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§ 6. In order to show that the result foundin § 5, is in accordance
with the result of ScHuBErT, mentioned in § 1, we have to know
the rank of the congruence I'(mm’,mm’) that two complexes C,
and C, of the orders m and m’ have in common. It might suffice
to refer to ScuuBert, Kalkiil der Abzihlenden Geometrie, where there
is found on p. 330 a derivation of this number. We shall however
show that the order of I' may also be found by the aid of the
representation used in this paper.

The surface £2 consisting of the straight lines of I" which cut the
axis @ of C, is of the order 2mm’ and has a as an mm’-fold straight
line. It is the intersection of the two congruences =, (m, m) and
=, (m’, m’) consisting of the straight lines out of C, and C, that
cut a.

=, and =, are represented resp. on two surfaces S, and S, in
R,. As C,, hence also X, contains m generatrices of an arbitrary
plane pencil of C, all points of p, and v, are m-fold points of .S,
and all straight lines cutting p, and v, have m more points in
common with S,. S, has accordingly the order 2m and p, and v,
are m-fold straight lines of .S,. In the same way .S, has the order
2m’ and p, and v, are m'-fold straight lines of this surface. The
intersection of S, and .S, consists of the straight lines p, and v,
each counted mm’ times, and the curve yon which £ is represented.
This curve has the order 2mm’ and has mm’ points in common
with each of the straight lines p, and v,. We first determine the
number of apparent double points of y.

The cone A projecting y out of an arbitrary point L of R,, is
of the order 2mm’ and'has in common with S, besides y a curve
o of the order 4m*m’—2mm’ = 2mm’ (2m — 1). The curve ¢ has
(m—1)-fold points in the 2mm’ points where y cuts the lines p, or
v,, because the entire intersection of A4 and .S, must have there
m-fold points. Further A cuts each of the lines p, and », in mm,
more points, that are m-fold points for ¢. As all these points are
m’-fold for S,, ¢ bhas dmm’* 2m — 1) — 2mm'* in—1) — 2m*m* =
= 2mm'* (2m—1) points of intersection with S, outside p, and v,.
These belong to y and lie partly in the points where a generatrix
of A touches the surfaces S, on y, hence in the points of intersection
with y outside p, and v, of the first polar surface of L relative to S,.
As this polar surface is of the order 2m—1 and has (m—1)-fold
straight lines in p, and v, it cuts y outside p, and v, in 2mm’(2m—1)—
2mm’(m—1) = 2m*m’ points. The remaining 2mm"(2m—1)—2m*m’'=
= 2mm’ (2mm’ —m —m’) points where ¢ and y cut each other
outside p, and v,, are points that the bisecants of y through L have
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in common with this curve. The number of apparent double points
of y is therefore equal to mm’(2mm’—m—m’).

If we choose L in the point of intersection B, of p, and v,

’ ’ ’

Mg-—ﬂ of the chords of y through this point coincide with
each of the lines p, and w»,. Through B, there pass accordingly
mm'(m—1)(m’—1) bisecants of y different from p, and »,. According
to § 3 these are the representation of as many plane pencils through
a containing two straight lines of £, hence also of I The rank
of the congruence T that two complexes of the orders m and m’
have in common, is therefore equal to mm’ (m—1)(m’—1).

If we substitute this number for » in the expression found in § 5,
and if we make « and g equal to mm’, we find indeed that the
order of the surface formed by the vertices of the plane pencils
containing three straight lines of the intersection of two complexes
of rays of the orders m and m’, is equal to:

+mm’ (mm’—2) 2mm’—3m—3m’ + 4).

We get another check through the application of our formula to
the congruence consisting of the straight lines passing through one
of n given points. For this congruence « =n and 3 =7r=20. The
locus of the vertices of the plane pencils which three straight lines
have in common with this congruence, consists of the planes that
may be passed through each triple of the given points. By the said
substitutions in the formula of § 5, we find indeed the number of
these planes, namely:

#n (n—1) (n—2). .

To the theorem derived in § 5 there corresponds dually :

The planes of the plane pencils that have three straight lines in
common with a congruence {e,B} of the rank r, envelop a surface
of the class:

& (B—2) {6r—(@—1) Ba—p)}.





