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visual representation + a representatioll of a respiration-tnovement~ 
performed in a special way. Self-observation eaUs this complex the 
apperceived or the attentively observed vjsual representation. 

Though psychology cannot be treated now experimentally, yet the 
theory of pbysiological parallel processes justifies the opinio!). that 
attention and representations of movements originated by special 
respiration movements, are closely connected. Closer investigations 
on monkey's brains will be nectlssary. The otller movements expres­
sing attention will have to be 8ubmitted to a systematical investi­
gation in the same way, to- throw further light on the problem 
treated in this paper. 

Physics. - ."Simple deduction of the cha1"actel'istic equation for sub­
stances with extended alld composite molecules". By Prof. J. D. 
VAN DER WAALS. 

Jf the quantity of substance inclosed in a certain volume is con­
sidered as consisting of material points, which mayalso be done 
with extended molecules, composed of atoms, the equation 

holds, provided that the quantities occurring in this equation be 
applied to all material points. 

If g1'oups of these material points are ullited to separate systems, 
as is the case with molecules, which cannot be considered as one 
single point, the equation mentioned above, becomes: 

in wllich the index z relates to the centres of gravity of the systems, 
and the value 'I' indicates thc value of a quantity l'clatively to the 
centre of inertia. 

For the stationa1'Y condition of the ('ent1'(>s of gravity as weIl as 
of the systems themselves, this equation is simplified to: 

:E 1/2 m TTz2 + :E:;S 1/2 ft TT,,2 = - 1/2 I (X:r= + YYz + ZZz) -

_1/22::E(X.(', + YYI'+Zz,) •• • • (0) 
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Tho condition which is required for considering a group oÎ points 
as a system is, that these points keep always together, whatever 
may happen and that the quantity .::s.::s fl 'l'r2 keeps constant. 

For the term _1/2.::s (XtI',z + YYz + ZZz) we may write 3/2 (N + NI) v, 

sa that the latt'er equation may be written: 

'$1/2 m Vz2 + :S:S 1/2 fl Vr2 = % (N + NI) v-

- 1/2:S.::s (X:rj • + Y'/h + ZZI). • • • (d) 

In these equntiOTIR co1lisions taking place between material points, 
eannot furnish a value, as in every point where a collision takes 
p1ace, there are two forces of opposed direction, which, working 
at the same point, des tray each other. The forces in the term 
1/2 22 (XJ'r + Y,Yr +- ZZr) are simply the attractive forces between 
the points of the system and possibly also the attractive farces which 
arc exercised on a system by the surrounding ones. 

It is true that in transforming - 1/2:E (XJ'z + YYz + ZZz) to 
312 (N -+ NI) v it has been assumed for these latter forcès, that for 
a system, which does not lie neal' the surface :EX is equal to 0, 
but from this does not follow that .::sXXj is equal to O. 

If to the moving systems themselves tho virial equation is applied, 
we get thc equation 

pJ'ovided that in X', Y' and Z' all farces, also those which exist on 
the surfaces as pressures, are taken into account. These bystems 
move in a space, in w hich the pressure is N + NI per unity of sur­
face, and if we were justIfied in considering the pressure as reany 
exel'cised on the surface of every system, the value furnished in the 
second member of the equation would be equal to % (N + NI) bIl 

if we l'epresent the volume of all the systems together by bI' 

As this pressure, however, is tram,ferred on every system by the 
collisians with the other systems, in calculatlllg this value, we 
lllust cónsirler th at pressure as exercised at a distan('e twice as 
great, sa on the surface of a volume, whose lineal dimension is 
twice th at of the sytem; at least far spherical systems. Of the 
value obtain<>d in this way, the half is to be taken, because a 
pl'ebsure exercised by the first system on the second is at the same 
tIme a pressure, which is exel'cised hy the second on the first. The 
equat~an Ce) bccOlnes tht>D if we put b = 4 bi 
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lf (j) is subtl'acteil from (d) the well-know equation is obtained 

The equation (j) may be considered to contain the condition for 
the stational'y state of the molecules themselves. In the form given 
it is, however on1y app1icable, if the molecule is supposed to be 
composed of material points, ,!hich do not form again separate 
systems. If the latter is the case, the equilibrium of every separate 
system will give risc to a new equation, which, however, will not 
change the equation 3/2 (N + NI) (v - b) = 1/2 :2 m Vz2. 

For a mixture consisting of 111 + 112 molecules, we find the virial­
value of the surface-pressure of all the molecuhls together through the 
observation, that the amount of the pressure on the unity of surface 
for the two kinds of molecules is proportionate to the numbers 
which are found in unity of volume and therefore also proportionate 
to nJ anel 112. For collisions with a molecule of the first kind, a 

111 
sul"face-pressure amounting to (N + NI) must be assumed. and 

111 + n2 

for collisions with molecules of the second kind a surface-pl'essul'e of 

1/2 (N + NI). 
7tl + 112 

We find for the quantity with which 3/2 (N + NI) is to be multi­
plied in order to indicate the value of the virial of the pressUl e, 
which is exercised on the surfaces of the moving systcms, the same 
value as MI'. LOREN'rz (Wied. Ann. 1881, Bd. XII, Heft 1) has 
found, viz.: 

It is easy to deduce, by the preccding way of obtaining the chaJ'acle­
ri~tic equation that the value of b is equal to 4 times the volume of 
tho molecules on1y in case of innnite rarefaction, and that it must 
be smaller in case of 1ess great rarefaction; it is not even difficult 
in that case, to gi"e a first approximation of the way, in which b 
depends on the volume of the substance. Ey the calculation of the 
equation (f) we find the value of the virial of tho preSSlll'e on tbc 
moving systems to amount to half the valne of the virial of a pres­
sure N + N1 , C'xerciserl Oll as many surfaces as thore arc SyStCllls, 
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but the systelns are suppo8ed to be limited by a sphel'ical surface, 
described with a radius, which bas twice the length of the radius 
of the systems themselves. Let us eaU these largef spheres: distance­
spheres. 

All these distance-spheres are supposed io lie quite outside one 
another and to have no points in commOll. As the volume of all 
tbese spheres together is 8 times as great as the volume of the 
molecules, the case that all these spheres lie outside one another is 
hy no means possible, If the volume is smaller than 2 b. 

But even i.f the volume is so Jnrge, that the distance-spheres 
would lie quitc outsidc one another, if the molecules are supposed 
to be spread in the space at regular distance~, a great number of 
distance·spheres are su re to cover one allotber in consequence of the 
fact tbey are spread quite irregularly. Now the question is, in how 
far the computatlOn of the value of the virial of the pressure 
N + NI is to be modified in consequence of this facto If we have 
same molecules, lying in such a way that the distance-spheres inter­
seet, we have not two elltlre spherical surfaces on which pressure 
is exer('ised but a snrface consisting of two palts of spherical sur­
faees. The pressure within the space enclosed by them, is the same, 
as if it cOJlsisted of two sepfll'ate parts, but the value ot the vi rial 
of the pl'essure for the two molecules together amûunts to twice 
% (N + N ü (B - S), if B is the volume of a distance-sphere and S 
the volume of the segment which is cut off from a distance-sphere 
hy the plane of their intersection. In other words, we must take 
into account only that part of the distance-sphere that reaches up 
to the plane of the intersection, instead of tlle whole distance-sphere. 

We come, accordingly, to the same result which I had obtained 
in another way before (Verslag Kon. Ak. van W ('tenschappen Am­
sterdam, 31 October 1896). 

A second approximation is also I mentioned there, and though the 
determination of the value of that cOl'l'ection leads to sueh long 
caleulations, th at as yet I bave not brought them to an end, yet I 
will make some remarks on the way in which this value might be 
obtained. 

lf A, Band C are taken for the instantaneous position of the 
th ree een tres of the I distance-sphere3 and]ff for the centre of the 
eil'cumscribed circle, the mean value of the volume limited by the 
surface of the distance-sphere A and the two planes F J.l1 and 
.A M D, will represent tlle second correction . 
. If we put AM = Ct and LA 1.11, G = C, and the radius of the 

dlstallce-spllOl'e = R, thc value of thc volume FJf D will be 
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If C moves on the cil-cle ABC, the centre of which is :Af, a and 
C remain tbo same anu conscquE'utly I keeps its value also. 

Let provisionaJly, the dlstance of A and B remain illvariable and 
let C move arbitrarily, then M moves along the line FG. If we eaU 
the heigt of M above AB equal to Tt, 1 may be considel'ec1 as fune-

2 

tion of lt by observing th at a 2 = lt2 + ~ (1' the distanceAB) al1d 
4 

SUl C = ~. If tho whole figure is tllrncd ronno line AD, anrl if 
2a 
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the whole space, in which C may be found is divided into volume­
elements l::. TT, we have to determine 

fN 
---:;;- I l:::. V. 

As 1 is known as function of lt, l:::. TT must also be given as de­
pendent on 11. 

Jf we represent thc angJe which CM forms with FG by CP, the 
annular volume-element, in wich C lies, is to be represented by 

2 TC dcp dIt (lt + a cos cp)2 • 

If we take cP between 0 and the value which it has, when C lies 
on the distance-sphere of A, twice the value of this intcgral iE> to 
be taken. 

As the value of cP is quite determined by h, when C lies on tbe 
sphel'e of A, the integration must be done with respect to lt, and the 
limits are to be determined, between which lt is to be taken. 

'rhe higheRt value of lt is of course V (R2 - :); thc Iowest 

value may be found from 

or 

The Iowest vaIue, however, cannot descend below - V ( R2 - ~) 
Wllich would be the case lf r> RV3. This is thE' cause that the 
integration, must be done m two tempo's, and that we have to 
calculatc 


