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whilst the diffel'ential equation for v reduces to 

Let (J be an arbitrary function of tr, '!J, z. We shaH now fina 

Tbe differential equation 8 + ft = 0, for whicb may be writtell 

d2(j 

--=0, 
dil dy 

possesses as interrnediate integrals 

dfJ afJ dfJ 

d-=a- + q -a =f(Y), 
Y!J Z 

where f denotes an arbitrary function. 
These results differ in fnrm only from those formp,rly cornmuni

cated sub V. 

Mathematics. - "On the locus of the cent1"e of hyperspherical 
cw'vatu1'e for the normal curve of n-dimensional space" . By 
Prof. p, H, SCHOUTE. 

At the close of the preceding paper we have pointed out that the 
characteristic ~umbers of the locus of the centre of hyperspberical 
curvature al'e lowered if sorne of the points of the given rational 
curve lying at infinity coincide. At present we wish to trace for a 
special case the arnount of those lowel' numbers, viz. for the case where 

the gi ven curve is the'« normal curve" N~ of the n-dimensional space 
SII, in which it is situated. It is known th at this curve is represented 
on rectangular coordinates by the equations 

// 

Xi=ti , (i=l, 2, . I • n) , I • I •• (1) 
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where t is again tbe parametenTalue of the "point til of the curve. 
The quintic 11 of the preceding paper being unity here, '11 = 0 

considered as an equation of degree n has here n infinite roots; from 
which ensues that the 'Tl points at infinity c,f the curve coincide in a 
single point, the point at infinity of the J'n-axis. As an introduction 
to tbe general case of an arbitrary n, let us first however consider 
thc case n = 3 of the skew parabola. 

1. If to avoid indices we write for thc rectangular coordinates 
of a point of Ss as is custornary x, y, z instead of a'l' 1/'2' a's, the 
skew parabola is represented by 

• • • (2) 

The equation of the normal plane in the point t is 

tc-t + 2 t (g_t2) + 3 t2 (z-t3) = 0, 

or classified according to t 

3 t5 + 2 tS - 3 z t'l + (1-2 y) t - :JJ = 0 . . (3) 

This equation being of degree 5 in t, five normal planes of the 
skew para bola pass through any given point and so the locus Rs is 
of order five, as was formerly found. 

The equation of the developable enveloped by the series of normal 
planes is found by eliminating t out of (3) and its differential coeffi.
cicnt accOlding to t. This is immediately l'educed to the elimination 
of t between the two cubic equations 

4tS -9zt2 +4(1-2y)t - 5x=0 I 
185zts+12(10y-7)t2 +8(25x-8)t+4(1-2y)=0 ~ , 

hy which is found by means of the wellknowll method of elimination 

4 , - 9z 4 - 8y , -5x 0 0 

0 4 - 9z 4-8y , -5x 0 

0 0 4 -9z 4 - 8y , -5x 
=0. 

185z, 120y - 84, 75x - 24, 4- 8y , 0 0 

0 185z , 120y - 84, 75x - 24, 4 - 8y , 0 

0 , 0 185z , 120y - 84, 75x - 24, 4 - 8y 
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Sa the developable refel'red to is of degl'ee six; sa six is the 
rank of Rs . 

By solving m, y, ti: ont of (3) antI its first and second differential 
coefficicnts according to t we find 

x = 2 tS ( 9 t2 + 1) 

1 - 2 y = 3 t2 (15 t2 + 2) 

z = 2 t ( 5 t2 + 1) 

• • • • • (4) 

from which ensues tbat tbe curve Rs is of degrce five. SOl Ïnstead 
of 5, 2 (5-1), 3 (5-2) or 5, 8, 9, the charactel'istic numbers of Rs are 
5, 6, 5 .. 

In passing we can ramark here, that the normal plane 

of the curve Rs in the point t is parallel, as it shouId be, to the 
pIane of curvature 

of the skew parabola in tbe point t. Tbe equation (5) being of degree 
seven in t, the locus R's, belonging to Rs as original curve, is of 
class seven. Tbis agrees with the genera.l result obtained in the pre
ceding paper. ]'or tbe number 3 n-2, here 13, must be diminished 
by four on account of the particularity sub a) and by two on account 
of the particularity sub b). For, ']I bcing a constant, the quintic 
equation ']I = 0 has five aqual infinite roots; moreover the tbree 
equations a'l = 0, a'2 = 0, a's = 0 have the factor 15 t 2 + 1 in 
common, in connection witb which tbe curve R's proves to contain 
two conjug-ate complex cusps. 

2. The method followed here for n = 3 not being sa easy to 
apply to the space Sn, we shaH try to fiud another way, where that 
drawback does not present itself. Ta do so we must recall in 
mind the proof of the theorem formerly used, according to which 
the envelope of a space with n-1 dimensions, of which the equa
tion, linear in thc coordinates a'i (i = 1, 2, ... n), contains a para
meter t to degree k, bas tbe characteristic numbers 

k, 2 (k-l) , 3 (k-2), ...... (n-1) (k-n + 2) , 

where it is taken for gl'anted that k >n-2, as otherwise the last 
\ 
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envelope contains either a morefold infinite number of points ind 
is then not a curve, or - in case it really consists of a singly in
finite number of points - it is situated in a space S"-l. Here 
k is always 2 n - 1. 

The indicated proof can be given by means of the two following 
considerations: 

a). The system of 8 + 1 equations consisting of the equation of 
degree k 

and its first, second .... sth differential coefficients according to t may 
be replaced by a system of s + 1 equations of degree k-8 in t, all ad
mitting coefficients that are linear forms of the coefficients off(t) = o. -

b). The degree of the locus represented by 8 + 1 equations of degree 
k-s in t, of which the coefficients are linear forms in the coordina
tes :ti (i = 1, 2, ... n), is obtained by addiiig to the system n-s 
entirely arbitrary equations linear in the coordinates and by eliini
nating the 71 coordinates between the so formed system of n + 1 equa
tions of which 71-8 do not contain t. The degree of the resulting 
equation in t is the order of the locus we were in search of. 

The proof of these two lemmae is very simpie. The first is but 
an extension of a wellknown theorem of EULER. If we transform 

the equation f (t) = 0 by the substitution t = ~ into the hömog~neous 
v 

form cp (ze, v) = 0; the s + 1 indicated equations are 

dStp 
---=::.0 •.. 
dus- 1 dV 

And by following the method pointed out in the second lemmá 
we find the number of points common to the locus of n-8 dimen
sions, determined by the 8+1 equations of degree k-s and the space 
Ss, being the intersection of any system of n-8 spaces SII-l. 

If the condition is written down, that the eliminant of the system 
of n+ 1 equations, linear in the 71 coordinates, disappears, ,we obtain 
all equation of degree (s+l)(k-s) in t, which proves the theorem. 

3. It goes without saying that the Iowering, which the charac
teristic numbers of the locus Rs belonging to the skew parabola 
undergo, is c10sely connected with the particular structure of. the 
equation. First, this equation is not complet':!, for t 4 is Iacking; 
secondly, not aU existing terms contain the three coordinates x, '!I, ~ 
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in their coefficients. We shall first point out, that the latter pecu
'liarity explains the lowering appearing here even then, if we neglect 
to avail ourselves of the simpHfication indicated in the lemma a); we 
shall thcn show that the fil'st particularity has no effect here. 

By i'mbstituting in the eliminant of the system for each element 
the number indicating its dcgree in t aud by representing the places 
made vacant by differentiation by the symbol t, then in the three 
cases 8 = 0, 1, 2, appearing in the skew parabola, we have - inde
pendent of thc lacking of t 4 in (3) - to deal with the three symbolic 
equations 

0 1 2 5 0 1 2 5 0 1 2 5 

0 0 0 0 "i" 0 1 4 "i" 0 1 4 
=0, =0, =0, 

0 0 0 0 0 0 0 0 -;- -;- 0 8 

0 0 0 0 0 0 0 0 0 0 0 0 

which really show that the corresponding equations in t are respec-
tively of degree 5, 6, 5. 

By substituting furthermore in the eliminant for each element the 
term of the highest degree lD t, wo then find omitting the first 
case, clear enough in itl::elf, 

1 t2 tG 1 t t2 tG 

"t 1 2t 5t4 -;- 1 2t 5t4 

=0, =0 
al ag a3 a 4 "I" "i" 2 20t8 

bI b~ ba b4 al a2 aa a4 

and now, taking the arbitrariness of the coefficients a, b of tbe equa
tions of the planes 82 into consideration, it is clear that the tel'ms 
of the highest degree \ 

t2 tG 
al a2 t2 tG 

= 8 (al b2) tG, - a'l 1 2t 5t4 = -12 al tG 
bI bl 2t 5t4 

"/" 2 20tS 

II 1 and t le constant -terms 

(as b4)1 2a4 



- 7 -

( 532 ) 

of these equations cannot he expelled hy applying the method of 
- the first lemma or hy making use of the lacking' of t4 in (3), 

hy wlIich equations f(t) = 0 etc. of still lower degree are obtained. 
For, these opera ti ons correspond with the diminishing of the elements _ 
of a row of the determinant indicated above by the' corresponding 
elements of another now multiplied by a form in t, and by- this 
method of transformation, much in use with determinants, the degree 
of the determinant in t cannot be lowered. 80 it is only appa~ 
rently that by applying the first lemma the degree of the general 
eliminant is lowered from 

k + (k _ 1) + ... + (k _ 8) = (2 k - 8) Cs + 1) to (2 k - 28) (s + 1) 
I 2 2 

in reality the eliminant of the equations 

af asf 
f (t) = 0, -at = 0, • •. - = 0 a tB 

is already of degree (s + 1) (k - s), although judging by the form it 
seems to be of a higher degree. On tbe other hand in the case of the 
skew parabola 

0 1 2 5 

I~ 
1 2 3 0 1 2 3 

t 0 1 4 0 1 4 1 2 3 2 
= 0 passes into =0 and / = 0,_ 

0 0 0 0 0 0 0 0 0,0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 

if in succession we make use of the method of the first lemma or 
of the two cubic equations used in the direct solution; BO the deter~ 
minant remain'8 of degree six in t. ' 

4. We are now able to treat the general case completely, where 
n and 8 < nare arbitrary and k is equal to 2n -1. If as is custo~ 
mary we represent the analytical faculty 

hy pq!l' tlle equation under il1vestigation appears in the form 
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1 . . . . tn- s- 1 tn- 8 • . . . t"-1 

i' 1 2t . (n-s-1)t"-s- 2 (n-s) t"-s- l (n-1) t"-2 (2n-1) tlln- 2 

aJ,n-s+l • al,,, 

al/,n-stl • a2,n 

, . . . . 
an-s,l all-s,lI an-s,3 an-s, n-s+l an-sJn 

By multiplying tbe second row by t, tbe tbird by t2 etc. and tbe 
8+1st by tS, tbe first 8+1 elements of eacb column assume the same 
power of t. From tbis ensues that 

(n - 8) + (n - 8 + 1) + ... + (n -1) + 2 n - 1 

dimiuished by 

Ol: 2 n -1 + 8 (n - 8 -1) indicates tbe degree of the equation, if tbe 
terms of the' highest degree and the constant term do not disappear. 
l'he constant term is thc product of the numbers 1, 2, 6, 24, .. ,and 
a determinani of coefficients au,; so tbis does not disappear. And 
taken together the terms of the highest degree 2 n -1 + 8 (n - 8 - 1) 

have as coefficient the product of a determinant of quantities ai,k and 

1 1 1 1 
I 

n-s n - 8+1 . n-l 2n-l 

. . . 
(n - s)'1 

which is reducible to 

=0. 
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, -
1 1 1 1 

12-8 12-8+1 12-1 212-1 

(12 - 8)2 (12 - 8+1)2 (n -1)2 (212 - 1)2 

. . . . . . . . . . . 
(12 - 8)s (12 - 8+1)S (n -l)S (212 -1)8 I 

I 

~ 

and this differs fIOm zero, it being thc product of all possiblc di±:· 
ferences of the 8+1 numbms n-8, n-s+1, . ... n-1, 2n-t 
and 110 equal ones appearing among them. , 

According to the final result obtained in this way the character
istic numbers of the locus of the centre of hyperspherical CUl'va-

ture Rit for thc normal curve N~ are respectively 

2n-1, 3n-3, 4n-7, fin-t3, 6n-2t, .... 2n-l, 

fl'om which ensnes that they do not change if taken in reversed order. 
In pal'ticular we fiud for 

12= 2. , .. 3, 3 
12 = 3 . , .. 5, 6, 5 
12 = 4 , , .. 7, 9, 9, 7 
12 = 5 . , " 9, 12, 13, 12, 9 
12 = 6 .... 11, 15, 17, 17, 15, 11 
12 = 7 ... , 13, 18, 21, 22, 21, 18, 13 
12 = 8 .... 15, 21, 25, 27, 27, 25, 21, 15 
12 = 9 .... 17, 24, 29, 32, 33, 32, 29, 24, 17 
12 = 10 .... 19, 27, 33, 37, 39, 39, 37, 33, 27, 19. 

With this the table inserted in the preceding paper referring to 
the general rational skew curve of minimum degree can be compared. 

Physics. - "Equations in which (unctions occur (or different values 
of the independent vaI'iable", By J. D. VAN DER WAALS JR. 

(Communicated by Prof. J. D. VAN DER WAALS.) 

§ 1. Let us imagine au electric vibrator at a distance 'I' from a 
reflecting planc. If we wish to construe the equation of motion of that 
vibrator at the moment t we shall have to take into consideration 
that forces act on the vibrator, which it has given out itself and which 
have then been reflected by the plane .• These forces are determineà 


