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Physics. — , Calewlation of the second correction to the quantity b
of the equation of condition of van DER Wadrs.” By
Mr. J. J. vaN LaaR. (Communicated by Prof. J. D. vAN DER
WAALS.)

In a paper, published in the Proceedings of the Meeting of the
Section for Mathematics and Physics of the Royal Academy of
Sciences 29t of Oct. 1898 (appeared Nov. 9th 1898), Prof. van
DER WAALS has pointed out among others how a second correction
to the quantity & of his equation of condition might be found. The
integrations necessary to it, proving to be extremely tedious and
lengthy, have not been calculated at full length.

I then tried to work out these integrations; I shall communicate
in short the results found, referring, with respect to the various
mathematical developments which led to my results, to a more
extensive treatment that will shorily be published elsewhere (in the
“Archives du Musée Teyler”).

The form to be integrated ') ran as follows (see pages 142—143
of the cited Proceedings):

AT
[f? .21 (h 4 acos 6) dh df X part of segment,

in which that part of segment is found to be:

‘ L rp—
Vg asin @ cos ¢/ R? — a? + ¥y RS tan—? (tan cp%i —
R
— a sin ¢ (R* — 13 a? sin? @) tan—1 —‘{—1-3——-1.
acosp

If we now first perform the integration with respect to 6 between
the limits 0 and &), where 6, is given by the circumstance that the
centre C of the third sphere cannot lie within the two spheres 4
and B (see fig. on page 142), we have to integrate:

3
2 ﬁk -+ a cos 6) d6,
0

B s ]

') The angle 4MG indicated as C by Prof. v. b. WaaLs has here been called o,
whilst the angle indicated as p has here been called 8,
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giving after some reduction:
2 [(152 + 35 a®) 0y + (2 alk sin 0) + 1/, a? sin O, cos 01)] .

If we now call the angle CM4, point € lying on the sphere 4,
2 w, we have evidently, 4, being = 180 — ¢ — 2
sinO;= sin(p+2y¢)= singcos2y -+ cospsindy
cos Oy = — cos (p + 2 W)= — cos p cos 2y } sin ¢ sin 2 t’

or as

1 , )/ 1
stn ¢ = 27 08 =—a . tan p = a7

P 4

a a ’l

Y, R R - 1
A ) 0 Y = e (S0 — 1], RO = _{(a®—=Y, R*
sinyy = - sm..lj,u__a2 Va [o B c082w—-a2 (a*—3/y BY,

1 —————
also stn 0y = 5 [1[2 r(@®— Yy R) L hRy o — 1, R? ]

1 —
60301=;3- [—]z(a2—1/2R3)+1/2rR|/a9— Y, R ];

so, taking into consideration the rclation
W= a®— Y, %

after reduction, we find:

- 1 — .
2al sin O + Yy o? sin Oy cos O = —; [1/2 ri/a? — 3 ¥ (Bat— 1y R +

2 at

+ Ry F=T, I (3 ot 1y ® (RS — 1) — 1/, RB? 7'2)] )

, = Yr . LR
(7:9_\,1/2 ag) 01 = (3, 2a9~1/4 'rg) [l’an IW— 2 tan lm] 1(2)

0, being equal to (180 — @) — 2y .
Now the form to be integrated is

4n% [(1) + (2)] % part of segment X dk.
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'To simplify still further we put:

Yor=aR a=ylkh,
so that
h=RVy:—n?
and
dy?
—1 .
dh =Y, R Vi

The above mentioned expression for the part of segment passes into:

1—y2 )
P—n?/

g—
— n (3—n?) tan—1 l/-—z——y—]

y*—n?

s B [” v (1—y?) (y*—n?) 2 tan—1 (n

(1) becomes

1 — [
72 [0 By T By eyt 1 — ) — .

{2) becomes

— 1
o R2(B y? — 2 n?) [tan—l V:—y-z-_l‘zﬁ — 2 tun—1 -l—/?/i—l-/_ﬂ,

so that our integral is now, writing everywhere « for g2, trans-
formed into: '

N
=%nm%f@+3+c+mmy

. . . d.
where (paymg attention to di being cqual to 1/2R|—/—w——_€—§):

A:nl/l-—w

Vo=,

[72 (82¥—1/y)

o, 8211 (1-4n?)—n? ____ -,
g Ve —nt 2 ) q ]

22

1 )
B=y Bz—2nY) )1 — [ian—l — 2 tan—1 _.._/z_,_j’

l/t'v —712 l/.’l?—j/4

22 22 £ — n?

X [2 tan—!1 (n ]/1—;:;;

—

l—2 -
) — 0 (8 —n?) tan—1 -——Z J

b=~

\
\/
C— {91(33-2—-]/2)+,3:r2-|-]/gm(1—4n2)—n‘zl/:;——_l74] % g
I
/
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3up—2n° —_— 1
L A [tau—‘l——-""—n-“~ — 2 tan—1 ~——L—.__E_~..] X l

T Ve—n® Va— n? Ve — 1/,

T—z -
[9 tan—1! ( ) — n (8 — nf) tan—1 ! i ]

@ — n?

In the integrations following now we shall for the present not
pay attention to the limits for % (or ). To simplify the notation
I still propose the following abridgments:

11— l —u» ,
=l —_— 2
@ — 1y

u’la‘——ﬂ

vi—ge—m=p VI—0e—To=¢

We then easily find for the five parts of the integral f A de:

A, =3 'n2fpdw = 8/, n® [ (2:1:——(1 + 712)) p — (l—n?)Ptan—1 2|
e
Ay = —1y ngf% dz = 1y n? {ﬁ- — 2tan—1tz} T tan—1 nz
z z n 4
4, =38 nfp’ dz =3/, [(2 z—5/,) p'—%/15 tan—1 .z']
= 1y n (1-47%) f %d.v = Yy n (1-4n%) [p’—-5/+ tan—1z +tan—1 1/23’] , (@)

&”

!
4y = —nsfp dy = nd [2_ —2tan—1 2' -+ 5/, tan—! 1/22]
x

as is to be verified by means of the relations.

2z —(1 2 0y — b
dp = ~1, __.___L-___‘_i.). de dp' = — Y, ' /4 de
r p

d ds

dtan—12 = — s el d tan—) &' = — Yy —
P p
dz

dtan—1nz = — r -c-lﬂ dtan—1 Yge' = Y, —-
2 ap op
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Furthermore, as

ﬁ3 e—2m)V1—wdr=—2 [(1—2/3 n?) (1—a)2a —3/; (1—.7')5/2]

—n n di 1. d
d tan—1 = dian—! [2 —_— 1/4: ,
V z—n? 2 2y e—n? Vae—1/, Ty e—1,

we find for both parts of f Bds:

Bl = — 20 [(1_2/3 712) (1_2)31'2 - 3/5 (1__1.)5/{] tap—1 I[/j_n':‘— 3

[7)

r—n”
2(_3_ B, (_3_ 3 e BN,
-—n[l{)x-—-20—-60n)p— n zn—{—ﬁoﬁ)mz e
4(1 1 ) —1
+n 5—§n>ian 722"
b ®
1,

By=4n [(1—9/3 n8) (1—a)tls — 3/, (1-,r)"/2} tan—1
Z‘—l/,;_,

3 192y, o2 AL
"[(10"” 80 E")p_ 320“6”)”" i

1 1
-+ 8 (—g ~ 3 7@2> tan—1 l/zz"]

The integration of the four parts of j Cdw is already more difficult,

Comparatively easy are €, and Cj:

S 01
o= — n? (3—n9)f 7 3 s tan—! 2. de = )
&
: E ! " ]
= —p?(8—n?) [-—3/2 P+ B e =3/ (1-4-n2) ( tan—Ys—— tun—tnz
{ 2z ” f 2n J
3 21 > (6
B ——
sz2nf 5 /Ztmr‘l nz ., dy ==
@
1 1 2
=22 [4——2—1} — 8 n tan—1 2 ( 3o T :;lgn ) tan—lnz] )

19
Proceedings Royal Acad. Amsterdam. Vol. L.



( 278 )

To integrate C; we add to this integral :

1
—n (3—71")f ]/ /s tan—l z.de,

.U"—Tl.

which afterwards will be subtracted from Ds. 8o C; becomes:

ey 3*712J4d2+ l/z.z'(l-é n%) —un l/-

-

__.l

5 * tan—1 z cde .
L1

But now we find:

4 22 Y, r(l—4 N _ 1 4 S °
7% + /,Jr(z u?) —n l/w /4 I _.d( G /4)1/( ) o) J ’
oL Z—n?
so that we get (the various developments — as was said before —

will be published elsewhere) :
0y = — n (3—nf) F‘—(i;@ V (o—=1) (e—n?) tan~1 2 —
—2 329' + Ya mn—£ 2 + Yy tan—1 1, z';]- )
Likewise to the integral C, is added:
ne=

which shall directly be subtracted from D,. For

Y tan—1 mz . de

$-—-9L

b=t 0z L de
4 &2 p—y

C’—~of‘i”’g““]/2‘”(1—4“2)—91‘2]/'.:‘—/;

we find in quite the same way as for Cy':

Cyf =2 [4 (o—"1) V (e—"/y) (¢—n?) tan—1 nz -
% l;— — 2 tan—1 z' -} '1§1' tan—11/, z’” . (8)
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3 r—29 92
As f ——-——"—d.r is equal to 2 1/ c—n? we shall find after va-

V &~—n?

rious reductions successively for the 4 parts of f Ddz:

3r—2n? —n
D= —a(@B—~nY) | ——=tan—! ———tan-1 2. ds =

.'c—n &—n?

— ton—1 7 —

= — n(3—n? [2 2/ p—n® tan—1
2
T

—2/3(e2) 1/ 1z tan—1 = +5/6np—n(x—3/o =%/gn?) tan—1=-4/, tan—'lnz] (9)

Likewise:

O o
3r—2n* —n
tan=! ———— tan—1! nz . do —

.Do =2
N V o—n? Va—n

——tan~! nz — 20T — rtan—! -
z—n® z—n?

=2 [2.1'|/.v—n‘tan‘“1

—]—3n2tan—'1z——n(,v—|—Z)tan“l'nz]. R 1)

The integral Ds, viz.

3 2—2 n? 1
Dy =2n(3—2n? f ™ tan—1 __/i__ tan—1 3z, der

V a—nt Ve—3,
can first be reduced to

1

——tan—! ¢

¥}
+ Y f tan—l cde-+ f —— tan—1 2 dr.
z—3 1—y Vw*l/fg

Dy == 2 5 (83—n%) [ 2V r—u¥ tan—1

ar—nl .
But as f V tan—! z.dr can bo transformed into

a—Y,

f ]/‘.2:——112 tan—1 z . de 4- 2V (a—1/) (x—n2) tan—1 7 — p'—3/,tan—1 &'
19%



( 280 )

a1

we subtract from Dj the part 2 n(3-a?) X-1/, f ]/-
~ £

which part, as we saw above, was already added to Cs After
various lengthy developments we find at last:

4
5 tan—1 z.dz,

1
tan—! 2 —

'D3' =2 (3—7&2’) [2 &£ [/,z-.—-nz tan—1
&— 1/4

. Y -
— (e + )V 1 —stan—! I‘/.z:;——]/— + V(a—1y) (a—n?) tan—! & —
— 4 -~
e 4 Ay, 11

And in the same way for

*3 r—2 2 1
D= —4 | —————tan—? E

—=__tan—! nz. dz,
V' e—n? Vie—1/,

N

S

2

. . . ’ L=n :
after transformation of the integral 1/, 1 tan—1 nz . dr into
L=fy
1 ]/',_1/4
/o [— P tan—tnz . doe 4 2 )/ (r—1/,) (t—n?) tan—1 nz —

— 2 ntan—1 2! 4 ntan—l 1y &' } ,

and subtraction of the integial already added to C;:

z—1
2 fl/- ,,4 tan—lnz . dr ,

T—n
we find:
1 1
' ; e 2 TPV 2
D'=— 122y —n?tan—! —_———_l—tun—l ne—2uy’ T tun—1 ___.__1:-{-
l/\l—' /,1 V“r'— /1

H- 1 (= Y,) (e—n2) tun— ne—2mtan—1 2'-5/; n tan—1 1/3:'] .(12)

If we now join all the similar terms, we shall find for

ﬁA+B+C+D) dr
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the following:

[‘ + n? O/ m2 @ - Y5 0 (4—8 22 ] V(1—7) (+—n?) +
n(1 4 »? T
+ [—(—j—‘) + Y5 n e 4 Y5 n (9—10 2?) ] v {1—d) (w—1/4)+\

F[ @) (et o) = (200 o )
06— (5 —2) VE=T ey e V=
t2n (20t o)~ O Thent) -
— 2 (L) (s} ) -

r—n?
21 'I/' 11— ]/ 1—:r
- tan—1 -l——— ntan—11/,

(13)

.2_.
4 2n T (— Y 8/, %) tan—1 2 tan—1 s \
ny 1—a (=Y, — ) tan— —tan—1———
4 a(—2%/54( f5—" ).'l’+ 5 )<a VIr—nt ‘/J._I/‘&/

— —n Ya
F 22 ye—ut (tan_‘l — 2tan—t ) )¢

o V' o—n? Vie—1,

9 1 -[/_1—‘” 3 _ 02 tan—1 1—a }
X [.- lan (n a-—mnz)— n(3 — n?) tan P ]

Let us now introduce the limits for 2. These are (see the paper
of Prof. v. D. WaarLs) for values of » lying between £ and Ry3:

R2— 1/2 e

g R

whilst for valucs of » between Ry/8 and 2 R they are:

—VRZY, and R %

So with our notations we got (b = RV a—n?):

-10 -
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1—2 2
2V 1—n?

V 2—n? from

For n =1/, to Y 1/8: )
|

—_ 1
2 .
to Vv 1l—wn <w f10m4(1 ) to 1>,

For n=1/,1/3 to 1:
Ve—n? from ~ V' 1—n to 1—2® (2 from 1 to 1).

Substitution of these limits in (13) gives, paying attention to the
circumstance that wherever Vz—n® appears in tan—1, the value of
tan=l is equal to = for Ve—n®=—VT—2?, when at the same
time VI—« (which becomes 0) appears in the numerator:

Io(n==Yy to Ypv8) = — (Yy -+ ¥ n® — 35 nt) V3—42? }

Ve—in® 171 47 V3—4n*
2} (T— 4025/ ) tan—! ————— - ( )tan‘“ln .

_-——-—~712 -

1—2 n? 2 10 1—2n2
n 21 . ll/:fi~—4 n® 39 - V3—4n2
— -1 —— =l e

5 v n 10” “ 2a

1 57 17 9 6 > (9

T 1/ V8 & — [______ _2____¢ __s]

y(r=13V3 to 1)= T |5 1o + —n 2n+5n+

+ Yo /3 (2—8n 4 nd)V1—n* 4

+222—8n4 ) V1i~n? (tan—l \/L — Y ﬂ') )

1—~n?

Here I have also availed myself of the circumstance that

—_n 1/
tan—! —=—e — 2 tan—1 2
Viu—n® Va:—-l/‘i,
1 12 n?
disappears for s = — —— (1/ o — )
15app 10— r—n Vi

The expressions found for 7, and I have been verified by me in
various ways and every time found true. They are both still to be

- N : . ;
multiplied by /5 nR“T/_—. Before passing to the second integration

with respect to n, we must calculate a complementary term for the cases

-11 -
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(not mentioned in the cited paper) in which point M falls outside the
segment and an entire segment is included by a third sphere. It is
sy to sce that that complementary term is obtained out of

N
Iy = 2[[—]}— 27 (b -+ acos 0)¥dhdd X segment,

which produces after some reductions,
Ml Scgment being equal to /57 (2 B33y R - Vgr3) =y R3(2—3 0 -0%):

ly=")sn* B _‘(2—3n+n3)f M+

211 A _p? 1 _9n? - 1
Sm J-Yg2(1-4n2)-n Vw /4,+3.z 2n (tan—l n g —-/—->]th

2 a-n? * V2 Vin? V=Y,

Of this integral we mention only the result taken between the

1 — 242
limits /& — 2% = 3 T

_— —_— 1
l/:l"—~n2=—-i/l-—112 (.If from m to 1 ) .

It is cvident that this integral relates only to the second tempo

(n==1/,1/8t01) .
We find:

N —
I'y =15 n? RGF(Z — 3 n-nd) [1/292-—--1/2|/3 (1 —n?)—

——2|/1—nz(tavz‘“lv,liﬂz—l/gn)], . . (18)

by which most remarkably the above named value of I 1s
considerably simplified and, with the omission of the factor

N
Usn B® Z5:, passes into:

1 47
e | DR R Ry B
I+ I [2n lOn—l—?n 4 nt —l— n ] (16)

-12 -
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If we now multiply by

4 7 dﬂX»——SZnZ"" X 02 dn,

we have still to integrate:

a3 1
82 N? )
1= 3 n® B9 [ f]“ n? dn +J(Ib 4 1"))n? (ZMJ
A YA

This integration we break up into parts again,

V3
I :ﬁ_ 1/2 n?—3ynt L 3 a0) /3 — 4uddn

s
furnishes:
735 89 83 3 —
_— —_ 3 5 —nT 3 — 2
L [(8192 " e ez T 40”)‘/ 4n
1,v/3
2205 - V3_4n21
16384 27 ] '
1/2
as is to be verified by means of the relations:
- —4ndn V3 —4nd — 2dn
A/ 3 — 41t = —rm—— dtan—1 —0m " e —— — ——— +
v ARV Sy > a 27 V3 —dnt

Introduction of the limits gives further:

2169 2205

m /2 _
! 5 W 10384 v 16384

a1y 2. . . (17)
In the second place, sce (14) and (16):

Y13
(7 nt—d 2.8 - 8/ n8) tan—1 K:ju—fl—lt— dz-|—ﬁ7 2d —4 n04-0/, a8)m

a ‘fav3

-13 -
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4
As tan—1 VI—EJZ takes for n =1/, /8 the value #, we find by
—2n?
means of
d tan—! Vs —dn = an dn

1—2n2 ~ 1 —n2y3 —4pnt’

and, paying attention to the relation tan—' 2 /2 = w—2 tan—1 /2

(e (i =)o v
9 15.256 7.32 15.128 _7,16> an—! /2 —

s V3
f”/s nS — Sfy 08 4- ¥y5 'O
(1—nY)y3s —4n

dn . . (18)

In the third place:

AR
I, :j(—)— n— —1—0713) tan—12Y 2 — £ I/d — 4 2 . dn +f — n— — n3 n dn .
' /3
. Yy 3 —an® 3—202 dn
-1 — p—— H i .
With dtan T o PRV oI easily find
a7 1A/3 3”2 __.1_9% nt 1 __nc
Iy = —— tan1 72 — . (1
= e ! a -—n~) vy = 4nz) dn . (19)
Y,
For
e 39
121 V8 —4dnt V34’
— | 1 B YV T T gt YR TT A
1, _j [5 nd lan - 0" tam o™ ]dn
g

We find by means of

TTTATS —d 3 4nt —
V3—4dn _ 'n—"""""u’ dtcm'-ll/d 4t 2 dn :
n (1—n% V' 3—4 n? 2a V'8 —4n?

dtan—1

-14 -
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ol
|

21 21 — 2) 39 sl 19
= ———3 — tan—1 s — tan—
( 3201+160 al t —[—040 an—1 /2 +

21 39
V3 — pt — —n? (1 —2?)
20 20
dn,

(1 —a®)y'8 —4ad

o

where again in the first part I made wuse of the relation
tan—=12 /2= n—2 tan—1 /2,

If we then join the terms obtained, we~shall get besides the forc-
most factor

. ( 383 127 \
=~ 310382 ¥ 8.256  7.32 ) +
205 559 LN g
( 16384 ' 15.128  7.16 ) @VEE S o)
1h 173
4 f 5y 18 o Byt — 207,08 4 8fpu8 — gm0
(1 —ad) V3 —4a? . )

For the integrating of this last integral we again refer to the
more lengthy paper; it is sufficient to mention the result for I,
I only draw attention to the fact that after having successively
determined

n dn
V3—4n'’

where k=1, 2, 3, 4, besides

n? dn . _
O—mys —am " htnv2,

all the above-named integrals are found by parts. So is e.g.

nt dn _ 7n? dn 7% dn
ﬂl — n?) V3 a2 (1 —n)V3—4n? Sl vE"int !

ete. The result now becomes, after multiplication by the foremost

-15-
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factor and by N for all N spheres:

39 NeF 73 153 153
22 e 9 __ 2
3 B { v 5+ T

tan—1y/2] . (21
7217.45.64 7.5.256 an ‘/] 1)

If for 2 moment we call the expression between brackets @, this
may be written :

4 3 N3 9 w
(E”RS) X5

For the double volume of the N spheres of distance remains
also, after paying attention to the 1% and 220 corrections:

9 w N3
4 85— (4 332 4 gy 2@ —
—-Sb[l 17 8% 9 m6462}
=T vt el

N.*%sm R® being equal to 85, If now 45 =2s,, then in

17 b by \?
2o 1= 555 4132 (32 ]

the 2** correction sought for evidently becomes equal to 18 3, 80:
T

9

B = P [:? V2 1153 (tan"‘l va—-1/, n)},

or

= lliOn [73 V2 4 81.17 (tcm—l v2—1, n)] , (22)

wd

this being our definite result. The value of this 15, exact in 4
lecimals,

8 = 0,0958,

% almost 1/ o, whereas the 1% correetion was fully Y,

-16 -



