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Mathematics. — “On Orthogonal Comitants”. By Prof. JAN
DE VRIES.

If we regard #; and z as the coordinates of any point P with
respect to the rectangular axes 0X; and OX,, the binary form

n
al =(ay 7 + ag @)W =an,0 2] + nan,1 m’;"l 9+ (2)a,,_2,2 2 a'g -+
+ ao,n ‘”72]
is represented by = lines through O, containing the points for which

the form o disappears.

If & and & are the coordinates of P with respect to the rectan-
gular axes O0Z7 and OZ),, between the quantities #1, zp and &, &
exist relations of the form

oy = Ay & + Ayg oy S1=An o+ Ay 2y,
2y == Ay & + Agg &g Eo=A1g 2y 4 A 75.
If by these substitutions the form o7 is transformed into ag , We
have

ay = ay'zy + ag ¥ = (@ 111 + ag 121) S+ (@ 112 + ap }'22) §21

80 \
) =My ay + Ay a,

0ty = Ajgay + Agg ay.

This proves that the symbolical coefficients @, ap and &,
are transformed into each other by the same substitution as the
variables #;, 2, and &, & .

2. In order to obtain comitants, i.e. functions of a;, ay, #;, z
that are invariant with respect to the indicated orthogonal transfor-
mations, we can start from the covariants

wf + "2 and  (m—u)® 4 (zg—yo)%

representing the square respectively of OP and of the mutual dis-
tance of two points P and Q, being therefore absolute comitants.
The second covariant can be replaced by
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(Z4a2)—2@mn+ o)+ (2 +)=2—28+y,

whilst from the relation

(wlyz““zyl)'z:(“”? +23) (3/? + yg)—(w1y1+a‘zye)2~,

or
(cy)? = oy — 2y 9= -

ensues that the covariant () is related to the covariants «, and ¢y==y..
Now from these three absolute comitants follows immediately the
invariant character of the symbols

dg » ab and (ab) . -

According to the above these absolute invariant symbols are con-
nected by the relation -

(ab)® = ag by — a% .

So for the comstruction of orthogonal comitants we can dispose of
the symbols

@, ap, (ab), az, (ar), 2z, Ty 4 (y) .

Evidently linear invariants can be generated only by the symbol
a, and present themselves only in the study of forms of even degree.
Consequently the form a2 possesses the linear absolute invariant )

n \
a:: Ea2n,0+ 7 “21;—2,2-"' (2> d2n—4,4 —I—- “ e —]— a0, 3y .

8. The quadratic form

aiEazof“f + 2ay 24y + “02-7"2

furnishes the invariants -
aa  =ag + 8y,
2 — g2 J- 2 2
o =% +2 “11\+ %oa 1

N

) The existence of this invariant was proved by Mr. W. MaNTEL by means of an
infinitesimal transformation (Wiskundige Opgaven, D). VIIL, p. 148).
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(ab)® =2 (agy agy — a2))

united by the relation found above.
‘Whilst («b)* =0 points to the coinciding of the two lines indi-
cated by a2 =0, a, disappears when those lines are at right angles.

If ¢ is the tangent of the angle formed by the two lines, their
angular coefficients satisfy the relation

—_— c.J

or
4 (ago agg — %)) -}~ ¢® (a0 + 2y’ = 0, _
or
2(aby + Rag by =0,
or at last

(® 4+ 2) (ad)? 4 * a?=0.
So the invariant ¢; disappears when &= — 2.

4. By the interpretation of the substitution #y = 0 or

NPy = &y — H

follows immediately that the covariant

(az)?

disappears for two lines which are at right angles to the lines
representing o2 ,
The covariant

(az) as

changes only its sign by the substitution zy = 0.

So (az)ax = 0 represents two orthogonal lines.

Indeed the sum of the coefficients of +2 and 22 is equal to zero.

If a;; = 0, so that the lines of o> lie symmeirically with respect
to the axes of coordinates, we have
(az) 6z = (agg — agg) 71 73 -

Th]S proves that the covariant (ar)a. furnishes the bisectors of
the angles of the lines o> = 0.
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This result is confirmed by the following consideration :
By the equations

og ay; =10 and 2y =0
the pairs of lines are indicated lying respectively harmonically
with the lines o2 = 0 and with the isotropical lines 2z =0,

And now these two involutions have the pair of rays in common
of which the equation is obtained by elimirating y between

ay az Yy + ag azyy =0 and 1Y+ Ty =0.
So the equation
(az) az =0

represents the orthogonal lines separating ¢ = 0 harmonically.
P g P g e Y

5. If we put

ap axbx_=_g;’, 1

then with a view to the equivalence of the symbols a and b, we have

gz @y == ap az by ,
and N
gz (9x) == ap ez (b2) .

But from ihe identical relation
ag bz — by az == (ab) (a2)

follows
(g2} gz = aq (b8) by — (abd) (ax) (bs) .

The second term of the right member disappearing identically and
(bz) bz == 0 representing the bisectors of the angles of the lines
b2 = 0, the covariant

apy az bz

furnishes two lines having in common withthe lines of a2 the axes

of symmetry.
At the same time it is evident that the form ap az (bz) does not
give a new covariant.
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It is clear that a; (a2) (bu) represents the lines at right angles to
ap ag by = 0.

6. To two quadratic forms a2 and ;2 belong the simultaneous

invariants
(af)?, ai =s2, (af)ar.

As is known the first disappears when the two pairs of lines
separate each other harmonically.

Under the condition (af) ar = 0 the lines determined by (af) as fa=0
are perpendicular to one another.

These right lines being the double rays of the involution
a24-1f2=0, the equation (¢f)ar =0 indicates that the pair of

lines a2 =0 and f2 =0 have common axes of symmetry.

This is confirmed by the following consideration. We have
(af) ar = (ag — ag2) 11 — an1 (fap — Joo) -

If f1, =0, the invariant disappears when at the same time a;;=0
or foo == foz, 1.e. when the two pairs of rays have common bisectors
or when one pair of rays consists of the isotropical lines.

From the expression found above for the tangent of the angles
of a pair of lines follows readily that the invariant

@)f, 9, —(fofa, b,

disappears, when these pairs of lines can be brought to coincidence
by the rotation of one of them.

7. When the equations
@ =ayal + 2ap a4 g 23 =0,
/
(fr) = foga? — 2 frr oy oy - fapa2 =0

have a root #; : z; in common, one of the lines a2=0 18 at right angles
to a line of f2 = 0. So the resultant of these equations must furnish
2 simultaneous invariant.
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By elimination of «;: %, we find .
(a20 fao — @02 /02 + 4 (agg f11 + on1 fo2) (@pe i1 + a1 fao) = 0.

By_a simple computation this expression is reduced to the sym-
bolic form -

a}% b; — 2 (ad) (fg) ey by =0,

-~

where «2 =102 and f2=g¢2,
4 4 z T

1f in the preceding equations we put ag, =0, then we have
foo="0 or a, foo+4apanfin+ 4¢? foo=0. In the former-case

a2 line of o is at right angles to a line of 2. Inthelatter casethe -
substitution @y = 2 ¢ay, furnishes the condition .
—feot2ifutrfy=0,

from which ensues that one of the iwo isotropical lines belongs to
each of the pairs; then again a line of a2 is at right angles to a

line of J2.

The consideration of the orthogonal pair of rays of theinvolution

@+ Af2=0

leads to a simultaneous covariant.
This pair is indicated by

(@A) (2 +A2) =0,

or by
aa—}-lff: 0,

~

so by

ffai—aaff::().

8. It is a matter of course, that to the cubic form

’

a;’Easoxf + 3 agy 4} wy + 3 agg ) @ + agy af

belong only invariants with an even number of symbols, i. e. of
even degree in the coefficients.
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Setting aside the forms (ab)e? and (eb)* which disappear identi-

cally, we have the invariants
(ab)? ay == 2 (agy a1g — a2, — @, + g5 051)

af = af, + 3 af, + B a, I af,.
From the identity (ab)® + ¢ = asbs evidently follows
ag ap by == (ab)® ap |- a? .

For a3 =0 and gy = 0 we have

ag =3 (ag1 + a?) and (abyap = — 2(a + a2) s

50
2a] +8(abd)ay=2(a2, + Bag a5+ B agay + o) =0.

Reciprocally the disappearing of this invariant indicates that two
lines of @3 =<0 are at right angles to each other. For, if by a rotation

of the axes of coordinates a? is transformed into
Bay B +3a b8+ 8,

which implies that one of the lines is represented by & = 0, then the
angular coefficients of the remaining lines are connected by the
relation mgymg == 8 aty;. The above named invariant being transformed
into 8 gy 4 1, its disappearing produces the relation mgmg +1=0,
by which two perpendicular lines are indicated.

9. The comilant
ay a.z =0

determines the polar of a3 with respect to the line y1:ys = ;1 2y,

or, whai comes to the same thing, the double lines of the cubic
involution of whieh (2y) =0 is a threefold ray and a3=0 forms

a éroup.
For the double rays of the involution
36%
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(@y)* + 42 =0
are determined by

| @9 e

i‘ — Py azaz
or by ay a‘i‘; frowund 0-
In connection with this consideration the covariant of HEssk
(a l))z arz b,z-

furnishes two lines forming the threefold elements of a cubic invo-
lution of which o3 =0 is a group. N

The lines of Hesse are orthogonal, when the invariant (a 6)% e

is equal to zero.
The lines ay o> =0 are orthogonal when the covariant aa ey dis-

appears, i. e. when we have
Y1° Ya =@y 0q: — @ aq.
By substitution into by 2 =0 we find that the pair of rays
in question is indicated by

(@ad)a, b2 =0.

The lines of HESSE are the double elements of the involution
(ad)?az by = 0.

If 1 :ys is replaced by egcc: — ¢ ¢, it is evident that the covariant
(a b)? (be) cc ax

determines the ray conjugate in this involution to the raya, ey =0.
Evidently the orthogonal pair of rays of this involution is

indicated by
(@b az(b2)=0.
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So this must correspond with (ab)ae82=10, which indicates

according to the above the same pair of rays. By applying the identity
(ad)(a ) = ag bs — ba a, we find (al)?bz(az)=(a b)asd? — (a b) by az bz,

where the third covariant disappears identically.

!

10. The biquadratic form
at=ay et 4oy 237y + 6 agy e} a2 + 4 ayg ey alt-ap @)
has, beside the above mentioned invariant
h==0a2=ay + 2 ag + o4
and the well known invariants
i=(ab) and j=(ab)(ac)}(o?

the quadratic invariants

il

—_ 9 2 2
" ag“'afo"*"‘iaal + 6a§2+4a13+ Tos?

1= (ab)%a2 =2 agy (ago — 2 agg + aod) — 2 (21 — a1)* .
In consequence of the identity (a D 4o} =¢a by we have

i 2 — a2
(a )* 42 (a b) a%-{-ag._aabz,

go that we have also
P42l m=A
If we put ai =0 and ap =0, then

b= 2 agy,

T = 2 (3 a?’? a— 4 a31 als)'
j==6(Qayap a:s—ag.z)'

80
313=6ih+48j.

-10 -
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Consequently the invariant
8 (ab)? (ao)® (b6)* + 6 (ab)} 2 — 8a2 82 o2

disappears when the four lines a* =0 contain two pairs at right
z «

angles.

11, Ternary forms can be represented by comes the top of which
is situated in the origin of three axes of coordinates perpendicular
to one another.

Heye too it is evident that by-a rotation of the axes of coordi-
nates the symbolical coefficients ax of the form

af = (ay 2y + a3 23 + a3 )

undergo the same substitution as the coordinates.
So the comitants

a2 o242k, my At 2ye 2508,

(@192 — @) + (o ys ~ 23 90)* + (v 1 — 71 95)%

&y Ty Ty
I Y U8

furpish the invariant symbols
agy @, () bg)* + (a b3)% -+ (a3 by)?
and
{abe) '

For quadratic cones we immediately find the orthogonal invariants

a=ay + g + agg, Z(apiag —a?) and (abe)=Z"F a) apas.
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