
Chemistry. - "[n-. mono- Ilnd divm"iant equilibria". XX I V. BJ 
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(Gommunicated at the meeting of October 27, 1923). 

Components and composants. 

111 our' ( ~oll s idel'alion s we have ['epresenled I he COLli pOSI 11011 , I he 
Ihel'modYllami('a.1 potential ele. of the diffel'enl plrases with the aid 
of the qllanlities of Ihe componellll:! ; we ma,r, howevel', also I'epl'esellt 
Ihem ill allotlIer wa)'. 

Fol' example wa lake a qllalel'llal'y sy stelll with lire compollt'lIts 
X. Y Zand ll. The composilioll of all al'oit.l'al'y phase may be 
l'epresenled by : 

F = ~ X + y y + z Z + (I - a1 - Y - z) U (1) 

wlral'ein .eX, .'1 Vele. I'epl'esent x quantilies of X, ,lI quantities of 
Y, ete . In a syslem of coöl'dinates wilh Ihe axes ;1: ;ti Z Ihe com
ponent U is situated, thel'efol'e, in Ihe ol'igin of the coordinales; we 
call U Ihe fundamental-componellt. 

We IIOW take ill the quatel'llary systelll linde!' consideration, f01l1' 

al'bill'al'y phases M N P alld Q ; we may l'apl'esent the compositioll 
of Ihe phase F bJ: 

F = m M + n N + p P + (1 - m -11 - p) Q , (2) 

As definile vallles of m n and p belong 10 each compositioll of 
F', we Ulay. therefol'e, also cOllsider Ihe cOllIposition of F as a fllnction 
of m n and p. 

We call tha phases M , N, Pand Q, iu whielt we express Ihe 
composition of a phase F, Ihe cOlnposants of Ihe syslem; we shall 
call Q the fundamental comp osant. 

When we I'epresenl the composit.ion of a phase .F by (1) , COII
sequently expl'essed in its eomponellls, th en its thennodynamical 
pOIentiai, its fl'ee enel'gy elc. a funct.ion of :1: y and z ; when we 
['epres6l1t lire composilioll by (2), eOllsequently expl'essed in cornposallls, 
tlten we lIlay I'epl'esent it.s t.Ilel'lnodynamieal polential, ils fl'ee enel'gy 
etc. also as functions of rit 1l allel p. Of coul'se thel'e exist I'elation::; 
between Ihose two way of l'epl'esentatiollS ; we shall dedut'e Ihem 
fUl,thel'. 

We 1I0W eOllsidel' llle e4uilibl'iuIII bet.ween a val'iable (f.i . liquid ) 
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I'ilase L 8.lId a (,oll slallt (f.i. solid ) phase F. The compositiou of L 
may be ,'/:, y, zand l ·- x- y- z expl'essed in the components, the 
composition of F : (f, b. c and l-a-b-c . .... 

When we deduce in some way the cOildition of eqllilibl'ium fol' 
this system F + L , then we find : 

a; aç aç 
; - (,x - a) - - (y-b) - - (z-c) - = ;1 (8) 

à,'I: ay dz 

whel'ein ç l'epl'esents the thermodynamical potentialof Land 'I 
that of F. 

We IJOW expres::> the composition of L aud F ill the composants 
M, N , P alld Q. Let be the compositiolJ of L : m, n, p alld 
l-m-n- p ; that ot Ji' : a, 11, Y and l-a- fl- y . In a similar way 
as we may deduce (3) we then find : 

a; a; aç 
, -- (m -- a) - - (n - fl) - - (p - y) - = Çl alll dn ap (4) 

Let us take two val'iable phases Land L, (f,i . two Iiquids Ol' 
,'apour + Iiquid Ol' mixed cl'yst.a ls + liqllid etc .)'. We expl'ess the 
composition of those phases with the aid of the COlllpOlJelJts viz. 
;/: y z and :VI ;ti l Z " with the aid of tbe composants viz. m n IJ and 
mi n l P" 111 tha first case we find as conditions tor equilibriulll : 

a; a; a; a;, aç, aç, 
; - .'I:- - 1j - -Z - -ç -.'IJ - -y - -z -

dm . ày àz - I I a,x, I è}YI I az I 
a; aç aç 
a.v d,x, dy ay, az - az, 

( . (5) 

Wllen expressed in the composallts, we find: 
a; ag a; aç, a;' a;1 

; - m - - n - -p - -; - m - - n - - p --am an ap - I I aml I anI I (lp I 
. (6) 

a; a;1 a; a;1 a; a;, 
am am, an anI ap - ap, 

Generally we may say that the equations for equilibrium have a 
same form, independeut 011 the fact whalher they are expl'assed in 
components Ol' ilJ composants. 

We now shall consider more In detail the relations between 
components and composants. FOI' this we take again the composants 
M N P aud Q. We I'epresent, expressed in components, the com-
position : 

of M by al fl, YI and l-a ,-fll-Y' 

" 
N 

" 
a, (I, y, " l-H,-fl,-Y, 

" 
P 

" 
((I fl. Y. " 1-a,- {:f.-y. 

Q .. a. fl. Y. " 1-a.-(l.-y. 
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In order to express the composition of a phase 

F = re X + y y + z Z -+ (1 - re - y - z) U . . (7) 

in the four composants, we put ': 

F = m M + n N + p P + (1 - 7/1 - n -- p) Q . (8) 

so that Q is the fundamental composallt. As (7) and (8) represent 
the same phase F, it follows : 

m (al - a.) + 11 (al - a.) + p (a, - a.) = .'1: - a. 
m ({JI - tt.) + n ({JI - (J.) + p ({J, - (J.) = y - {J. (9) 

Ui (YI - - Y.) + n (y, - y,) + p (y, - y,) = z - y, 

so that m n and pare defi Jled. 
In Ol'del' to define, however, m 1l and p from (9) the determinant, 

formed by the coefficients of m n and p may not be zero. COns6-
queJltly in genel'al we have the following: 

in a system of n compollents we may choose n arbitral'y phases 
like cornposallts, notwit.hstanding theil' determinant i~ not zero. 

For a temal')" system Ihis means : we may choose thl'ee arbitrary 
phases as composants not.withstanding those are not situated 011 a 
straight line. In a quaternary sJstem we may take 4 arbitl'ary phases 
as composant.s 1J0twithstanding those are not situated in a flat plane. 

When we represent the romposition of a phase F as iJl (8) with 
the aid of composant8, then we may consider the thermodynamical 
potential ç of this phase 0.180 as a fllnctioJl of rn n and p. Rence 
it follows: 

aç aç dre aç d.'! aç dz 
- - = - . - - + --- ---- -+ -- . -- . am ax dm ay dm az dm 

. (10) 

alld still 2 similar l'elations, which we obtain by substituting in (10) 
m by n and p. With the aid of (9) we now find : 

a; oç aç aç 
;,- = (a. -- a')î- + (ttl-tt') î"" + (y, - . y,) ~
un va; uy uz 

I 
\ 
I 

From those equations it follows also, with the aid of (9) 

. (11) 

a; a; d; a; aç a; 
m - + n -- + p - '- (.V-tl,) ~ -+ (y-tt.) ~- + (z-r.) ~ . (12) am atl ap v.V vy uz 
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Above we have seeu thai fOl' an equilibrium F + L as weil 
equat,ion (3) as (4) is valid ; we are able also 10 prove this by 
converting equation (3) into (4) with rhe aid of the above l'eJatiolls. 
We wl'ite (3) in the fOl'm : 

a; a; a; aç a; a; 
;-$ a$ - Y ay - z az =;1 - a a$ - b ay - C ih 

Witl! tlle aid of (12) we IUtl.y write: 

aç a; a ç a ç a; a ; 
;- m- -n-- p- =;, - (a-a.) - -(b- {:1.) - -(C-Y.) - ' (13) am an op a$ ay a$ 

'rhe composilioll of the phase in ('omponellts is I'epresented by 
Il, b àlld c; re il and Y l'epl'eseut Ille composilioll of this same phase 
in composants. In accorrlance wilh (9) Ihe folJowing l'eJationll are 
valid : 

a (tI,-a.) + {t (a.-a.) + ï (a.-a.) = a-tt. 

t'I ({tl - {l.) + {t ({t, - {t.) l- y ((t. - {t.) = b-{t. 

t'I (YI-Y.) + # (Y,-Y.) + Y (Y, - Y.) = C-Y. 

When we add those three equations t.o one allother, aftel' having 
a: a~ 

IIII1Jtiplied the fil'st one with ':l.~ ' tlle second oue with:!' and the 
vX vy 

third oua with !:' th ell we find, with the aid of (11) 

oç a; a; aç a; a; 
a - + {t- + y - = (a - a.) - + (b - {t.) - + (c-y.) -am a n ap a$ ay az 

With the aid of this (13) now passes into : 

a; a; a; a; a, a; 
;-m- - n- -P-=;I- a- -{t- -y -am an ap am an ap 

which is in accordance with (4). 
We ma,}' also write the fOlll' equations (5) iu the form (6) . For 

the first one of the equations (5) we may viz. write : 

a; a; aç 
; - ($-a.) a~ - (y - {t.) dy - ($-Y.) dz 

.. (14) 

Witt. the aid of (1~) (14) passes into the first one of the equations (6). 
'rlle three equations (11) excepted; whicll are valid for the phase 

without index, we 118.\'e still al80 Ihree similar equations, which we 
obtain from (11 ) by giving 10 all variables and 10 ~ a1so, the index 1. 
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We call those three e4ualionslla. As, howev6r, in aceol'dance with (5) 
0-': aç ' al' a; 
i~ = ~I etc., it follows from (11 ) and (11 n) also ::l '::J =~. et.c. 
U;l : U'C I urn Urn I 

(4'or a terllary system with the cornposants FI F, and F. \'Ye 
have, when we choose F. as fundamental component: 

}t' -= m fi\ + 11 F, + (1-- m-n) F, (15) 

Wheu we l'epresent t.he cornpositioJls of the cornponents by a and 
rJ with Ihe cOl'l'esponding index, theu the equations (9) pass into: 

ril (a --a) -+- n (a -- tt) - iC-a t . 1 • I . , • - • 

111 ({tl -. {to} + n (tI,-{to) = y-rJo 
( 16) 

We 1l0W shall dedl1ce those equations a)80 in anothel' way, by 
which at the same lime the mealting of rn and n in the gl'aphical 
l'epreselltation become!! c)ear. 

We tn,ke a system of coordinates with the axes OX and () Y 
(Fig. 1) in which we repl'esent the composilion of the phases, 

y 
\ 

\ 

~ .. F 
," 1\ 

I \ , , 

.p 

X 

0·----""-------
Fig, 1. 

I 

expressed in the component8. We imagine the thl'ee composants 
Fo FI and F, and the arbitrary phase F to be represented by the 
points F. FI F. and F. Consequently in the figllre is Fov = U O' 

F.u = (Jo etc, Now we take FoFI as new X-axis andFuF, as new 
Y-axis ; th en the new cool'dinates of the point F are Fq alld Ft,; 
we put Fq = x' and Fl' = y' . Wlten we call the angles, which the 
new axes FoFI and F,F, are making with the Ol'iginal X-axis (PI 
and cp, th en it follows from the figure : 
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ilJ = a o + :c' cos 'r, + .'1' C03 '( I 

Y = tJ. + 11:' 3in <PI + y' ,in tfJ, 
(17) 

Whell we repl'esent the length of Po P, alld F,F, by /, Rlld 1
" Ihell we may writ.e for (17) 

(18) 

Now we shall expl'ess the cOlllpositioll of the phase P in Ihat of 
the thl'ee composants : F, PI and P" We find: 

quantity of P, : qualltity of (F. + j i\) = F':; : ~F'F, 
Ol' : quantity of F.: quantity of (Fo + PI + F ,) = Ps : F,s 

When we put the total quantity of P = P, + ]?I + F, equal 10 
zel'O, and when we beal' in mind thai : 

li; : P,' = Fr : F, Po = y ' : t, 
, 

th ell follows: quantity of F, = f . 
I 

x' 
In a similar way we find: quantity of FI = f' 

I 

Consequently thel'e are wanted fol' fOl'ming the unit of quantity of the 

x' 1/ 
phase F: f quant. of FI and l quant. of F, and consequenUy also 

I I 

ilJ' y' 
1 - - - - quantities of Fo. We may wl'ite, therefol'e; 

I, " 
:c' y', ( :c' y') 

F=-FI + - 1', + 1- - -- F, 
II l, tI l, 

(19) 

x' y' 
When we put f = mand I = n then (18) and (19) pass into 

, I 

(15) en (16). 
Hellce it appeal's a,o, that m alld n do not l'epresent the coordinates 

:v' and y' of the phase P, but they are functions of them j when 
mand nare known, then a\90 x' anu y' al'e known and reversally. 
For this reason we may eaU mand n yet a\so cool'dinates. 

The coordinates of the composant 

F, are .i = 0 y'=O conseq uen tly m=O and n=O 

Fl " 
x' = 11 y'=O m=l " n=O 

P I " 
x' =O y' = I, " m=O " n=l 
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Of COUl'se Ihis is also in a~cOl'dance with (15); when herein we 
put fj. m = 1 and 11 = 0 then phase F I'epl'esents the composant FI' 

When we expl'ess the composition of a phase in its components, 
conseqllently in ;/: and y, then :,; and y al'e positive and ,x + y ~ 1. 
When, howe\'el' , we e"press il:; composition in composants, then m 
aud n mayalso be Ilegative aud also 'lil + n> 1. The laHel' is the 
case f.i. fol' a phase, I'epl'esellted b'y the point P. In (15) mand n 

tue then positi ve aud 1--m-u is negati"e . 
When we have a quaternary system thell similal' relations exist 

betweell Ihe coordinates viz. 

:t;' = m ti y' = n I, z' = P la 

Till now we ha\'e assumed that each of the n comp08ants of a 
system of 11 compollents cOlltains ulso those n components, lt is 
appal'ent, howevel', thal we may choose the composants also in sllch 
ft wa." that one Ol' IIIOl'e Ol' e\'en all ('omposanls contain less than n 

cOlllpollenrs. Of course rite H eomposants togethel' must eontain the 
1L components. We may (~onsidel' rhe I'epl'esenration with Ihe aid of 
componenrs as a special case of the l'epreseJllation with the aid of 
eomposants ; each of the cómposants then contains a single component 
only. We shall, howevel', continue by callillg this a representatioJl 
with the aio of components. When, howevel', lhel'e is at least one 
composaJlt, which contdins 1II0l'e than one component, then we shall 
speak of a I'epl'esentation with the aid of composants. 

As it is kIlOWIl, the ueduced t'unctions of the thel'lnodynamical 
potential bE'come infinitely lal'ge when the qllantities of one or mOl'e 

a~ 

of Ihe components nppl'oach to zero. In a quaternary system f.i, ä~ 
becomes intinitely large when ol: Ol' l-:v-y-z approaches to zero; 
a~ . a; 
a; when y or l-,x-y-z and az when z or 1-.x-y-z approaches 

to zero. 
Using composants Ih is is otherwise, however. It follows viz. 

ai: a; a; 
from (11 ) rhat ---=-- , - and î;; become infinitely large, only then when am an U r 

a.: a - oe 
one Ol' more of lile fllnelions -;,,-: , î~ and ~ - are illfinitely large and 

u.x uy uZ 

this may tltke place, as we have seen above, only when one Ol' mOl'e 
of the conditions : 

:t; = 0 y=O z=o l - a:-y -z =O (20) 

a; 
is satisfied. In general am' 

aç 0' - Ol' - become, thel'efol'e, 
an ol' infinitely 
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large whell we give sueh vallleA to UI, 11 alld /1, that one Ol' more 
of the eonditiolls (20) al'e satif;tied, It is apparent that this maf be 

easually only fol' m -= 0 Ol' n = 0 Ol' P = 0 Ol' 1-m-n-p = 0, 
At the same time the followillg is apparent. When we give to 

m, u and p slleh values thaI f.i. ;1: beeomes = 0, then in (11) 
a~ a; a; a ~ 
:l~ necomes infinitely large, so that ~ , ~ and :l ~ beeome infinitely 
~ um ~ ~ 

lal'ge at the same time . Whell , howevel', we ha"e ehosen the com-
a, ac 

posants in sneh a way that til = a. then ollly an allo ap beeome 

a; 
infinitely lal'ge, while I'emains fini te. am 

When a liqllid has the compositioll : 

L = zX + y y + zZ + ' .. 
\IV hel'ein .-\', r etc. 
that fol' all \'ailles 

repl'esellt ('omponents, then 
of rl.?:, dJ! ete. 

the stahility I'eqllires 

(~~ dz + i}i dy + ... )'2» 0 
a.'r a.1/ 

Whell we imagine L to be divided into 

whel'ein : 

thell must. 

L = X LI -I- (I-x) L, 

LI = (11: -+ dx,) X + (y + dy,) Y + .... 
L. = (0" + d.v,) X + (y + dy,) Y + 

; < x;, + (I-x);. 

(21) 

from whi('h (21 ) is followiug. When we now expl'ess Ihe composition 

of L in composants viz. : 

L=mM + nN+pP+ .... 

then il follows in the sallJe way t.hal 

(
a; a;; )(2) 
- dm + - dn + . . . . >0 am dn 

must be tl'Ue fOl' all values of dm, dll el('. 

( 1'0 be continued) 

Leiden. Inof'g. Chem. Lab. 




