
that this is intersected by a trisecant in three points, And as a
right line through P has in general with only one conic @5 two
points in common, one of which is lying in P, P is a double
point of 113,

On this surface lie the five bisecants meeting in P, moreover the
five tiisecants by which they are completed to conics. The quadratic
cone determined by these five chords intersects I7; in a right line
p, on which the mentioved trisecants rest; so p has no point in
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common with R;. Moreover any given right line through P deter-
mining only one conic @ of 773, the planes of the conics Qg on
I’; must form a pencil; the planes of the above mentioned degen-
erated conic Q, pass through p, so p is the axis of the pencil.
The remaining ten right lines of Z75 are evidently unisecants of R,

8. The axis p determined by P cannot belong to a second sur-
face 75, for the five ftrisecants resting on p determine together
with » the bisecants intersecting each other in P.

If P lies on Ry, p is quite undeterminate.

The point P being taken on a trisecant #, through that point two
bisecants pass forming with ¢ comics Qp; the axis p coincides with
t, which follows as a matter of course from this, that II3 becomes
the surface .f; belonging to #.

9. If P describes the right line a;, the locus of the axis p is
a cubic seroll Az, of which a; is the linear director. For if P’
and P" are the points common to @ and Q,, then this conic lies
on the surface I3’ and IZ3" belonging to P’ and P"; so its plane
contains the corresponding axes p' and p".

To As evidently belong the five trisecants resting on e;; in the
points common to R; and these trisecants Ry is cut by Aj. They
moreover meet the double director ey of Ag.

These trisecants lie at the same time on the seroll Ag' having a
as linear director; on this surface a; is the double director.

The vight lines a1 and a, correspond mutually to one another.
If o, is itself an axis, each plane through this right line contains
only one axis p differing from a;. In that case the surface Az be-
comes a scroll of CAYLEY and e, coincides with e, .

In the correspondence (a1, a;) each awis is cunsequently assigned
to dtself. This also relates to all trisecants, as each of these must
be regarded as an axis of each of its points.

10. The five trisecants cut by &, and by e, also lie on the
surface I'y determined by a;; so this contains the right line a; as well.

Therefore both axes p' and p" lying with o) in a plane @ cut
each other in the point O common to a, and the conic Q, deter-
mined by @.

From the mutual correspondence between o; and a; we conclude
that Iy also contains all the conics Q,, the planes of which pass
through «;. Five bisecants belonging to I'; rest on a,.

If according to a well known annotation we call the five tri-
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secants consecutively bs, B4y b5 #5 and cjp, then the five bisecants
resting on a; are indicated by 130 €14 15 ¢35 and by, and a, meets
the bisecants epg. o4y co50 co5 and b,

It is casy to see that the remaining ten right lines of I'y viz,
agy du. Gy, agy €349 351 C36y C451 Cggr C5¢ have each ome point in common
with R;.

11. Let P be any point of the conic Q, meeting a; in P' and
P", Now the axes p and p' must intersect each other on Q,; so
» will pass thiough the point O_common to p' and p".

Consequently the axes p lying in a plane o pass through a point
O of conic @, determined by .

As O has been found to describe the line ¢, if @ revolves about
a1, 0 and w are focus and focal planc in relation to a linear com-
plex of rays of which ¢ and a, are conjugate lines, the axes p
and the trisecants ¢ being rays.

12. The conics Qg which cut B; in P and P' forming a cubic
surface, a right line 7 having & points in common with By meets
the (3—ea) conies Q, through P and P

So R; 18 & (3—e)fold curve of the surface P, containing the
conics Qp which pass through P and rest on L As a trisecant can
meet mone of those conics in a point mot on R;, @ is a surface of
order 3 (3—ea).

Of the 3 (3—«) points common to % and the [-secant m
3 (8 —«) lie on R;. The iemaining (8 —a) (3— (7) points of inter-
section determine as many conics @, resting on ! and on m and
passing through P as well.

From this we conclude again that all the conics @, cut by !
and m will form a surface ¥, on which R; is a (8—«) (8—/3)-fold
curve. Then however ¥ must be a surface of ovder 3 (8—a) (83—f9)

If we now notice that a y-secant « is cut by ¥ in (3—a) (38—R)y
points lying on R; thus in (8—&) (3—/3) (3—y)-points not lying
on this curve, it is evident that three right lines having vespectively
@, 8 and y points common with Ry determine (3—ea) (3—£3) (3—)
conics Qy resting on these lines.

So any three bisecants meet one conic Qy only.

13. Let G, be a conic having no point in common with R;.

The surface 5, with its double point P on Gy, cuts this curve
still in four points F'; consequently C, is a fourfold curve of the
locus = of the conics Qs, each having two points in common with Cs.
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The conic Qg lying in the plane & of C, belongs six times to
the section of = and .

Moreover as each bisecant of Ry lying in & determines a conic
Q; of = this surface is of order 4 X 2 4 6 X 2 - 10 = 30.

Through the point Sk of R; lying in D ten conics @y of =y,
pass, viz. the four conics determined by the chords SxS; and the
conic Q to be counted six times containing all the points S . So
R; is a tenfold curve.

If G, breaks up into two right lines 7 and = intersecting each
other in I the locus consists of the cubic surface IZ5 belonging
to P and the surface ¥y; formed by the conies &g resting on ! and
m. And now according to 12. the curve B; is a ninefold curve of Py
and according to 7. a single curve on I73; so in accordance with
what was mentioned above it is a tenfold curve of Zg; = ¥y + 11s.

As Gy and R; have « poinis in common, we find in a similar
way that the conics Qp which meet C; in two points not situated
on E; form a surface of order ¥, (4—a) (5—«), where R; isa curve
of multiplicity /g (4—n) (5—c), C, being a (4—a)-fold line.

14. We shall still determine the number of conics Q, resting
on the e-conic Gy, the f-conic D, and the y-conic E,.

The surface I's of the conics Q,, cutting R; in P and P',and G,
have (6—«) points in common. So R; is a (6—ea)-fold curve of the
locus of the conic Qg passing through P and meeting Cy; so this
sarface is of order 3 (6—c).

Of its sections with Dy a number of (6 —a)(6—/3) are not situated
on K, which proves that B; is a (6—a)(6—f)-fold curve of the
surface of the conics Q resting on Cy and Dj; so this latter surface
18 of order 3 (6—«)(6—~/3).

Consequently there are (6—a)(6—/3) (6—y) conics Q,, having @
point in common with each of the conics Cgy Dy, E,.

In particular any three comics Q, are cut by ome conic Qy only.

Physics. — “The cooling of a current of gas by sudden change
of pressure.”” By Prof. J. D. VAN DER 'WaALs.

If a gas stream under a consiant high pressure is conducted
through & tube, so wide that we may neglect the internal frietion,
and this stream is suddenly brought under a smaller pressure, either
by means of a tap with a fine aperture, or, as in the experiments
of Lord KELvIN and JOULE by means of a porous plug, the




