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R oyal Academy of Soiences. Amsterdam. 

PROCEEDINGS OF THE MEETING 

of Saturday May 28th 1898. 

---_·oc:c;.----

(Translated from: Verslag van de gewone vergadering der Wis- en Natuurkundige 

Afdecling van Zaterdag 28 Mci 1898 m. VII). 

CC)N l'EN rs: "On thc cyclographic space rejlresclltation of Joachimsthal's cil'cles". By Prof. 
P. H. SCHOUTE, p. 1. - "On maxima and minima of apparent brightness rcsulting 
from optical illusion". By Dr. C H. WIND (communicatcd by Prof. H. HAGA) with 1 
plate, p. 7. - "On thc relation of thc ob ligato us anaël'obics to frce oxygen". By 
Prof. M. W. BEIJERINCK, p. 14. - "On thc inflncnce of solutions of salts on the volume 
of !lnimalcellb, being at thc same time a contribution to OUI' knowledge of theil' struc­
turc". By DI'. H. J. HAMRlJRGER, p.26. - "On an asymmctl'y in the c11angc of 
the spectral lines of iron, radiating in a magnctic field". By Dl'. P. ZEEMAN, p. 27. -
"Thc Hall-effect in clcctl'olytcs". By Dl'. E. VAN EVEltDlNG~N JR. (coffilllunicatcd by 
Prof. H. KAMERLINGH ONNES). p. 27. 

The following papen; were re ad : 

Mathematics. - "On the cyelogmpltie space repfesentation of Joa­
chimsthal's eindes." Ey Prof. P. H. SCHOUTE. 

1. In his "Cyklographie" Dr. W. FLEDLER has developed a 
theory, in which any circle of the plane is represented in space by 
one of tWl) points of the Hormal, erected in its centl'C on the plane, 
anu having on eitllel' side a distmlCe from this centre equal to the 
rlulius. The ambiguity of this representation can be useful in the 
distinction of the two senses, in which a point can move along the 
circlo. This is not necessary hAre. 

According to the FIEDLERIAN reprflsentation the right cone, whose 
vertex is a point P of the pIane of the circles, whose axis is the 
norma1 in P on tbis plane, nnd whose Vf'l'tex angole is a l'ight one, 
corrcsponds to the net of the circIes passing through P. Likewise 
the pencil of the circlcs passing throllgh P nnd Q has as image a 
rectangular hypel'bola situated in the plane bisecting P Q ol'thogo-

1 
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nally j of this hypel'bû1a the }ine common to its plane and the plane 
of the circles is the imaginary axis, the intersection of this line 
with P Q is the centre, and the normal in this point to the plane 
of the circles is the real axis. Or, put more generally : the cil'cles 
of a pencil are l'epJ'esented by a rectangular hyperbola, whose real 
or imaginary axis is normal to tbe plane of the circ1es according 
to tbe points common to tbc circles being reai or imaginary, and 
which breaks up into two straight lines, if these points coincide And 
the circ1es of a general net are represented Dy a rectanguiar hyper­
boloid with one or two sheets, according to tbe circle cutting the 
circles of the net orthogonally being realor imaginary. 

In different cases the FlEDLERIA.N theory can give a clear and 
concise idea of the position of ranges of c1l'cles. So a. o. the circle8 
havlng double contact with a given ellipsc E. If tbil::l ellipse Ij be 

a'2 y2 .:/.2 z2 

represented by -2 + -2 = 1, z = 0, the eHipse 2 2 + - = 1, y = 0 
a b a - b b2 

y2 z2 
and tbe hyperbola - 2 2 + -2 = 1, .v = 0 correspond to the two 

a - b a 
ranges of circles having double contact with E. As is easily explained 
these curves are transformed into the foral cOllics of E by inverting 
the sign of z"'. 

In the following lines we stuily the surface that forms tbe image 
of the twofold infinite system of JOACHIMSTHAL'S circles of E. 

2. Through any point P of the plane of E ran he drawn four 
normals to E. The footpoints A, B, C, D of these normall::l may be 
called "conormal". If the point diametrically opposite to A on E is 
indicated by A', tbe known theorem of JOACHIMSTHAL says' that 
A', B, C, \ D are concycJic, if A, B, C, D are conormal. 

This non-reversible theorem has been completed by LAGUERRE 

in remnrking that tbe circJe A' B (' D mects tbe tangent fa' in A' 
to E for the second tIme in the projection Oa' of the centre 0 of E 

on ta'. In other words: 
If P describes the normal na in A to E, the corresponding circ1es 

A' B CD form a pencil, as all these circles pass through A' and 
Oa" This pencil being represenwd by a lectangular hyperboJa, the 
image in question is the locus of a simply infinite Dumber of 1'ec­
tangular hyperbolae. However, before we procced to the deduction 
of this surface, we investigate somewhat more closely tl~e corres­
pondence between the points P of tho normal na and the centres 
M 0\1 the line la' bisecting orthogonally the segment A' O'a. 

3. The l'elation between the points Pand M on na and la' id a (1,1) 
correspondence, i. c. the:,e points descri uo pJ ojecti ve ranges. lf P 
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is at infinity on 1Ia, tbis is also the case with M on la" 80 the 
point at infinity common to na and la' corresponds to itself, i. e. 
tbe projective ranges are in perspective. The centre of perspective 
1a is immediately found as the point comrnon to the joints PI MI 

a,l' by _ ,2 
?Ia • • • -- - -.- - c , la' •• 

cos cp Sln cp 

and P), M2 (fig 1) of the pairs 
of corresponding points (PltMl ) 

and (P2, M2). This point being 
found, it is possible to indicate 
the centre M of the oircle of 
J OACHIMSTHAL corresponding 
to any point P of 1Ia. 

Analytically the obtained 
l'esults are given back as fol­
lows. The coordinates of A 
being à cos cp, b sin cp, tbe equa­
tions of the right lines na, la" 

P I M j ,P2 112 are successively: 

- 2 a.c 2by --+-.-=c2
, 

cos cp sm cp 

- 2 ax by 0 

--=C'" 
cos cp sin cp 

c2 

80 the centre of perspective Ta bas tbe coordinates - - cos cp, 
a 

2 
::..- sin cp and this point descl'ibes the ellipse E', the four vertices of 
b 
which are the four real cusps of the evolute of E. And the joints 
A Ta and A' Ta likewise envelope ellipses, etc. 

4. The sirnple relation between the lbes na and la' proves 
4 x2 4y2 

immediately that lal is normal to the ellipse -;:;2 + fj: = 1 and 

that through any point M pass four of these norma!s lal. In other 
words, any norrnni to the plane of the circles meets four of the 
rectangular hyperbolae awl so contains eight points of the locus. 
As the point at infinity common to all these normals dops not lie 
on one of the rectangular hyperbolae, the locus is a surface of the 
eighth order. We confirm ihis result by the deduction ofits equation. 

The oones that form thc images of all the circles through A' and 
all the circles through Oa' are represented by 

1* 
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(a: - a cos cp)2 + (y - b sin cp)2 = ~~ I 
:c- + y- =z2 • ( 

ab2 cos cp )2 ( a26 sin rp )2 - I 
62 cos2 cp + ~2 sin2 cp b2 cos2 rp + a2 sin2 cp 

80 these equations represent together the rectangular hyperhola 
projecting itself in la'. Putting for simplicity's sake u2 for x2 + y2 - z2, 
these equations can be redueed to . 

u2 + b2 + c2 cos2 cp - 2 a.v cos cp 2 by sin cp ) 

u2 (a2-eZ cos2 (p) - 2 ab2 x cos cp + a262 ::::: 2 a2 by sin cp j 

80 elimination of sin cp gives for cos cp the relation 

cos cp [(u2 + a2) cos cp - 2 ax] ::::: 0 , 

which breaks up into 
2 ax 

coscp=~ cos cp = 2 • 
u2 + a' 

Às cp is variabJe, the first condition cannot serve here. Tt cor­
responds in fact to this, that the two cones with the vertices A' 
and 0a' coincid~ instead of determining together a rectangular 
hyperbola, when A' is one of the extremities of the minor axis 
of 8; whilst a similar treatment, in whieh the parts of cos (p and 
sin cp are inverted, leads to the relation sin cp ::::: 0, eorrespunding in 
the same manner to the coincidence of these con es, if A' is one of 
tbe extremities of tbe major axis of E. 8ubstitution of the other value 
of cos cp in the first of the seeond pair of cone equations gives the 
result iu the form 

(1 ), 

whieh really represents a surface of tbe eighth oràer. 
Inversely this simple equlltion shows that the surfaee represented 

by it may be generated by rectangular hyperbolae, by eonsidering 
it as the result of the elimination of lfJ between 

2 a:c ::::: (u2 + a2) C08 '" I 
2 by ::::: (u2 + 62) sin lfJ \ ' 

which repl'eSellt for any constant value of '" a rectangular hypet'· 
bola lying in the plane 

2a.v 2by -- _ --=c2 

cos lP sin lfJ 
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For tIJ = cp ± 1800 this equation transforms itself into that of 10/, 

5. We signalize here some particularities of the found surface. 
a. Tbe jntersec~ion of the cone a;2 + !/2_Z2 = 0 with the plane 

at infinity is a fourfolU curve of the surface. - For the substition of 

into the equation 1) yields an equation of the fourth degree for z. 
It is reduced to a' cubic equatión under the condition 

(1' C08). + q sin }.)2 = a2 cos2 }. + b2 sin2 À 

and to aquadratic eqnation for .. 

p cos). + q sin). = O. 

Sa the four tangent planes in the point a; = z cos A, !/ = z sin Î. at 
infinity are represented by 

a; cos A + y sin }.. - z = + Va2 cos2 ).. + 62 sin2 }. , 

al cos)., + y sin}.. - z = 0 , 

the Jast of these counting twice. The deduction or the envelopés of 
these planes for various values of}.. shows that the surface 1) is 
touched at infinity by the developable surflice or tarse circumslJribed 
to the tangential poncil of quadries, to the four quadrics flattened to 
conies of which belong the fourfold conic of 1) and the ellipse 8 j 

moreover it is oseulated at infinity by the cone $2 + y2_z2 = O. 
SO this cone intersects the surfaee 1) in a curve in space of the 
sixteenth order to which the fourfold conic of 1) belongs six times. 

Th 1 ' , I' h I' d 4 :r.
2 

4 y2 1 e comp etmg curve m space les on t e cy lD er -2 + 2 = , 
, a b 

in which 1) is t.ransformed fol' u2 = 0; this cylinder meets the 
surface 1) in another curve of the twelfth order, etc. 

b, '1'he intersection of the surface 1) with each of the planes 
zO X, ZO Y consists of four straight lines and a rectangular hyper­
bola counting twice. So y = 0 yields the four lines ie ± Z = ± a and 
the hyperbola $2_Z2 + a2 = 0, and likewise 111 = 0 yields the four 
lines y ± z = ± band the hyperbola y2_z2 + b2 = O. So 1) con­
tains besides the fourfold conie at infinity still two double conies ; 
moreover it bears eig-ht right lines, viz. the four pairs oflines into whieh 
the rectangular hyporbolae of the' vertices of 8 are degeuerated. 
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c. The surface contains four separate double points, the four vertices 
of E. By transporting the axes of coordinates parallel to themselves 
to -one of these points as origin and equalling tbe terms of tbe 
second order to zero the equation of the corresponding osculating 
cone is found. 

d. The curve Hmiting the projection of 1) on the plane of the 
circles is obtained by elimination of z between 1) and its differential 
.quotient according to z. Tt consists of tbe intersection of 1) with the 
plane of the circles ~nd of the projection of a curve in space. The 
first is the locus of the octuples of points common to tbe COl'l'es­
ponding pairs of circles of the two cirole involutions 

(m ± a sec Ä)2 + y2 = a2 tg2 Ä 

lI'iZ + (y ± b cosec ~ r~ = bZ cot2 À 

and as sueh a quadrieircular octavic; thc isolated double poi nts 
in tbe vertices of E oxcepted, all its points are imaginary. Th.e 
second is found by the elimination of uZ between 1) and its diffe­
rential qu.otient according' to uiZ, which, v being substituted for uz, 
cornes to the elimination of v bet ween 

By 'solution we find 

and by elimination of v 

224 

(2 a :rF + (2 b y)"tl = cS , 

4 $2 4 y2 
i. e. the evolute of the cllipse a

2 
+ b2 = 1. This result was to 

be foreseen. For the norroal at the plane of the circles in a point 
of this evolute meets two imroediately succeeding rectangular hy:' 
perbolae and is tberefore tangent to the surface on either side of 
thc plane X 0 Y. The curve of contact itself, of which this evolute 
is the projeotion, is of tbc twelfth order. Thc cylinder of the sixth 
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order, of which this evolute is a right section, meets the surface 1) 
moreover in a curve in space of the order 24. 

6. The found image 1) can be useful in different 'researches 
about tbe system S of tho circles of JOACHIMSTHAL. By determining 
the number of points common lo this surfacc alld a rectangular 
hyperbola, a parabola and a straight line, we find that the system 
S has the charactcrizing T1umbers 4,8, t6; in other words, it contains 
four circles ,passing through two given points, oight circles passing 
thr0ugh a givon point and touching a given line,' sixteen circles 
touching two given lines. In thc same manner, is proved that it 
contains sixteen circles touching two given circles, etc. 

7. If we are given a parabola instead of an cllipse, all the 
circles passing through three conormal points plt~S also through tbe 
vertex of the parabola. Here tbe found surface of the eighth order 
is redured to the right Ilone 0;2 + y2 = z2, of which the vertex of 
thc parabola y~ = 2 ptV is thc vertex. And thc case of tbe hyperbola 
$2 y2 
a2 - b2 = 1, z. = 0 leads to the surfoce 

and is quite analogous to that of the ellipse. 

Physics. - "On maxima and minima of apparent brightness resttl­
ting from optical illusion." By Dr. C. H. WIND. (Commu­
nicated by Prot H. HAGA). 

1. If we sec on a surface two zones of different (real) brightness 
united by a transition-zone whose brightness decreases continuously 
from thc brightel' down to tbe darker zone, this tran::;itionzone 
seems to be separated from the brighter zone hy a still brighter line 
(maximum of brightness) and from thc darker zone by a still darker 
}ine (minimum of brightness). 

2. This phenomellon, wbich - as will be seen from what 
follows - presents itself under very different kinds of conditions was 
first observed by me in a drawing earefully and succesfully executed 
by Mr. 'VAN GRIEKEN, of tbe firm 'VAN DE WEYER at Groningen, 
by means of lithography. This orawing of which fig. lis a pho­
tographic reproduction (red uoed to 1/4 of its size), whicb unsatisfactory 
as it is, yet enables us to observe the phenomenon, consists of a'great 
number of parallel/lines (lf equal thickness drawn at intervals of 1 
m.M. in two outer zones, at intervals of 0.4 m.M. in a middlezone, 


