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be tbe case, a plait, which appears as a longitudinal plait, but 
which has its plaitpoint on the &irle of tbe small volumes, as in 
the observations of K UENEN and ROB80N, is not a longitudinal plait: 
but a somewhat modified transverse plait. If th en in the liquid 
state complete mixture does not take place under all circumstances, 
the phenomenon is to be ascribed to other canses than in case of 
a real longitudinal plait. 

If further invAstigations confirm what has been said, we should 
have to find tbe cause in thlS case in tbe fact that at least one 
of the substances is abnormal. 

Physics. - "On üariation of volume ancl of press1we". lIl. By 
Prof. J. D. VAN DER WAALS. 

In order to be able to jlldge about the extent of' the variation of 
volume and of preSSlue in mixtures of two substances, it will be 
necessary, to find for thc different proportions of mixing the pres­
sures at whieh the number of ihe molecules is the same for the 
two substanceH, if the volume and the temperature are also the 
same. If the1'e were no deviations from the law of BOYLE, the pres­
sures required would be equal. Assume that for a mixture the cha­
racteristic equation is : 

at a given tcmperature the 2nd member of this equation has a con­
stant value for mixtures with the same number of molecules, and 
so we may find the pressure which satisfies the preceding condition 
in solving the vaIue of P from this equation, if the value of v is 
constant. Take as unity of pressure 1 atmosphere and as unity 
of volume, the volnme occupied by a molecular quantity of the 
mixture nnder that pressure. 'fhe value of the sccond member is then 

(1 + ax) (1 - bx) (1 -t ce t) , 

for which we may wl'ite with a suffirient degree of approximation 

(1 + ax - bx) (1 + ce t) • 

If we write Po for the value of the pressure' taken as nnity, and 
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(Vo);r, fOl' thc yolume occupiC'd by a molecu]ar quantity at 0°, the 
cbaraeteristic equatioll is 

from which we deduee tbat the conditions that in 1 eMs, the same 
number of molecules be found are, tbat we have different mix­
tures witb the same vallle for V, the same va]uc for tand that we 
have that value of P, for which the first member and therefore also 
tbe sccond, is tbe same. Tbe simple resuJt is tbat the quantity of 
thc different mixtures is ta be ebasen in sllch a way that 
(Vo)r (1 + a~) (1 - b:c) has the same value for them all. 

As Po (vo 'a' (1 + a:r) (1 - ba') (1 + a t) is the limiting value of the 
product pv, the preceding conditian is a]so fulfilled, when this limiting 
value is the same far tbe different mixtures. 

In the two preceding proceedings of the Academy Mr. J. VER­

SClIAFFELT has publishcu observations about mixtures of carbonic 
acid and hydragen . In order to determine the volumes. which contain 
an equal number of malecules, tbe observer has follawed a course 
",hieh agrees with the determinatian of (t·o):c (1 + az) (1 - bx). He 
is of opinion that tbe investigation af the Jimiting value afpv would 
not serve the purpose. I think that this canr.lusion must be drawn 
fJ'om bis rem ark p. 332. »From the point of view" etc. 

Be this as it may, I shaH prove that both ways may be followed. 
At the same time 1 sbaH investigate, in how far his observations 
agree witb my characteristic equation. But fil'st a rem ark about the 
accurate form af the characteristic equatian, or rather about the 
vaIne of tbe quantities ar and b:r. 

I have always taken for them the following- expressions : 

az = aJ (1-,,/:)2 + 2 aJ2 x (l-,v) + a2.c2 

alld bz = b] (1-,v)2 + 2 bJ2 .r (1-.r) + b2 x2 • 

It is easy ta sec that if we want to be pel'fectly accurate we 
must put: 

az (IlO); = a] (l'o)i (1-,1')2 + 2 aJ2 (voh (vO)2ol' (l-a') + a2 (vo)~ x2 

and bI (vO)'~ = bI (1)0)1 (1-.r)2 -I- 2 bJ2 v (vo)J (vO)2 x (I-a') + b2 (l'oh x2• 

lf we we re allowed to equate (vO)l' (voh and (vo).r, there would 
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be no difference bet ween the two values of O.r and brt ; and at any 
rate the difference will bt' scal'cely noticeable, if the obscrvations 
on the mixtures do not leach tbe bighcst degl'ee of accuracy. But 
to know tbe accurate form is necessary in the fil'Bt pI ace for the 
sake of perfeût accuracy of tbe theoretical considerations, nnd in the 
second place in his obsel'vations lV1r. VERSCHAFFELT 8eems to bave 
aimed at and perhaps reached that lligh degree of accuracy, at 
",hich differences between tbe two sets of values of art and brt might 
he 0 f i nfl. uen ce. 

Lct us now proceed to inyestigate in how far Mr. VERSCHAFFELT 

has succecded in determining the volumes which contain an equal 
number of molecules under a prcssure of 1 atmosphere. 

He puts for this: 

y = 0,99931 + O,OOû (1-x)2 • 

t 

From this formula we obtain the value 0,99931 fol' hydrogen 
(.r = 1), the yalue 1,0053 for carbonic acid (.'!: = 0) and the value 
1,00081 for of = t. By means of these three values, taken from 
obbervations, he has calculated his formula, assuming that y might 
be put under the form a + bJJ + c.c2• 

According to the theory the factor, with which (t'o).r is to be 
multiplied in order to obtain the volume, wbicb contains thc same 
number of molecules, must be equal to: 

If we take the latter form, viz (1 + art - b;), we make already 
use of an app~'oximation. But even with this approximation we find: 

so that we must make use of anothel' approximation to get a form 
like y = a + b.c + c.c2• All this may cause deviations, but the errOl' 
which is committed by assuming this form, will remain but insigni· 
ficant. My objection to the fOl'ffiula: 

y = 0,99931 + 0,006 (1-x)2 
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has another graund. Mr. VERSOHAFFELT himself remarks, that ifhe 
had made usc of other experimental data to determine tbe values 
of a, b alld c, he would have found the following farm uIa : 

'!J = 0,9995 + 0,00136 (I-oT) + 0,0056 (I-alrl. 

But he uses the farmer - and now I shall show that the latter 
agrees to a graat extent with what his own experiments teaeh, and 
that the former ccrtainly cannot be true. 

When two gases are mixed in different proportions - and one 
of the gases (carbonic acid) deviates in one direction from the law 
of BOYLE, whereas the other gas (hydrogen) does sa in the other 
direction, we may ex peet the existenee of a mixture, which follows 
the law of BOYLE. What may be brought about by change of tempe­
rature in case of a simple gas, occurs here by change of the mixing 
proportion. For sueh a mixture,!! = 1. From the formula 

follows :11 = ± 2/3' From the formula 

1 = 0,9995 + 0,00136 (l-.v) + 0,0056 (1-:&)2 

follows a: = 0,8. 
Mr. VERSOHAFFEL'l' he1.S made observations for .c = 0,7963 and 

:r = 0,6445. Tbc produets pv for a = 0,7963 are respeetively 

1,0740, 1,0756, 1,0764, 1,0749, 1,0748. 

At v = 0,02 pv has still the value of 1,0750, and not befare 
v = 0,01 it has reaehed the value of 1,0960. 

From these va lues of pv we may conclude tbat the mixture has 
nearly tbat eomposition, in whieh it would follow the law of BOYLE 

in great volumes. From the long series of larger volumes, in which 
actual1y constancy of this product has been found, we might deduce, 
that the mixture deviates still in the direction of carbonic acid _ 
and that therefore x shoulà have a t:lomewhat greater value in order 
to form a mixture, which follows the law of BOYLE only in very 
large volumes, but yet shows an increasing product from the be­
ginning. 

If we take the value of pv that belongs to the mixture, in which 
x:::: 0,6445, we find: 

1,0431, 1,0425, 1,0413, 1,0411, 1,0413, 1,041, 

P10ceedillgs ROylll Acad. Alllstel'Mm. Vol. 1. 
27 



- 6 -

( 394 ) 

while at v = 0,002 the product is diminished to 1,036 and at 
v = 0,01 it descends still more down to 1,021. From the former 
series of values we might still be in doubt whether th is mixture 
also possibly follows the law of BOYLE, but the value at v = 0,01, 
which has perceptibly decreased, decides, and shows convincibly, 
that this mixture still deviates in the direction of carbonic acid. 
My conclusion is therefore that for the mixture for which y = 1 
thc value of ai cannot descend below 0,8. 

In such a mixture the product pIJ = (1 + at), or (t = 18°) 
pv = 1,06606. For this value we found above 1,074. This would 
lead to the conclusion that if Mr. VERSCHAFFELT equates the volume 
to 0,03, it is in reality na more than 0,02983. As a similar diffe­
rence is also found for the following volumes, it would point to 
the fact that he bas taken tbe unity of volum~ in this mixture 
± 1f'}, pCt. toa large, an error which surpasses tbe amount of tbc 
above discussed corrections. If we would not acknowledge this error, 
we should have to take as tbe mixture for which pv = 1 + at one 
for which ai is smaller, which is contradicted by the experiments 
on compression, as has been shown before. . 

Put 35,80 as the value of tbe pressure, which a gas wouIJ. exer­
eise, if it should follow the law of BOYLE. For every series of 
observations if tbe volume IV = 0,02983, we find in rrable XII, 
p. 334 indicated the pressure which is to be subtracted from 35,8, 
to find the influence of the deviations. 

If we put 

(35 8 ) _ a~ - Uz (1 + at) 
, -p - 2 ' v 

the value of az-b~(l+a t) may be calculatcd for every mixture from 
this approximated eq uation. If we calculate al-bI (1 4- at) (for 
earbonic acid) we find 0,00614 and - 0,000454 for a'},-u2 (1 + ct t) 
(bydrogen). By means of these valnes we may determine the 
constants for '!J = a + U.c + cx2, if we make also use of tbe circum­
stance that the value of y = 1 is to be faund for 3J = 0,8. Then 
we find: 

y = 0,999546 + 0,001189 (I-a') + 0,005405 (1-02-)2 , 

an equation which closely resem bles that one, which Mr. VERSCHAF­
FELT thought, th at he ought not to make use of, and which yet 
has been deduced from his own obsel'vations only. In the following 
table we Hnd the value of y for valucs of ai = 0,1, 0]2 etc. 
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0,1 .' ....•.. 

• . !J = 1,00614 
l,004\Hl 

1,00396 
1,00303 
1,00220 
1,0014,0 

1,00089 

1,00039 

0,2 
0,3 
0,4 
0,5 
0,6 

0,7 
0,8 . ~ . . . . .. . . - 1 

0,9 ., .•.•••.• 0,99912 
0,\1\1954 1 ••••• t •••• 

By application of the approximated formula 

(35,8 - p) v2 = az - Oz (1 + at) 

we find from thc series of observations 

z = 0,0995 
t = 0,1990 
:ç = 0,3528 
:ç = 0,4993 

z.= 0,64.45 
x = 0,7963 
x = 0,8972 

• • • • • • • • !J = 1,00483 
· . . • . . . . 1,003\}8 
· . . . . 1,00276 

. . . • . . • . . ~00177 

I,OOO\}3 

1 
O,\}9965 

Only at al = 0,5 a deviation of importance is found. 
For t = 18° we may calculate from 

az-oz (1 + at) = - 0,000454 + 0,001189 (I-a:) + 0,005405 (1-:1:)2 

the value a12-b12 (1 + at) = 0,0001375 and 

According to this value of a12-b12 (1 + at) the deviation 1) from 
thc law of DALTON would be in tbe usual direction, i. e. in such 
a way that the pressure of the mixture at larger volumes is smaller 
than the sum of the separate pressures, whereas at smaller volumes 
thc sign of thc deviation is l'eversed. In consequence of the smal1 
valuc of a12-b12 (1 + at) = 0,0001375, the deviution wiII be but 
slight. Wo may examine whethcr this is confirmed by the observa­
tions of Mr. VERSCIIAFFELT (tabIe XII), if al = 1/2. So fol' v = 0,03 

1) See Proceedings of Nov. 1898. 
27'" 
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PI = 28,0 and P2 = 36,31. If an equal llumber of molecules of cal'­
bonic acid and hydrogen 80 that .v =~/2, are mixed in the same volume 
v = 0,03, the volume contains twice as many molecules, sa the same 
number in v = 0,015. For this volume Mr. VERSCH.AFFELT finds 
P = 65. Tbo value of PI + P2 = 65,21. 

In the same way 

at v=0,028 PI =30,58 P2=38,D7 PI + P2 = 69,45 and at v = 0,014 p=ûD,30 
H v= 0,02û PI =32,40 P2=42,04 PI + P2 = 74,4.L and at v = 0,013 p=74,20 

v v=0,024 PI =34,38 P2=45,65 PI + P2 = 80,03 and at v = 0,012 p=80,00 

H v =0,022 PI = 36,55 P2 = 4.9,94 PI + PJ = SÛ,49 and at v = 0,011 p=86,75 

v v=0,020 PI =39,08 Pl = 55,10 PI + PJ = 94,18 and at v = 0,010 p=94,40 

So in the case of carbonic acid and hydrogen, the quantity 
a12-b12 (1 + at) is not large and (al + a2 - 2 a12) - (bI + b2 - 2 b12) 
(1 + at) smalI, but the contrary. The latter may be expected for 
substances which differ much in physical properties. 

In my communications under the same title, in the proceedings 
of November and December 1898, I have discussed two rules of 
approximation fur mixtures, viz. the law of DALTON and that of 
AMAGAT. As a third rule of approximation the following rule might be 
given: In a mixture a substance exercises the pressure that it would 
exercise if the' other molecules were substituted by molecules of its 
own kind. Let us caU the pressure which tbe first mentioned gas 
would exercise, if all the molecules were of the same kind PI, and 
that of the second gas P2, then this ru Ie of approximation comes 
to the same as putting 

Frum the graphical rC})l'escntation of :Mr. V EHSClIAl!'FELT p. 329 
it appears that for cal'bunic acid and hydl'ogon P - [PI (I-x) + P2 a'] 
is positivo. 

From the charactel'istic equation we may deduce for this differellcc: 

b tl 
for all volumes largo enough that we may put 1 + - for -- . 

v v-b 
Sa we see that for large volumes this thil'd rule of approximatioJl 
is exactly the same as that of AMAGAT. 

At a g'iven volume P is a function of a: of the second degree 
and the maximum deviation will be found at al = 1/2 , 
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For v = 0,024 the following table gives the calculated and the 
observed values of the pressure. 

In the formula p = PI (1-:r) + P2:/) + A.v (I-:/)) wc have taken 
A as equal to 8. 

a: 
[I calculated 
11 obscrved 

° 0,05 0,1 0,2 0,3528 0,5 0,64.45 0,8 0,9 1 
34,38 35,32 36,22 37,91 40,18 42,01 43,47 44,67 45,24 45,65 
34,38 35,53 36,54 38,04 4.0,12 41,80 43,33 44,80 45,48 45,65 

For the value of A which might have been calcnlated by meaus of 
the relation 

we should have founel about 9,5, if b.CI -b.b (1 + !Xt) = 0,005405 
(see p. 395). 

The value of p, putting A = 9,5, agrees nearly perfectly 
for small valucs of x aud 1-:r, but in this case the diffel'ences 
are larger again for values of [IJ naar %. From A = 8 would 
follow b.n-b.b (1 + ct t) = 0,00461 1). 

From all this follows that absolute agreement bet ween the theory 
and the observatioDs of Mr. VERSCHAFFELT does not yet exist. But 
the differences remaiD below 1 pCt. It would be premature to try 
to decide as yet whether the differences are to be aseribed to the 
theory or to the experiments. Yet we may say that in these obser­
vations thc diffclrellues are smaller than in those that I have tested 
before. And the fact that up to now the differences grow less as the 
observations grow in accuracy, seems to plead in favoul' of the theory. 

I) Tn calcnlating the coefficient in the equation 

!I = 0,999546 + 0,001189 (I-a:) + 0,005405 (1-31)2 

we lmve made use of the data for carbonic ncid :md hydrogrn, :11111 oftlte snppobitioJl 
tltat '!I = 1, if a: = 0,8. 

Ir we take !I = 1 for a: = 0,82, the coefficients become 

!I == 0,999546 + 0,001618 (I-a:) + 0,00497 (l-31)~ • 

l'llese "l'alues of the coefficients seem more prQbllble to me j lIlo/'roVel' in t1d~ ('(lg(' 

the ,"ulues of the two tllbles on p. 395 ngl'ee still bettm .. 
With these coefficients is 

al~-bI2 (1 + :( t) = 0,000355 
81ul 

(al + a~ - 2 aj2) - (lij + li~ - 2 Ó1 2) (1 + Cl t) = 0,00197 • 


