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mation of ammo:ilium-carbonate, the carbonic' acid being resorbed 
from the air. There, is no' douht that this resorption takes place j 
and expecting that thesalt mentionedmight. cause the ripening, I 
added . 10 pCt. carbollate of ammonium to the solution. ' However 
without the d'esired' result ,even af ter the, solution was several 
months aId. 

I then took, into consideration whether the carmine might perhaps 
resorb oxygen from the air, and would need to be oxygenated j and 
this provedto b~ case. 

When putting together: 

10 gr. earmine' powder, 

10 cc. ammonia, 

20 cc. hydrogenperoxyd,' 
, . 

the mixture boiled for a short time in' a glass receiver, then cooled 
down (for instance by .letting the receiver float inwater in a half
fiUed cylinderglass), a. ripe carmine soJution is obtained in a few 
minutes, which,. tteated in the above·mentioned way, produc!3sfnlly 
9 gr. 1) of an almostblack am~oniuincarmine, which is entirely, 
sometimes a littlè uncleafly, soluble in water. 

Instead 'of boiling. with hydrogep.-peroxYd aIl eq ual quantity of 
a 1 pCt. solution of kaliumpermang'anate can be taken as weIl, 
althoUgh in this case thc oxygenation' is 'easily carried too faro 

Physics. "Tlte ent1·opy of 1'adiation" (II). By J. D. VAN DER 

WAALS JR. (Communicatetl by Prof. H. G. VAN DE SANDE 
, ' 

BAKHUYZFlN). 

IV. 

Distribution of the. vibraUons ofthe molecules. 

In . thc second part of his "Vorlesungen über Gastheorie" Prof. 
BQ.LTZMANN d}scusses the way in 'which the intramoleculal' energy 
is distributed over, the different molecules. He fin.ds that the chance 

" . 

1) If. dl'!} èarmine has' been used. But' onrmine as it is sold, frequently Ilontains 
10 -pCt. or more water" though H may seem to be dry • 

.. - ... _ .. _-_ .. _------'-------
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that a molecule belongs to a certain gl'OUp, may be represented by: 

In this Al and Tt are constants, El the I3nergy of the intramole
cular motion, 2)1 ••• PIL the coordmates, which determine that motion 
and ql • • . q", the momenta corresponding to those coordinates. 

From tbis would follow, that the chance that tbe amplitude aXl 

of the vibration of a molecule is ûontaioed within certain limits) 
is represen ted by: 

II 
ad 

1 -T 
;:;--- e dax!. 
(JVn 

However we eannot accept this result without further proof. The 
motion, which we are considering) and which is the cause of radi
ation, is necessarily damped, sa that between two collisions a mo
lecule has lost part of its intramolecular energYi moreover the 
molecule has absorbed energy from the field. For slleh a motion the 
proof of Prof. BOLTZMANN does na longer hold. 

In order to find the (listribution of the amplitudes we 8ha11 have 
to take into consideration two rauses of chang'e: tbe collisions and 
the electric forces. 

Flrst I shall pxamine the influence of the electric forces, and then 
inquire whether the c01lisio08 of the molecules will modify the 
distribution brought about hy the electric forcE's. I shall make the 
same assumptions about the construction of a molecule as Prof. 
LORENTZ did 1), i. e. : 

a. I assume every molecule to contain an ion charged with 
electrici ty. 

b. rrhat ion has a position of equilibrium in the molecule, from 
which it can move in all directions, and to which it is driven back 
with a force, proportional to the deviation. 

c. The mass of the ion is sa smaH compared to that of the rest 
of thc molecule, that when the molecule is vibrating, the ion alone 
may be cOllsidered to move. 

d. The remaining part of the molecule is charged opposite to 
the charg'e of the ion and th at in such a way that, wben the ion 
is in its position of equilibrium, the electrie forces, exercised by 

1) Arcb. Neerl. XXV, 5, 1892. 
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the ion, are entirely destroyed by the remaining part of the male· 
cule. From these assumptions we find for the eqllation of motion 
of an ion 1): 

(
dy dZ) + e -N- -."Y. . 
dt dt 

Bere m represents the mass of the ion, f a constant factor, IV the 
coordinate of the ion, IVl that of the position of equilibrium of the 
ion, e the electric charge. 

Tbe term - f (IV - ,vI) is due to the fact that an ion has a po
sition of equilibrium, towards which it is driven back. The second 
and third term of the riglJt hand side indicate the inflllence of the 
electric farces exercised by the molecule itself. The second term may 
be transferred with the negative sign to the left hand side; it is 
evident that it gives then an apparent change of the mass of tIle 
ion. If we represent by m the mass of the ion, modified in such a 
way, we may leave this term further out of account. The third term 
has always the sign opposite to that of the velocity and explains the 
damping, which a vibrating particle experiences in consequence of 
the fa ct that part of the energy is radiated into space. The three 
last terms express the farces I exercised by the surrounding molecules 
on the ion. Prof. LORENTZ has pointed out that tbe fourth term is 
great comparen to the fifth and sixth. For f we 8ha11 take tbe 
electric force, as it is in the position of equilibrium of the ion. 
The force 4 n V2 e f, which we take then into consideration, acts on 
the ion and on the rest of the molecule with the same amount but 
in an opposite direction, and has therefore only influence on thc 
vibration of the molecule. On the other hand, the farces which 
we neglect: 

dj (dY dZ) 41' V2 e -(.2'-.2'11 + e - N - - M 
dJ] dt dt 

would also give a progessive motion to the centre of g'l'avity of the 
molecule. Afterwards I hope to discuss the influence of these forces. 

For the external force f we ahaH write: 

1) LORENTZ, loc. cito equation T § 90 in conllection with equations 111 and 112. 
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2 nt , 2 nt 
flcOS T+ 12sm T 

and we shall take constants fol' 11 and 12' As a molecule is actually 
subjected to an alternating electric force, the amplitude and the 
phasis of which vary with tbe time, we get in this way a solution 
which will hold with approximation for a short time only j but which 
will yet be sufficient to cOIlcludo from tbe condition at a given 
moment to tbat of a short time At aftel', The eq,uation wbich we 
have to solve, is therefore reduced to: 

d2
[)J e2 d3

(C (2 nt 2 nt) 
rn -2 = - f (.x-trI) + - -3' + 4 n V2 e 11 cos -T + /2 sin -

dt V dt T 

The solution of this is: 

( 
, 2 ut , ,2 nt) 2 nt , 2 nt 

(Jx = a.1l cos T + a~2 sm T e-lct + bxl cos T + b:;;~ szn T . 

B b ' t' 'h 'jO d
2
ax h' I f d y su stItu mg In t e equatIOn lor m dtf!, t IS va ue 0 0$ an 

by equating the coeffiClents of 

2 ut 
e-lct cos- , 

T 
k 

' 2 ut 
e;- t SZrt -, 

T 

2 ut , 2 nt 
cos Tand szn T 

sepal'ately to zero, we find the following four equations: 

(
4 n 2

) ~2 ( 4 n
g

) 2n 
axl m T2 - k2 - faXl + V axl - kB + 3k p2 + 2 a:t2 m k T + 
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4 'lJ2 e2 (2 'IJ)3 
bX2 m T2 - f bzS + bXI V T + 4 'IJ V2 et}, 12 = 0 • 

From the first and the second equations follows: 

from which Tand la may be calcuIatcd. 
a'xl and a'x2 are constants which may be arbitrarily chosen. The 

quantities bxl and bx2 are not arbitrary, but are determined from the 
third and the fourth equations as follows: 

We shall represent this by: 

The quantity b depends therefore only on the accidental value of 
tbe amplitude of the electl'ic force on the point where it happens 
to be, alld not on the accidental value of the amplitude of the 
vibration of the molecule. 

The amplitude of bx is therefore V p~ + q2 times or 4 '1f V2 e2 times 
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the amplitude of f. Moreover the phasis of b# is I. As however 
all phases occur equally frequently the distribution of the quantities 
[bal] will be the same as that of the quantities [/1], so that the 
chance that b:rl is contained within certain limits may be repres
ented hy: 

In order to find the distribution of the vibrations we may reason 
as follows. Starting from a cerfain initial condition the molecules 
will entirely lose their original vibrations by radiation. The vibrations 
in the direction 'of the X-axis, which they abs orb from the field, 
are dependent on the I-component of the vibl'ations of the ether, 
and not on the g- and lt-component. As the 1-, g- and h-compo
nents are independent of each other, also alt, ay and az, caused hy 
them, must bo independent of each other, alld as all directions occur 
with the same freqnency, the distribution of tbe a's must al80 be 
that of MAXWELL. The chance that the quantity a:rl is contained 
within given limits, may therefore be represented by: 

In order to arrlve at tbis result the solution of the differential 
equation for alt is not necessary. In this way however the condition 
is not yet perfectly determined. From the value found for ale appears 
that if a molecule were exposed to nn electric wave of constant 
intensity, it would have assumed the amplitude b af ter an infinite 
time. If a molecule is placed in a regivll where the amplitude of 
the olectric force has a definite vaIue, it wiJl have been for Rome, 
though it be a short, time in a region, where the amplitude of the 
electric force did not difler much from that definite value. 80 it 
will have already assumod part of the amplitude b. The probabil~ty 
of the action of a force I on a molecule with a vibration ax cannot 
be simply reprel:!ented by: 

1 
(391' e 

I) Proc. Roy. Acad.) Dec. 1899. Pag. 322. 
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us would be the case if electric force and vibration were indepen
dent of each ether; but these quantities are dependent on one 
another. If the above expression held true for tbe probability of 
the action, the way of motion would satisfy conditionl:l, exactly cor
responding to those which Prof. BOLTZl\lANN aSSUDles for the case 
of molecular thermal motion, in order thl1t the motion may be called 
"molecular-irregulated." 1) In reality however, the way of motioJl is 
here moJecular-regulated or as I would caU it partially regulated. 
Totally regulated the condition would be, if the a.xl was entirely 
determined by f; if e.g. aorl had everywhere assumed the value borl • 

The way of motion will be regulated in a higher degree as the 
quantity 

[
df l = ofl + of1 d:c + ofl dy + ofl dZ] 
dt ot ow dt oy dt oz dt 

is smaller. Here ~ represents the fluction of f1 in a point which 

doel:! not n:ove from its pI ace, t}j1 the total fluction of the quantity 
dt 

IJ for a molecule which moves with a velocity, the components of 
. d.c dJ! dz 

wblCh are - , - and-, 
dt dt dt 

I have bowever not yet succeeded in finding the law aecording 
to which the motion is l'egulated. 

At first sight it may seem stl'ange that the condition of maximum
entropy 8hould possess a certain order, whereas for tbe case of the 
molecular tbermal motion of a gas we consider the tota] irregularity 
af! condition for the maximum-entropy. In order to solve this 
seeming contradiction we must take notice of the fact that we are 
here concerned with the action of forces. Now we know that the 
action of external forces which varies 80 810wly from point to point 
that they may be thought constant throughout regions which though 
smalI, are still measurable and cOlltain many molecules (e.g. gravity), 
causes the density to be not everywbere the same in the condition 
of maximum-entropy, 80 that we have nmolar regulation." But then 
it h:! not to be wondered at that the electric forces of radiation, 
which cannot be thought constant throughout regions of measurable 
dimensions, should ca.use a "molecular-regulation". 

Even though we had succeeded in determining the regulation in con-

1) IIMolekular-ungeordnet." BOLTZMANN, Gastheorie I. Pag. 21. 
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sequence of the electric forces, we ahould not have found the true con
dition. The influence of the collisions may probably not be neglected. 
If the mutual collisions of the molecules took place in a perfectly 
il'regular way, they would undoubtedly lessen the degree of reguia. 
tion, and render the condition nearer irregular. The way of motioll 
is however not only partially regulated with regard to the action 
of the electric forces on the molecules, but also with regard to the 
mutual collisions of the molecules. In order to explain this we 
consider two molecules which have come very near to each other. 
The forces exercised by the s!:J.rrounding molecules will be about 
the same for both, and will tend to bring their iniernal motion more 
and more into syntony. Moreover each of the molecules absorbs part 
of tbe energy emitted by tue other. On account of these two causes 
a partial regulation is brought about in the collisions of the mole
cules, of which it seems impossible to me to determine the influence 
without special hypotheses on the mechanism and even the form of 
tbe molecules, for wbieh as yet all data are wanting. 

There is bowever another difficulty whieh makes me doubt whether 
the considerations of Prof. BOLTZMANN on the internal motion are 
applicable to the motion whicb causes radiation. 

For according to Prof. BOLTZ1l1ANN the internal energy would 
increase in proportion to that of the progressive motion of the mo
lecules, i. e. with the tcmperature. According to the law of STEFAN 

the emitted energy is proportional to the fourth power of the tem
perature. These two resuIts can only be brought intó harmony by 
assuming that the absorption decreases strongly with the rise ofthe 
ternperature. 

Properly speaking the law of STEFAN holds good for the total 
quantity of emitted light and may perhaps only be applied for cases 
where a continuous spectrum is emitted. The wavelength, which 
has the greatest intensity depends however for a continuous spectrum 
on thc temperature, so that for the light of a fixed wave-Iength 
the law of STEFAN does not hold good. The displacement of the 
predominating wave-length is however not sa great, that the law 
of STEF.A.N could not be applied with' approximation. 

Let us assume that actually the internal energy increases propor
tional with the temperature, and so the quantity ~ 1) with the root of 
the temperature. Let us represent two temperatures by Tl and T"" 
the intensities of light emitted at that temperature by Il and I", and 

') Proc. Royal Acad. of SciencE's, Dec. 1899. Pag. B19. 
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the corresponding quantities iJ and 8 1) hy iJl and ~2 and hy 81 

f2, then we have, neglecting tbe molecules which surround a point 
immediately: 

or 

Prof. LORENTZ 2) has deduced, that ,u (his quantity a) is inver
sively proportional to the root of the temperature. And though both 
the way in which I have arrived at the, conclusion that the ab
sorption is illversely proportional to the thit'd power of the tempe
rature, and that in which Prof. LORENTZ found that it is inversely 
proportional to the root of the temperature, are but rough approxi
mations yet these results differ too much, to attribute this only to 
the neglections. 

Therefore an incorrect 8ssumption must have been made some
where. And if so I should doubt in thr. first pJace the correctness 
of the assurnption, that for all intern al motions the increase of the 
energy must be proportional to the energy of the progressive moHon. 
I should therefore suppose that in collisions there are influences 
felt which cause the energy of the internal motions, which bring 
about radiation, to increase more at a rise of the temperature than 
the energ'y of the progressive motioll of the molecules. 

Mathematics. - "On rational twisted curves ". By Prof. 
P. H. SCHOUTE. 

1. Let PI' P2, PS' 14, ... be SUCCE'ssi \'0 points of a gi vnn twisted 
Curve R j then we may consider the centre of oll'cle PI P2 Ps lying in 
plane PI P 2 Ps as weIl aR tlmt of sphere PI P2 Ps P4• When thc 

I) Proc. ltoyal Acad. of Sciences, Dec. 1899. Pug. 322. 
2) Versl. Kon. Akutl. v. Wet. April 1898, Dl. VI, blz. 5ö9. 


