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Physics. - "Oalculatian af tke secand carrection ta tke quantity b 
af the equatian af candition af VAN DER W AiLS. " By 
Mr. J. J. VAN LAAR. (Communicated by Prof. J. D. VAN DER 

WAALS.) 

In a paper, published in the Proceedings of the Meeting of the 
Section for Mathematics and Physics of the Royal Academy of 
Scienc€'s 29 th of Oct. 1898 (appeared Nov. 9th 1898), Prof. VAN 

DER WAALS has pointed out among others how a second correction 
to the quantity b of his E'quation of condition might be found. The 
integratiolls necessary to it, proving to be extremely tedious and 
lengthy, have not been calculated at ftlll length. 

I then tried to work out these integrations; I shall communicate 
\ 

in short the results found, referring, with respect to the various 
mathematical developments which led to my results, to a more 
extensive treatment that will shortly be published elsewhere (in the 
uArchives du Musée Teyler"). 

The form to be integrated 1) ran as follows (see pages 142-143 
of the cited Proceedings): 

J]~: . 2 11: (1, + a cos e)2 dIt de X part of segment, 

in whieh that part of segment is found to be: 

I ( V j(,2 _ a2) 
lIs a2 sin cp cos cp V R2 - a2 + 2is R3 tan-1 tan cp R -

VR2- a2 
- a sin cp (R2 - lJs a2 sin2 cp) tan-1 • 

a cos rp 

If we now first perform the integration with respect to e between 
the limits 0 and el, where el is given by the circumstance that the 
centre C of the third sphere cannot lie within the two spheres A 

and B (see fig. on page 142), we have to integrate: 

91 

2.flt + a cos o)'}, de, 

o 

• I) The angle A MG indicated as a by Prof. v. D. WAALS lUlS here been caUecl cr I 
wlnlst the angle indicnted as rp hns here been called e. 
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giving af ter some reduetion: 

If we now eaU the angle C.iUA, point C lying on the sphere .A . .' 21/1, we have eVIdently, Ol being = 180 - rp - 2 '11: 

sin (rp + 21/1) = sin cp cos 2 l/J + cos rp sin 2 1/1 I, 
cos Ol = - cos (rp + 21/1) = - cos cp cos 2 1/1 + sin Cf sin 21/1 I 

or as 

• 1/2 r smq; =-
a 

Ie 
cos rp =

a 

so, taking into eonsideration the rolation 

after reduction, we ~nd: 

Ol being equal to (180""': rp) - 2 '/1. 
Now the form to be integrated is 

4n 1; .f [(1) + (2)J X part ofsegUlen't X dIt. 
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To simplify still further we put: 
I 

a=yR, 
sa that 

11 = RVy'J - n2 

anrl 

~'he above mentioned expression for the part of segment passes ÎlltO: 

(1) becomes 

1/2 n2 ~ [n (3 y4'_1/2) Vy2- n2 + ~ 3y4 + 1/2y2(1- 4n2)_ n2(vy2-1/!l-J. 
y 

(2) becornes 

sa that our ÎntegTsl is now, writing everywhere .r for ,y2, trans
formerl into: 

Nr; 
J = 1fs ft RG V J (A + B + C + D) d.!', 

h ( . . b' 1 d,e ) w ere paymg attentIOl1 to dIl emg equa to ]/2 R Va' _ n
2 

: 
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I 
X [2tan-I (n VI 111) -n(3-n2)tan-I VI :] I 

.r-n2 x - n2 

In the integrations following now we shall for the present not 
pay attention to the lill1its for l~ (or .v). To sill1plify the notation 
I still propose the following abridgments; 

V I-./: 
-~-z 

x-n2 -

vel - x) (x - 1/4) = P' 

Wethen easily find for the five parts of the integral f A dor: 

(3) 

A3 = 3 n Jp' d.JJ = 3/4 n [(2 x- 5/.j)p'_9h6 tan-I z'J 

A4 = 1/2 n (1-4 n2) J~'dJJ = 1/2 n (1-4 n2) [p'_5/.J,tan-1z'+tan-11/2z'] , (4) 

as is to be verified hy means of the relations. 

d./J 
dtan-l z = - 1/2 -

P 

n dJJ 
cl tan- 1 ~z = 

da; 
d tan-1 1/2 e' = _l/,~_ 

xp' 
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FUl'thel'more, as 

-n 
dtan-~--

Vx-n2 
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we find for both parts Qf f Bd.c : 

BI = - 211 [Cl-% n2) (1-:rlf2 - % (l-,rt/~J tan-1 I n -;; - \ 
VIlJ-W \ 

o [( 3 7 13 0) ( 3 3, 13) I 
-n" 10 3J - 20 - 60 n~ p - "4 - "2 n~ + 60 1é tan-1z+ 

4 (1 1) + - - - - n2 tan-l nz 
n 5 3 . 

[(
3 19 2 ), (27.1 11 0) -n -x----n2 p - --- -n~ tan-lz'+ 

10 80 3 320 6 
\ 
) 

(5) 

The integration of the four parts of J~ C dx is already more 

Comparatively easy are Cl and C2 : 

diffic ltl r. 

Cl = - n2 C3-1t2) fS :J)2:;% tan-l z . dJJ = ) 

:::: - n2 (3-n2) [-% p-l- ~ 3JJ+2.-% (1 +n2) Ij tan-lz-~ tun-In.:: lJ I 
't 23J ~ ~n \ (6 

J3 x2_1/2 { 
C2 == 2 n x

2 
tan-l nz • da; = I 

= 2 n [4 p - 3 n tan-1 z + (3 ,t' + 2._ 1 +"n2) tan-Inz] I 
na; ~ 4r 

19 
Praccedings Rayal Acad, Amsterdam. VoL I. 
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To illtegrate Cs wc add to this intüg-ral : 

JV.r-1/ 4 
- 11 (3-n2) --2 tan-1 z • d.r , 

x-n 

which a.ftel'wa1'<ls will he subtracted from Ds. So Cs becomes: 

But now we find: 

so tbat wc get (the various deyelapmrnts - as was said hefare -
wiJl be published elsewhere): 

[
4(Ji-1/ 4) 

Cs' = - n (3-n2) x V(.c- 1/ 4) (.v-n2) tan-1 z-

- 2 k' + 1/4 tCtn-; z' + 1/4 tan-1 1/2 .e' IJ. (7) 

Likowise to thc integral C4 is addod: 

JV.r-1/ 4 2 -- tcm-1 7/::: • a.1J , 
x-n2 

which RhnJl dil'ectly be subtractcd frolll D.J.' Fol' 

Wl' filld in quito the same wa,y as fol' Cs': 

\ 1 p' ,11 J] + 2 n - - - 2 tan- 1 z + ~ tan-1 1/2 z'\ . (8) ! 4 .v 8 
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J 3.r-2112 

As d.r is equal to 2 :c V,r-n~, we shall find af ter 
V:c-n2 va-

l'ious reductions succe3sively fol' the 4 parts orf D doe: 

J 3a'-2n2 -n 
Dl = - 11 (3-n2) ~ tCtn-1 fan -1 z. dJ) = 

V $-1t~ V :c-n~ 

Likewise: 

f 3 .1"-2 n2 -n 
Do=2 tan- 1 tan-1nz.dx= 

~ ./ Q V > v:J;-n'" :c-n'" 

+ 3 n2 tan-1 z - n (x + 2) tan-1 llZ ] • (10) 

The integral DSl viz. 

can first be reduced to 

rV Jf- n2 
But as --1- tan-1 z. dJ.' eau bo tl'ansfol'med into 

:c-14 
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we subtract from D3 the part 2 nt 3-n2) X -lhJ V ol_l
/
; tan-1 z. dx, 

, .c-n 
which part, as we saw above, was already auded to C3• Aftel' 
various lengthy clcvclopments we find at last: 

2 11 4 ] - 3 p' - 12 tan-1 z' + a tan- 1 1/2 z' ... (11) 

And in the same way for 

aftel' transformation of the integTal 1/:;,J' V .c-:t~ tan-I n:::. dJ' into 
.c- 14 

- 2 ft tan-1 z I + u tan-1 1/2 z 1 ] , 

and subtraction of the integwl already a.ddcd to C4 : 

JV.c- 1/ 4 2 --. tan-1 nz . dJ' , 
a;-n" 

wc finc1: 

T , A [2 -- 1/2 1 C) -- 1/2 + Dl = - 1: • ,'IJ 1/ ,1-U4 tau-1--=ta/t- n.:- ... /t1/1-.t tau-1 -
V,I_I/'l VJ'-I/I 

+ v(,~--=l/l) (,ï:....:::1~2) tUII-1 1l~-2u tuu-1 z'+5/,:J n tan-1 lis:::']' (12) 

If wo now jOill all the bimilar tcrms, wo shall find for 

.fCA + B + C + D) d,I' 
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the follo"i'ing: 

(13) 

Let us now introduce the limits for lt. These are (see the paper 
of Prof. v. D. WAALS) fol' values of r lying between Band R1/3: 

whilst for valucs of r between R V3 and 2 R they are: 

So with our notfttiollR wc g'ot (Tt = R 1/,'/:-n2) : 
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__ 1-2n2 

V x-n2 from --== 
2 Vl-n2 

For n = 1/2 V3 to 1: 

( 282 ) 

to V l-n2 (IC from 4 (l~n2) to 

V iV-n't from - V l-n2 to V l-n2 ($ from 1 to 1) . 

Substitution of these limits in (13) gives, paying attention to the 
circumstance that wherever 1/ x-n2 appears in tan-l , the value of 
tan-l is eq ual to n for ti x-n2 = - 11 J -n2, when at the same 
time V 1-:1' (which becomes 0) appeal's in the numerator: 

21 11;1-4 n2 39 113-4 n2 + -ntan-I --ntan-1----1 
5 n 10 2 n 

(14) 

[
1 57 17 9 6] 

lb(n= 1/2 113 to l)=n ---n + - n2 - - n4 + -no + 
2n 10 2 2 5 

+ 2 n (2-3 n + n3) VI-n2 (tan- l n -1fs 'IE) 
V1-n2 

Here I have also availed myself of the circumstance that 

1 ( 1-2 n2
) disappears for a: = ( 2) V x-n2 = . 

4 I-ft 2 Vl-n2 

The expressions found fur Ia and Ib have been verified by me in 
various ways and eyery timo found t,rue, They are both still to be 

multipIied by lfs re RO ;. Bofore passing to the second intrgration 

with ]'r.spect to 11, we must calculate a complementm'y term fol' the cftses 
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(not rnentioned in the eited paper) in whieh point 111 falls outside the 
segment and an enti1'e segment is ineluded by a third sphere. Tt is 
CfLSy to sec that that complel11cntal'y term is obtained out of 

l'b = 2 f f -t 2 re (TL + a cos 0)2 dA dO X scgmcnt, 

which produces af ter some reductions, 

Of this integral we mention onIy the rCBult taken bet\vcen thc 
1 - 2n2 

limits V.v - n'-I, = --== to 
2 VI-n2 

I / :1'-712 = _ VI _ n2 (al frolll 1 to 1 ) 
v 4 (1-n2) • 

Tt is evident that this intcg'eaI rclatcs only to thc sceonrl tempo 
(11 = 112 va to 1) 

We find: 

_ 2 0/1 - n2 (tan-1 n - 1/3 re)] (15) 
v - l/l-n'" ' 

hy which mORt remarkably the above named vaIue of lb is 
considerably simplified and, with the omissioll of the factor 

lIs n RB ~., passes iuto: 

" [1 47 2 6] Zb + I b = re - -- n + 7 n - 4 n4' + _nO • • (lG) 
2n 10 5 
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If wC' now multiply by 

4 
n N N 

'JE 1'~ d1' X - = 32 n R3 - X n2 dn 
V V ' 

wc have sbll to intcgrate: 

Thif, intC'gmtion wc break up into parts again. 

furnishes: 

[( 
735 89 83" 3) 11 = --n--_n'3 __ nu+_n7 V::i-4n2 + 

8192 J 024 320 40 

1/~V3 
2205 V-::i---4""""n2] 

+ 16384 iau-
1 

2 n ' 
1/~ 

as is to bI.' verified by means of tho l'elatiolls: 

-:::------:----;-2 - 4 n dn 
d V 3 - 4 1t = -V7=3==4=j::;;:!2 

dtan-1 Vii - 4 n'~ = - 2 dn 
2 n V3 - '1 71" 

Illtrodllctioll of the limits gi vcs furthor: 

2169 2205 
11 = - V 2 - iar.-l V 2 •. (17) ;) X 1û384 16384 . 

In the second place, soe (I4) and (16): 
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Vd - 4n.& 
As tan-1 - takes fol' n = 1/2 V3 the value TC, we find hy 

1-2 n2 

means of 

Vd -4n.& 
dtan-1 ---::-

1- 2n2 

2 n dn 

1 - n2 V3 - 4 nJ ' 

aud, payi:r..g attention to the l'elation tan-1 2 112 = n-2 tan-1 112: 

1. - ( :371!) -~)n + ( 169 __ 1_) tan-1 1/2-
2 - 15.256 7.32 15.128 'I.lü 

• • (18) 

In thc thil'd plaee: 

~~ ] 

J'( 1 47) n VIT"=4" n2 j(( 1 47) Jo = - n - - n3 tan-1 , cln+ - n - - n3 n cln 
~ ~ 10 1 - ::l n2 2 10 . 

~ ~~ 

n V iS - 4 n J 3 - 2 n2 dn 
With cl tan- l 

Q = 2 V Q we easily find: 
1 - 2 w 1 - n ö - 4 n~ 

. (19) 

Fo!' 

We Hnd hy means of 

Vi:S-4nJ, -i/n Vi:S-4n~ -2dn 
dtan-1 = " , cl tan-l - • 

n (l-n2) V 3-4 n~ 2 n V3-4n2 ' 
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( 
21 21 ) 39 

I4 = - 3::l0 n + 160 ian-1 V 2 + t>40 tan-1 
l/2 + 

where again in the first part I made uso of the relation 
tan- 1 2 1/2 = n-2 tan-1 1/2. 

If we then join the terrns obtaincd, wd~ shall get besides the foro
most factor 

2169 ( 383 127 ) 
I= - 5.16:384 11'2 + 3.256 - 7.32 n + 

2205 559 1) 
+ (- 16384 + 15.128 - 7.16 ian-

1 
V2 + (20) 

For the integrating of this last integral we again refer to tho 
moro Iellgthy paper; it is sufficiollt to melltioll the rosult for 1. 
I only draw attentioll to the fact that af ter having successively 
determined 

[ n2k dn 

JV3-4 n2 ' 

where k = 1, 2, 3, 4, besides 

r n2 dn 
J (1 _ n2 11'3 _ 4 n2 = 1(;- % tan-1 V2 , 

all the above-named integTals are found by parts. 80 is e. g. 

r: édn . r n2 dn j' n2 dn 
J (1 - n2) 113 - 4 ;:;'2 --J (1 - 722) V3 - 4 n2 - V3 - 4 n2 ' 

etc. 'fhe result 1l0W becomes, aftel' multiplication by the fOl'omost 
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factor and by N for all N spheres: 

32 N3[ 73 153 153 ] 
"3 n

2 
R9 V2 7.45.64 V2 - 7.5.256 n + 7.5.64 tan-1 1/2 . (21) 

If for a moment wc caU tho oxprossion bet woon brackets (iJ, this 
may be writton: 

(
4 )3 N3 9 6.J 
-nR3 -X --' 
3 V2 2 n 

For tho double volume of tho N spheres of distance romains 
[\,180, aftel' payillg attention to the pt aud 211d correctiou8: 

, 2 17 A'2 3 9 (iJ N3 
N. 4fs n RS - (4fs n R3) - - + (4/3 n R3) • ___ = 

64 V 2 n V2 

[ 
1 7 8 b 9 (iJ 64 b2] 

=8b 1-- -+---
64 V 2 n V2 ' 

N . 4Js n R3 being oqual to 8 b. If now 4 b = boo , then in 

[ 
17 boo (iJ (boo )2] 2000 1--- +18- -
32 V n V 

the 2ncl correction sought for evidently becomes equal to 18 ~, sa: 
n 

(1= : [73 V2 +153 (tan-1 V2-%n)], 35. 2n 9 

or 

(1 = 1l~0 n [ 73 V2 + 81.17 ( ian-1 V2-% n )] , (22) 

this being our definite rcsnlt. The valno of this is, exaot m 4 
decimals, 

(1 = 0,0958, 

SO alm ast 1/.0' wherC'fis thc 1 st cOl'rootiou was fully 1/2, 


