Mathematics. — “On the Path of a Ray of Light in the Field
of Gravitation of a Single Material Centre.” By Prof. W.
vaN DER WoubDEe. (Communicated by Prof. J. C. KLuyvEr).

(Communicated at the meeting of October 29, 1921).

1. Starting from the line element of the field of gravitation of a
single material centre proposed at the same time by ScHWARZsCHILD ')
and Droste?®), | wish to demonstrate in this paper:

1. the path of any ray of light is (with allowable neglect) a
hyperbola of which the sun is one of the foci; all these light paths
have equal major axes;

2. by these geometrical data 8 hyperbolas are defined passing
through 2 given points; from physical considerations however it
appears easily that only one of the 8 hyperbolas connecting in this
way the earth to an arbitrary star, is a path along which the light
starting from the star, reaches the earth.

To this 1 add a remark on the determination of the magnitude
of the deviation.?)

2. The line element of ScHwawrzscHILD—DrostE has the following
expression :
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Here p is the mass of the centre of gravitation (.

Concerning the “space-coordinates” » (or @), &, ¢, it i3 assumed
that 6 and » have the same values as would be ascribed to them
by an observer who made his observations and calculations in the
conviction that space is Euclidian; for the rest neither » nor ¢ need
be exactly equal to the distance R measured from C on Euclidian
suppositions, but » and R or ¢ and R are supposed to be univalent

functions of each other, so that %{ and I% ditfer so little from 1 that,
at least for not too small values of R, (%2) and (%) may be

neglected relatively to unity.
The units of length and time are assumed such that the light
covers the unit of length in the unit of time, so that we may for

310° sec. as those units; finally the

mass @ is expressed in gravitation-units. If e.g. we consider the
centre of the sun to be the centre of gravitation, we have u =147,

instance consider 1 km. and

and already immediately outside the surface of the sun B will be
s

very small; in the field outside the sun we may therefore, asa first
approximation, neglect the second and higher powers of  and
replace (1’) by

ds’:(l - %)dt'—- (1 +S);d9=+@- (sin® 8 dg® + d6")1 . (2)

3. In the space (2) the propagation of light occurs along a
minimum line, i.e. along a line for which
ds = 0,
or for which

(1 —_ !i) de* =(1 + li) {do® + o (sin® 8 dg® + d6*)};
0 e
as the nature of the field makes it at once clear that the path will
lie in a “plane” through C, we may here put & — 4n, so that for
the path of the light we have:
(1_‘f)dt'=(1+‘i)(d9'+g'd¢p') )
Y

o
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It is assumed that even now the path between 2 points A and B
in three dimensional space may be found by making the condition
that the first variation of the integral:



189

B B 1+ 8
1= [a= f —%do* + o* dgY)

u

A 4 1——

[}

must be equal to zero. Neglecting the same quantities as hefore we
may therefore say that we must determine ¢ as such a function
of ¢ that

T | R D

In order to solve this problem we point to another, which from
a purely analytical point of view is equivalent to it. If in space,
now thought to be Euclidian, a planet with the unit of mass moves
according to Nuwrton's law in the field of gravitation of the sun,
according to the principle of least action its course is given by

Lo (oo

where % is the constant of the living force.
From this it appears that the solution of (4)

»=7(e)
represents at the same time the orbit of a planet round the sun,
where A = 4, and that also the reverse is true.

Now each of these orbits of a planet is a conic section. However
it would not be quite exact to say that the light path in three
dimensional space is a conic section (unless we define a conic section
in a non-Euclidian plane by a curve that has the same polar equation
as a conic section; in differential geometry, however, the names
ellipse and hyperbola are already given to different curves); by
means of

p=¢, , 0=0, - . . . . . . (9
it is represented in a Euclidian plane by a conic section, where g,
and ¢, are polar coordinates.
It is of some importance to remark that the formulas (5) represent
the plane with the line element

ds* = (1 i %) (do* + o dip?)

conformly on the Euclidian plane as the coefficients of the two
fundamental forms are proportional.
If therefore it appears that in the image plane the tangent at B
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to the light path AB makes with the radins vector CB a largeror
a smaller angle than the straight line AB, it does not only follow
from this that indeed according to EiNsTEIN’s theory out of B the
point A4 will be seen in a different direction from that which was
to be expected from the former theories, but also that the numerical
value of this deviation may be read directly from the image.

Notwithstanding the objection just mentioned, confusion being
excluded, we shall not hesitate henceforth to call the curve
¢ = f(¢) in the EinsTEIN-plane a conic section; we only wanted to
point out that for the final conclusion an appeal to the characteristic
of conform representation is necessary.

4. Let us first consider once more the paths of material points
moving with the unit of mass according to NEwroN’s law in the
lield of gravitation of the sun C, thought to be Euclidian, while
for all those paths the constant 2 has the same value; it is already
certain that all those paths form a system of conic sections with
a common focus C. It is further known that the semi major axis
of such a conic section is determined by :

a= -2
h

-‘Hence all the conic sections have equal major axes; the sign of
the axis indicates whether we have to do with an ellipse, a hyper-
bola or a parabola.

Applied to the problem in question this means:

The course of any ray of light is a hyperbola of which the sun
is one of the foci; the length of the semi major axis is always equal
to 2u (= = 3 k.m.).

5. Now we shall determine the path of the light between 2 given
points A and B.

With a view to this we describe out of (' a circle y with a
radius 2p and out of 4 and B two circles touching y; the points
of intersection of y with AC and the produced part of AC are
called resp. 4" and A’; B" and B’ are defined in the same way.
Each point of intersection of one of the circles with centre 4 and
one of the circles with centre B forms together with C the foci of
a hyperbola through A4 and B, the major axis of which is 4u. To
begin with we find therefore 8 hyperbolas; let us now examine
which of them gives a possible light path between 4 and B.

If S, is a point of intersection of the circles 44" and BB’, we have

) Cf. e.g. P. ApPELL: Traité de Mécanique rationelle, I p. 393.
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AC— AS, = 4u — BS,  BC,
i.e. A and B lie on different brauches of the hyperbola having €
and S, for foci. This hyperbola is therefore a light path, but not
one from A to B; neither is this the case with the two hyperbolas
that have a focus in one of the points of intersection of the circles
A4’ and BB

The two circles AA" and BB" can bhave imaginary points of
intersection; but it is also possible that these points of intersection
are real. If on the latter supposition .S, is such a point, we have

AC — AS,=4y:BC — BS,.
i.e. 4 and B lie on that branch of the hyperbola having C and S,
for foci, that is not curved towards the sun, hence just on that
branch that is not a light path.

If however S, and S, are the poinis of intersection of the circles
AA’ and BB’, C and S, as well as C and S, are the foci of a
hyperbola of which the same branch, the branch curved towards C,
passes through 4 and B.

Of the 8 hyperbolas through A and B which have C for a focus
and of which the semi major axis is equal to 2u, there are only two
that give a possible light path; indeed, both arve light paths, if only
the branch on which A and B lie, does not intersect the sun.

Here the question arises: ,

Let B be a point of the path of the earth and (' the centre of
‘the sun; can we place 4 in such a way that B is reached by 2
rays of light from A?

We call S, that point of intersection of the circles A4’ and BB’
that lies on the same side of AB as C; we put , A'SBE=4d. It
is clear that now CS, is less than CP, if P is the point of inter-
section of the tangents at 4’ and B’ to y; hence

CS, < 4ucotg 4 d.

The point S, lies therefore inside the sun (as 2u=—=3) and the
hyperbola with C and S, for foci will not be a light path con-
necting 4 and B, unless perhaps if d is very small.

We shall therefore assume, in order to give C'S, as great a value
as possible, that 4 lies on the production of B(C atinfinite distance.
We find

CS, < B'S,=V'8u > 2BB = =+ 6 > 10* km,
so that even now .S, lies inside the sun. Accordingly: /¢ is im-
possible to see a point in 2 different directions out of a point of the
path of the earth.





