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with ,/, it is appal'ently a tt �(�~�-�1�)� (fl-2) -fold generalt'ix of Li, The 
6 

nurnber of generatrices of .1 culting VI> is thel'efoJ'e found by 
dirninishing the Ol'der-number found above, by: 

i- �~� �(�~�-�1�)� ([1-2). 

Hence theJ'e are 

(a + 8-2) r + i- a (a-1) (rt--2) 

stJ'aight lines of Li which cut VI' 

a (a-1)(a-2) 
111 the fir'st place the st.raight line 7J, must be <lounled 6 

times, fol' as this line has �~� points in common with '/ it is an 
a (a-l)(a-2) 

6 -fold generatJ'ix of Li. FUJ'ther the numbeJ' found above 

has to be diminished lIy the lIumber of trisecailis of '/ that cul VI 

011 y. This is Ihe case in eaeh of Ihe tt points thai y has in comlllon 
with VI' We find the number of triserants of y passing through 
such a point, by the aid of the property that thJ'ough a point of a 
twisted cUJ've of the ordeJ' n with ft apparent double pOillts, there 
pass h-n + 2 straight lines that eontain two more poillts of the 
curve, if we take into account that in o UI' ease fOl' each of the 

. . (él-1) (il-2) . 
sald (j pOHltS VI COUllts 2 times among the trisecants of r 
passing throllgh them, as v, contains tl-1 more points of y outside 
the point uIIder consiJenl.tion. COllsequelllly 

B 11' + �~� a (a-l) +! B(B-1) - a - B + 2 -! ({j-1) (B-2) I 
or 

fl11' + �~� a(a-1) (a-2) I 
tl'iseeallts of y that cul VI 011 ,/, must be taken apart. 

lf we subtract these Iwo nUlllbers of straight lines f!'Om the 
aforesaid Humbel' of straight lines of Li that cut v" we filld thai 

t(a-2) 161' - (a-1) (3rl-1)1 

trisecallts of '/ intel'seet VI outside this curve. 
According to the �b�e�g�i�n�~�l�i�n�g� of this �~� we al'l'ive al the following 

theoJ'em: 

T!te locus of the vel'tices of t!te plane pencils t!tat have thl'ee 
straight lines in common wit/t a congntence la, BI of t!te rank 1', is 
a sU1jace of t!te orde1': 

i (a-2) 161' - (rt-1) (3B-tl)l· 
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~ 6. In Ol'der to show t.hat the resllit fOllnd in ~ 5, is in aceordance 
with the reslllt of SCHUB~;KT, mentioned in ~ 1, we have to know 
t.he rank of Ihe rongmence r(mm', mln') thai Iwo complexes Cl 
and Ct of the orders mand m' have in eommon. It might sufiice 
10 I'efer 10 SCIlUBI<:RT, KalkUl de?' Abzä!tlenden Geomet?;ie, where there 
is found on p. 330 a del'i "ation of 111 is 11 U 111 bel'. We shall howevel' 
show th at the ordel' of r mar also be fOllnd by the aid of the 
represenlation IIsed in Ihis paper. 

Tbe slIrface 52 cOllsistillg of the straight lines of r whiclt cut the 
axis a of C, is of tlte order 2 mll/' and has a as an mm'·fold straigltt 
line. It is the illterseclion of the two congl'llences :EI (m" 111) and 
:Et (m', m') consisting of the straight lines out of G\ and C, th at 
cut fl. 

:EI alld :E, al'e repl'esellted I'esp. 011 two surfaces SI and S. in 
Rt' As Cl' henee also :EI' cOlltains m generatrices of all arbilt'ary 
plane peneil of C, all points of 1'1 ~lId VI are m·fold poillts of SI 
and all straight lilles cut.ling PI alld VI Itave m more poillts ill 
eommoll with SI' SI has accoroingly Ihe order 2rn alld PI and IJl 

are II/.·fold straight. lines ot SI' 111 tlte same way S. has the order 
2m' and PI and VI al'e m'·fold stmight lines of this surface. The 
intersection of SI allO S. consists of the straight lines PI and Vl> 

eacl! cOllllled mm' times, and the ('lIrve y on whiclt .Q is l'epl'esenled, 
This CIII've has Ihe order 2mm' alld has mm' poinls in common 
v .. ' i th each of tlle straight lines PI alld Vl' We first determine the 
nUlllbel' of appal'ent double points of y, 

The cone A projeclillg y oul of all arbill'al'} poillt L of RB' is 
of the order 2mm' allo' has in COllllllon with SI besides y a CIlI've 
Q of Ihe OI'del' 4/1l'm' - 2mm' = 2mm' (2m - 1). Tlte cllrve (! has 
(m-1)·fold points in the 2mm' points wltel'e y ellis the lines PI or 
VI> hecallse the entire intel'sectiort of A and SI lIIust have there 
1/l·fold points. FUI'ther A CIIIS eaeh of the lilles PI alld VI in mm l 

1I10re points, that al:e ?U·fold poinls 1'01' Q, As all these points are 
m'·fold for S" Q has 4mm"(2m-1)-2mm"(m-l)-2m'm"= 
= 21n'lll" (2m-l) points of illtel'seclioll will! S, oulside PI and Vl' 

These belollg to y and I ie partiJ' in I he poin ts w here a generatl'ix 
of Alouches the sllrfu,ces SI 011 y, hellee in t.he poinls of interseclion 
with j' oulside PI and VI of the fit'st polar sUl'face of L relative to SI' 
As Ihis polar sl\l'face is of the ol'der 2m-1 and lias (m-1)·fold 
stl'aight lines in PI and VI> it eut.s y outside PI alld VI in 2mm'(211/-1)-
2mm'(m-1) = 2m'IIl' points. T!te I'elllailling 2mm"(2m-1)-2m'm'= 
=2mllt'(2I/1.m' -m-m') poillts whel'e Q and y cut each oUlet' 
outside PI alld VI> are poinls t!tal !he bisecl\TIts of y tlll'ough L have 
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in common with this curve . The number of apparent double points 
of y is therefore equal 10 mm'(2nun'-m-m'). 

If we choose L in the point of inter8ection BI of PI and VII 

mm'(m,m'-1) 
2 of t.he ChOl'ds of y through this point coincide with 

each of the IineR PI and VI ' Throngh BI there pass accordingly 
mm'(m-l)(m'-J) bisecants of y different from PI and VI' According 
to ~ 3 these are the represent.ation of as many plane pencils thl'Ough 
a containing two stl'aight lines of .2, hence also of r. The rank 
of the conpruence r thai two com}Jleices of the O1'de1's mand m' 
have in common, is tlte1'ef01'e equal to mm' (m-1 ) (m' -J), 

lf we snbstilute thi s number for r in the exvression found in ~ 5, 
and if we make a and {J equal 10 mm', we find indeed thaI the 
order of Ihe sUl'face formed by Ihe verlices of Ihe plane pencils 
containing thl'ee straight lines of Ihe intel'section of Iwo complexes 
of rays of the ol'ders m a nd m', is equal 10 : 

t mm' (mm' - 2) (2mm' -3m-3m' + 4), 

We get another check through t.he application of Out' fOl'nlUla to 
the congruence cOll sisling of Ihe straight lines passing t.hrough one 
of n given points. Fol' this congr uence a = n and fJ = l' = 0, The 
locus of the \'ertices of the plane pencils which Ihree straight lines 
have in common with this cOllgl'l1ence, consists of the planes that 
may be passed th I'ough each tl'i ple of the gi ven poin tso By the said 
substit.uliolJs in the fOl'mula of ~ 5, we tind indeed Ihe nnmber of 
these planes, namely: 

in (n-1) (n-2) .• 

To the tlJeorem derived in ~ 5 there cOl'I'esponds dually : 
The planes of t!te plane pencils that !tave t!tree straig!tt lines in 

com mon witlt a cong1'Ue1lCe I a, fJ! of t!te rank 1', envelop a surlace 
of the class : 

i (fJ-2) 161'-(fJ-1) (3a-tl) I· 




