Huygens Institute - Royal Netherlands Academy of Arts and Sciences (KNAW)

Citation:

J. de Vries, On the orthoptical circles belonging to linear systems of conics, in:
KNAW, Proceedings, 1, 1898-1899, Amsterdam, 1899, pp. 305-310

This PDF was made on 24 September 2010, from the 'Digital Library' of the Dutch History of Science Web Center (www.dwc.knaw.nl)
> 'Digital Library > Proceedings of the Royal Netherlands Academy of Arts and Sciences (KNAW), http://www.digitallibrary.nl'



KONINKLIJKE AKADEMIE VAN WETENSCHAPPEN
TE AMSIERDAM.

PROCEEDINGS OF THE MEETING

of Saturday February 25th 1899,

D

(Translated from: Verslag van de gewone vergadering der Wis- en Natwurkundige
Afdeeling van Zaterdag 25 Februari 1899 D1. VII).

ConTeNTS: ,,On the orthoptical circles belonging to linear systems of conies.” By Prof. JAX pE
Vries, p. 305. — ,,On solubility and melting point as ciiterin for distingnishing racemic
combinations, pseudoracemic mixed crystals and inactive conglomerates.” By Prof.
H. W. Baxnuis Roozoeooy, p. 310. — ,,A geometrical interpretation of the invariant
T (ad)® of a binary form a®® of even degree.” By Prof. P. H. Scroure, p 813, —

n41
:bn the deflection of X-rays.”” By Prof. H. Haca and Dr. . H. Wmp, p. 821. —
Piof, B. J. Sroxvis presents the dissertation of Dr. G. BerLtaar Seruyr: ,,0n the
physiological action of methylnitramine in connection with its chemical constitution,”
p. 821 — ,,On a simplified theory of the elecnical and optical phenomensa in moving
bodies.” By Prof. H. A, Lorkxtz, p. 323. — ,,SToKES’ aberration theory presupposing
an ether of inequal density.” By Prof, II. A. Lorenarz, p. 328, — ,Measurements on
the system of isothermal lines near the plaitpoint, and especially on the process of the
retragrade condensation of a mixture of carbonic acid and hydrogen.” (Continued). By
Dr. J. Verscuarrsrr, (Communicated by Prof H, Kameniiwnew OQNNES), p. 323, (With
one plate). — ,,Measnrements on the change of pressure by replacing one component
by the other in mixtuies of carbonic acid and hydrogen” By Dr. J. Venrscuarrerr,
(Communicated by Prof. II. Kamerringd OXNES), D. 328. —,,0On the velocity of electrical
reaction,” By Dr. Brxst Coner, (Communicated by Piof. H. W. Baxmuis Roozesoonr),
p. 834, — Prof. A, P, N, Francuimont presents the dissertation of Mr. L. T. C. ScHey:
»On synthetically prepared neutral glyceryl-ethercal salts — trincylins — of saturated
monobasic acids with an even number of C-atoms,” p. 338, — ,,On the Vibrations of
Electrified systems, placed in a Magnetic Field.” By Prof. IL. A, Lorexrz, p. 340,

The following papers were read:

Mathematics. — ,0n the orthoptical circles belonging to linear
systems of conics.” By Prof. J. b VRIES.

1. The locus of the points through which we can draw ortho-
gonal tangents to the conic
;1“+'B— — V3
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is the circle represented by
a® 4y = (4 4 B) C.

This orthoptical circle (MoxNeE's circle) is real for the ellipses
and the hyperbolae situated in the acute angles of their asymptotes,
and imaginary if the hyperbola lies in the obtuse asymptote-angles;
it degeneratcs into a point for the rectangular hyperbola (4--B=0)
and for the system of two right lines (C=0). With the parabola
it is represented by the directrix.

The orthoptical circle being concentric with the conie to which
it belongs, the centres of the orthoptical circles @ of a pencil of
conics lie on the conic ¥, containing the centres of the pencil.

If now, following Mr. FiEDLER, we represent each circle by the
vertices of the two right conmes of which it is the base-circle, the
system (@) is represented by a skew curve of the 4t order £,
Indeed, each plane perpendicular to the plane V of the orthoptical
circles intersects the comic in two points and bears two pairs of
poiuts representing orthoptical circles.

The skew curve 2, being intersected in four points by a plane
parallel to V¥, there are in (w) four circles with given radius.

So the system (@) contains four point-circles; it is evident that
we find these in the double points of the three degenerated conics
and in the centre of the orthogonal hyperbola belonging to the

pencil.

2. The system () contains two orthoptical right lines, viz. the
directrices of the two parabolae in the pencil. Each of these lines
is represented by two planes inclined to the plane V at angles of
45°, i.e. parallel to four generatrices of each rectangular cone 77,
having its vertex in a point P of V and placed symmetrically with
respect to this plane.

The cone I, bearing the images of all the circles through P, and
the above named four points at infinity representing two right lines
not passing through P, the remaining four points of intersection
of Il, with £, will represent two circles (@) iniersecting in F.
Therefore :

The orthoptical circles of a pencil of conics form a syslem with
index two.

This can also be shown as follows. The tangents through P to
"the conics of the pencil are arranged in a (2,2)-correspondence,
each ray through P being touched by two curves. This system has
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two pairs of rays in common with the involution of the lines,
intersecting in P at right angles; so through P pass two circles w.

Two planes intersecting the plane V in the right line ! at angles
of 45° have four pairs of points in common with the curve £2,.
This shows that I is touched by four orthoptical cireles. Their
points of contact are the coincidences of the (2,2)-correspondence,
determined on ! by the system ().

3. If we represent the form
o+ g7 +av by o
by C, the system (w) is represented by the equation
Ci+2A G+ 22 Cy=0.

The power of the point (e, ) with regard to”the circle indicated
by a definite value of A is then represented by

Ci+220C 4210
1+2 A4 a2

This expression becomes independent of A if we assume the radi-
cal centre of ¢y, Cy, C; for (z, y). So all the ocircles @ have acom-
mon radical centre or, in other words, all orthoptical circles cut a
fixed circle A at right angles.

As 4 must bear the point-circles of (@) we may conclude to the
following theorem:

The circle through the diagonal points of a complete quadrangle
contains the centre of the orthogonal hyperbola determined by the ver-
tices of the quadramgle. Through its centre pass the directrices of
the parabolae which can be drawn through those vertices.

Considering the obtained results as a property of the rectangular
hyperbola it can be expressed in the following terms:

The diagonal points of each complete quadrangle inscribed in a
rectangular hyperbola can be connected by a circle with the centre
of that curve,

4. All circles @ being orthogonal to the fixed circle . their
images lie on the orthogonal hyperboloid of revolution with one
sheet cutting V" in .« at right angles.

So the image 2, is the section of this hyperboloid with the cylin-
der, which is orthogonally cut by V in the conic 7.

21*
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When the base points of the circle form an orthocentric group 1
all the conics are rectangular hyperbolae; so the system (@) consists
entirely of point-circles.

The orthogonal circle «, bearing them, passes through the diago-
nal points of the complete orthogonal quadrangle and coincides with
the circle of FEUERBACH (nine-points circle), containing as is known
the centres of all the orthogonal hyperbolae through the vertices and
the orthocentre of a triangle.

5. According to the method of FIEDLER the orthoptic ecircles
of a net of conies will be represented by a surface, intersecting the
plane V of the net in the locus of the orthoptical point-circles.

Any point P determines a pencil belonging to the net, one of
the base points of which is P; so through P passes an orthogonal
hyperbola. From this follows, that the orthogonal hyperbolae form
a pencil situated in the net. As was said above the orthoptical
point circles of this pencil lie on the circle 4, passing through the
diagonal points and the middle points of the six sides of the qua-
drangle of the base points.

The remaining point-circles ® are centres of pairs of lines and
form the cubic curve, called the Hessiax of the net.

Three pairs of lines of the met belong to the pencil of orthogonal
hyperbolae and consist of orthogonal right lines. The double points
must lie on the Hussiaw as well as on the circle 4, so these curves
must touch each other in three points.

Both loci of point-circles forming together a curve of the 5th order,
the image of the system of orthoptical circles is a surface of the 5%
order Sj.

Rach right line of V is touched in each of its points by one conic
of the net; each right line determines the direction of the axis of
a parabola belonging to the net. From this follows, that the point
at infinity of ecach right line cufting V at angles of 45° is to, be
regarded as the image of an orthoptical right line.

So the points of contact of the asymptotes of the rectangular
hyperbola representing all the circles through two points belong fo
the ten points common to S; and that hyperbola. The remaining
eight points of intersection representing four circles it is evident
from this that we can draw four orthoptical circles of the system
through any two points.

1

Y That is to say: four points, each of which is the oithocentre of the triangle
having the others for vertices.
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6. If U, and U, represent the differential quotients of the qua~
dratic funetion U with regard to # and y, the centres of the conics
of the net

Ut AV g uaW=0
are indicated by the relations

Uy 4 AV + u W, =0,
Uy + AVy + W, =0.

So in general any point (z,y) is the centre of one conic. On the
other hand any of the four points determined by

U, : Uy-_—Vx:Vy: Wy Wy

is the common centre of an infinite number of conics. For each of
these points the above mentioned linear equations are dependent of
each other, so that A and x are connected by a linear relation; so
in this way a pencil of conics is characterized.

Consequently the surface S contains four right lines perpendi-
cular to V.

7. TLet us now consider the orthoptical circles belonging to the
conics with four common tangents. Any right line through the point
P determining a conic of the tangential pencil, the tangents through
P form an involution. This contains only one pair of rectangular
rays; so P lies on one orthoptical circle.

The wellknown property according to which the centres of the
tangential pencil lie in a right line, also proves that the orthoptical
circles of a tangential pencil form a penecil.

According to the circles of that peneil passing through two fixed
points or intersecting a fixed circle orthogonal or touching each
other in a fixed point, the system (@) will be represented by a rec-
tangular hyperbola with its real axis perpendicular to V or situated
W ¥, or by two right lines cutting V at angles of 45°,

So the system (@) contains mo more than two point-circles or, in
other words, the tangential pencil can contain only two reclangular
hyperbolae.

A conic of the tangential pencil degenerating into two points, the
line joining these points is the diameter of the corresponding w. In
connection with the statement above the wellknown property results
from this:

The cireles described on the diagonals of a complete quadrilateral
a3 diameters belong to a pencil,
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8. Finally we consider a tangential net.

Two right lines through P which intersect at right angles are
touched by one conic of the net. If the right angle included by
these lines turns about the vertex P the pairs of tangents drawp
through Q to the variable conic form an involution. For every ray
s, drawn through @, determines a tangential pencil belonging to the
net, having the pairs of an involution (r, #") in common with the point
P. The conic touched by the orthogonal pair (»,+") has a second
tangent s' through Q, forming with s a pair of the involution indi-
cated above. The orthogonal pair (s, s') determining a conic for
which » and ' are at right angles to each other, we can draw but
one orthoptical circle through the points P and .

According to the circles (@) possessing an orthogonal circle or
intersecting a fixed circle in two diametrically opposite points or
passing through a fixed point, the obtained net of circles is repre-
sented by an orthogonal hyperboloid of revolution with one or two
sheets or by an orthogonal right cone.

Chemistry. — “On solubility and meltingpoint as criteria for
distinguishing racemic combinations, pseudoracemic mixed crystals
and inactive conglomerates.” By Prof. BAxnuis RoozEBooN.

Though several times attention has been drawn to the phenomena
of solubility and melting in order to distinguish between the types
mentioned above, no certainty has been attained as yet.

1. Solubility. We only get a clear insight in the phenomena of
solubility by drawing attention to the number of solubility curves
obtainable at a given temperature.

If Oa is the proportion of the
b B saturated solution of the dextrosub-
stance D, and Ob the same for the
laevosubstance L, these two are equal

b at the same temperature.
4 By adding L to the D-solution
and vice-versa we now get, if no
e racemic combination appears at the
temperature used, nothing else than
two solubilitycurves, starting from
0 a Z — the points @ and b and meeting i
Tig. 1. c. Their precise direction depends 0B
the manifold actions that van take place in the solution. From
the perfect equivalence of L and D it results however necessarily
that ¢ must always lie on the line OB, which halves the angle of




