
Mathematica. - "The Itwnbel'S of STIRLING e.tcpressed by definite 
i1ltegmls" , By Prof, W. KAPTEYN. 

(Cbmmunicated at the meeting of ~'ebruary 23, 1924). 

1, If .X (x + 1) . , , (.1: + IL) be expanded in a sel'ies of ascending 
powel's of x 

Ihe eoefficiellts C~+l al'e called STIRT.1NG'S numhel's of Ihe nl'RI kind. 
Eql1atillg both forms and dividing hJ x we get 

n ! (1 --\ ,7') (1 + ;). (1+ -:-) ~ C~+l + C::+~ :J: + ' .. -+- C,~+1 11". 

Titus we have 

,,-1 11 1 
C,,+1 =n/~

(( 

11-2 11 1 
C,,+l =n/ ~

ail 

11 1 
where ~ -, 

tI 

" 1 
~ -. ' .. l'epresellt the sl1ms of all diffel'ent pl'oduels 

a{l 

.. . 1 1 1 
quallrtlIes - , - , ' , - one by one, t.wo by two, etc, 

1 2 n 
of Ihe 

2, The lirst sum may immediately be wl'ittell in Ihe form of a 
delinite integral, for 

1 

n 1 1 1 JI-Z11 
~ - =l+ -+ .. - = - -dz 
1 a 2 n 1-.v 

,(1) 

o 

The secolld slim may he redueed 10 the lirst, for 

11 1 ln-l 1 
S" = ~-=SIl-l +-~ 

a{l n a 

10 
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1 

1f1-yn-1 
Sn = S'1-1 + - dy. 

n 1-y 
o 

1 , f 1- y,,-2 
8"-1 = S"-2 + ---- dy 

l-y 
o 

1 

1 f1-yn-3 
8"- 2=8,, - 3 + -- - - - dy 

n-2 1-y 
o 

1 

8 = 8 + ~fl --y~ dy 
• , 3 l-y 

8, = 

o 

1 

1f1-y - - dy 
2 l-y 

o 

and therefore 

1 

f dy )1 -y I-y' 
8,,= - - -- + - -- + 

l-y::l 3 
o 

Now we know that 

!-yn-1l 
" , 

11 

1 I 

- + - + . , - - d.:l: _ Pda: 1 1 1 -J~ (1_.:I:
n

-
1
) -f 

2 3 n I-a: 
o o 

, y y 

y y' yn-l 1J'.c(1-a:n- 1) IJ - + - + ,,- = - da:=- Pd.:l: 
2 3 n y 1-.:1: y 

o 0 

thu8 we !Day write 

1 1 I .1( 

S" f}!JLfPd.:l: -f~-fpdll 
l-y y(I-y) 

o 0 0 0 

Ol' 
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S,,= ij dVjPd._ J~:jPd •. 
o ,'I 0 0 

BJ interchanging the order' of the integrations we obtain 

1 2' 1 1 

J J dy J JdY 
S" = Pd,~: l-y - Pd:v y 

o 0 0 x 

or finally 

1 

S" = Plg -- d:c P= ---J :v ( .11(1-.11>1- 1») 

1-.v 1-.11 (2) 

o 

3. Reducillg tlle thil'd sum to t.he second we get in the same wa)' 

" 1 1 11 - 1 1 
S" = :E - = S,,-1 + - ~ 

a{Jy n arJ 

or, introdncing the value (2) 

1 

1 Jy(t- yn- 2
) ,11 

S" = S"-1 + - 19 -- dy 
n 1-,11 l-y 

o 

which leads to 

1 

S" = - [g - ' - dy - (1 - y) + - (1-,11') + .' _ (1-y"-2) . J y 1/ [1 1 1 ] 
l-y l-y 3 4 n 

o 

Here we have 

1 1 

1 1 1 _ [.11 2 (1-.11"-2) -J - + - + .. - - d.'IJ _ Pd.11 
3 4 n. l-z 

Of)' 

Y !/ 

,11 + y' +- . , ,1/,,-2 = ~J.11'(I-.:r.n-2) d,T! = ~J Pdz 
S 4 fl y' 1 -;/: y' 

o 0 

thus 

1 1.'1 

Sn =J- Y- Ig ~ dy [JPdZ - - ~ r Pd.11J 
1-,11 l-y y. 

U 0 0 

10* 
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or 

1 1 1 'I 

j . Y !J J fl+Y Y J" S" = - -- 19 - - dy PdtIJ - - - lg -- dy Pfk . 
l - y l-y ~.'I l-y 

o .'1 0 0 

By inrerchanging the ol'der of the illt.egrations we obtain 

1 x 1 

J-. [J Y y (l+Y Y ] S" = Pd[t· - - /ÇI - - cly - - - 1Çl --- d.'l 
1 -- ,'I l-y '-- y 1 - Y 

I) 0 x 

which may be reduced to 

1 

~ 1 f [ .'1: ~IJ ( .:1:
1
(1-.:1:" -2)) S" = - Pd:x 19l - - - -: P = --- ---

2. 1 -." 3 1 -- ,'r; 
(3) 

o 

4 . In tbe same wa,)' the foJlowing' resl1lts wiJl be fOlllld 

I 

i _ 1_ = ~J Pd:x [tga _ :x_ - ~Ilg ~J (p = .:I:~(I-:xn-3! (4) 
ttj3yd' 3J l-:x I-tIJ 1 -:x 

o 

(5) 

from which we concll1de by indllction 

1 

n 1 lJ:XI'(I-:xn-P) [ p.p-I 
Z --- = -- - ---- 19p- - -- ,7tllgJ'-- z + 

(f~ •• J. pI 1-.1: 3f 
o 

-t- .,.4lgp_& p.p-l.p-2.p-S ] 
51 J' • " d% 

assllllling that the l1umber of the different letters Cl (J . . y is P + 1 , 
x . 

and omitting the argument -- of the logarlthms. 
1-x 

The resl1lting equation is thel'efore, if n"> p 

I 

"-p-l nl f:XP(I-:xn-P) [ p . p-l ] C = - -- -- - - -- 1"1' - - - - - :r l 19p ---2 -l- • d.T: 
n+l / 1- ;r 3' ' . p.,,'I; . 

o 

where Ihe last term bel ween the parentheses is 

(6) 
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p ~ p-I 
(-1)2 -- if P is even, and (-1)2- :Tr1'-l/g if P is o<1d, 

p+1 

5, In order to pt'ove exactly the Pl'eceding 1'esl1lt (6) we want 
sOllle allxilial'y theOl'ems, which we now will examine, 

Theol'em i, 

1 

19l' - _ _ _ :Tr t 19l'-2 + " n: 4 1gP-L" . dIJ = 0 (7) J"[ p.p-1 p.p-I,p-2.p-3 ] 
3/ 5/ . 

o 

.7: 
Let -- = 13-.'1, thell 

1-;r: 

1 co 

f .1: J y2'" e!J 
a2m = 192'" -1 - - d:c = -( - -1")' d.'l = (2 2/11-2) Bil, :1'211, 

-ie e!l+ 
o -IlO 

a2m+l = O. 

Thel'efore the theol'ern is pl'oved if p is odd, alld also whell p 

is evell, for then it l'ednces to a knowIl relatioll betweenBernollillian 
numbers. 

7'IIeo1'em 2, 

1 

J' [ P p-l ] .zn 19p - T,- 1l'lgP-2 + . .. d:c -= 0 

o 

lntegl'ating tly parts, we get 

1 

.[[(n+1):cn - (n+2) :C'Z+1] [l91'+1 - P+3~' P :Tt 19P-l + .. ] d:c = 
o 

1 

[ l p p-1 ] - (p+ 1), :cn ~ql' - Tt- .1(t 19l'- 2 + . _ d.z 

o 

or, because [:c (1-:c) 19r _:C_]1 = 0 
- 1--.z 0 

(8) 
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1 

J[(n + 1).1111 - (n+2) '1111+1J [t91+1 - P+a~ 'Ejf l lgp-l + . .J d.11 = 
o 

1 

J [ P p-l J = - (p+ 1) .v" 19P - ~- :r"lgP-2 + '. d.11. 

o 

Assuming in the th'st place 11 = 0, this formllia reduces to 

1 

J [ P+l.P J 
te 19l+l - -a-, - :r"lgp-l + '. d.11 = O. 

o 

Putting secondly n = 1, the same formula gives 
1 J .11" [l9P+l - P+a

1
J' P ,," 19P-l + . .J dlJ= O. 

o 

Pursu'llg in the sallIe way, and substituting finally n = p~l, 
we obtain 

1 

J [ P+l.P J /1:1' 19P+l - 3.-' - :rl 19P-l + ., dil: = O. 

o 
which proves Ihe theol'em. 

Th~orem 3. 
1 

J.vn[l9" _p. ~;1 :rllgp-2 +. ] dil: = 
o 

1 

= -- -- 19p-l - . .11'" 19p-3 + '. d:e (9) . P Jl-lIIn[ p-l p-2 ] 
n+ 1 1-:e 3/ 

o 

Integl'ating by parts, we have evidently 
1 1 

J[ n:en- 1 - (n + 1):en ] 191' d:e = - p J :en- 1 [gP-1 d.11. 

o 0 

Replacing n successi vely by n-l, ll-~, .. 1 and adding Ihe resuits, 
we obtain 

1 1 I 

J 
P Jl - .11" 1 J .vn 19lJ d.11 = -- --- tgP -- 1 d.11 + -- 19P d.11 . 

n+l 1-.11 n+l 
(10) 

o 0 0 
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Therefol'e also 
1 1 1 

f a:" 19p-2 da: = p - , 2J l-a:
n 

Igl'-3 dtl! + -1-fgJ' -2 da: 
n+l 1-~ n+l 

o 0 0 

1 1 1 

f a:» 19l'-4 da: = P-4Jl-~ 19l'-5 da: + -1-fgJ'-4.dll: 
n+l I-a: n+l 

etc. 

000 

Mnltiplying these equations l'espectively with 

1 _p.p-l nl p.p-l.p-2.p-3 4 t 
, SI' 5 / 31' • e c. 

and adding, the theorem is proved. 

6. Returning to the eqnation (6) 
pl'oof in the following way. 

we may now give an exact 

According to (6) we have 

1 

"-1'-1 n-I'-2 nlJ [-C -n C =- a:n- 1 19p 
n+1 " pI 

P .p-I nllgp-2 + ] dre --::-8/- ., 
,0 

where the second mem bel' by means of Theorem 3 may be written 

1 

n-I/J' I-a:"-1 [P-I.P-2 ] -- 19p--1 - ",llgp-3 + ., dre 
p-l! I-re S/ 

o 

Ol', if we subh'act from it, as we know from Theol"em 2 

1 

n-lIJ'I-rel'-l [ p-I p-2 ] 
-- --- 19p-l - . nllgl'-3 + .. dln = 0 
p-l! 1- a: 3/ 

o 

- Jtllgl'-3 + " dln. 
p-I.p-2 ] 

3/ 

Here the second member, as follows from (6) is 

n-p-l C . 
n 

In this way the eqllation (6) leads to a known relation between 
the nUlIlbers of S'rIHLING of the thst kind, which proves that this 
equation is valid generally . 
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Ir 10 (6) we add 
1 

0= - - - 19,' Ti'J1-ml' [ 
pIl-re ' 

.- - -- :t' l"p-2 + " dre P ,p-1 ] 
31 ,'1 

o 

this equation may 11.180 be wl'itten 

1 

c" - ,' - I n'J1 - re
li 

[ P ,p-1 J ./ +1 = - -- tg" - __ _ :tl 19p-2 + " dre 
n pI I-re 3/ 

(11) 

o 

7, HefOl'e considering Ihe STIRLING nllmbers of Ihe second kind, 
we wish to show how the integl'als we met with iJl the preceding 
part, ma.v be determined diret'tly. 

First case 1l ~ p. 
Putting . successively H = 1, 2,3 , .. 111 the eqllatioll 

1 1 

J Jl-''I111 
(n + I) relilgp d~ = p - - 19P-1 dre + ap 

I-re 
o ij 

we obtain 

1 

2/ J re 19p dre = pap-l + a" 

o 

a/ f re' 19p dre = p ,p-1 (1,_3 + 3 pap-l + 2 al' 

(10) 

4/ f rel 19fJ d:c = p, p-l ,p- 2 ap-a + 6 p ,p-I Q}'-2 + 11 pap-':l + 6 (lp 

5/.f re'lgp d,'I1 = p, p-1 ,p-2, p-a a" - 4 -+- 10 P ,p-l , p-2 ap-3 + 

+ 35 p, p - l ,ap-2 + 50 p, a,,_1 + 24 ap 

The l'oefficients in the secolld memhel's of these equatiolls are 
easily recogllised as the STIRJ./NG numhers 

C,o Col 

Cl' Cil C.' 

C,' C.I C: C,I 

Cl' C/ Cl' C/ Cl· 
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Thel'efoJ'e we may expect geuel'ally 

1 

(n+ 1)IJ .x" 19l' dz = C:+1 p . p-l , . p-n+ 1 al'_" 

o + C:+,p .p-l..p-n+2ap_,+' I 
( 

. \ + (12) 

Assllming tlle validity of this formula, we may prove that it also 
holds if 11 is replaced by 11 + 1. For then 

1 1 

JI-Z~+1 19l'-1 d.x =J(l+.x+o'I!Z+" . .x") 19l'-1 d.x = 
l-z 

o 0 

= a -1 \ 1 + C~ + C: + .. C::+1 I 
p I 2/ 3f n+ tI \ 

+ p-l . ap-i ~ + Ca +. Cn+1 l co 1 n-1 , 

2/ 3/ n+1I 

-+- p-l .p-2. "p-a Ca + C, +- .. Cn+1 i 0 1 n-I t 
, 31 4., n+ 11 

+. 

+ p-l . p-2 . . p-n + 1 ap- n \ C~ + C!+1 I 
I ral n+ 11\ 

CO + p-l .p-2 . . p-n. "p-n-1 .. +1 
n+1I 

Substituting this result in 

. . (10) 
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we find 

1 

(n+2) J oZn+llgp d.'C = C~+2P· p-l .. p-n. ap-n-I 

o 

+ 

8. Second case n ~ p. 
PIlttilIg sllccessively IJ = 1, 2, :~ ... in the general formllla 

1 1 

f 3! P J 1 - - i/:" :e 1 
x" tql' - - d:u = -- - - -- lgP-- I - - dx + -- al' 

, . 1-.'C n+ 1 1-.'C l-.'C n+l 
o 0 

we find 

1 1 

J x" 19 dil: = ;;: IJ(1 -1 o .'C+ ... '1:"-1) dm + n- +-1-I al 

o 0 

Ol', as al = 0 

1 

J 1 ( 1 1) 1 "-I .'Cn 19 dir: = - - 1 + - + .. - = - - Cn+l • 
n+l 2 n n+lf 

o 

For p = 2 we obtain 

1 1 

f X" 19' d:u = _2_J~(] -j-x +- .. x"-I) ln dx + _1_ a 
• n + l ."1 n+l' 
o 0 

(10) 

- -- - C - C -C --a 2 [ -1 0 1 0 1 11-2J 1 
- n -j- l 21 2 + 31 3 + .. nl 11 + n+l ' 

2 " - 2 C'~+1 =--C,,+I + --G 
n -1- 11 71 + 1 I ' 

If P = 3, we have 
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1 1 1 

J .1:"lgl da; = -~-J(I+a;) 19' da; +- -3-J(:et +:e1 f-. :en-I) /g' d:e + 
n-t-I n+1 

o 0 0 

I 
+ n+1 a. 

where according to (12) 

and 

1 

J(1 +:e) 19' d.1J = Cj'ap + ~ (C, D pal'-1 -+ C,lap) 
2/ 

o 

1 

J(iCZ + .'11
1 + .. :eli-I) tg' d.'!: = 2 (~I; 

o 

'. .. 71 (C 
' C 1 C

n
-

1
) 

+ 3i -+ TI + .. --:;;J al 

thus 

1 

J l id 31 C,,-3 + s Cn- 1 
:e" :e = -- --- a 

9 n+ 11 "+1 "+ 11 n+l ' 
o 

omitting al = O. 
In the same way we find 

1 

:e"l 'd:e = -- C - --- C • ---- C a f 4! n - 4 4! 11-2 41 " 
g n+l! n+l + 2/n+1! n+1 t + 4!n+1! "+1 ' 

o 

1 

a;n I • da; = -- C --- C a - --- C a f 5! n-5 5! n-3 5! n-l 

9 n+lf "+1 + 2!n + l! "+1 , -+ 4!n+l! n+l ' 

o 

and by induction 

1 

n+ VJ " - 1' I n-,,+2 1 n- /,+4 
-- :e" 19" d:e = C + - C a + - C a -+ ... pI n-l 21 "+1 ' 4! n+l ' 

o 

(13) 

1 n 1 . n-l 
where the last term is pI C,,+1 a" if p is even, and p-l1 C "+1 a,,-l 

when p is odd. 
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It' we slIbstitllte this l'eslIlt. in (10) renuwkirrg that 

C~+1 + (n+ 1) C~+~ = C~+2 
we easily find that Ulis eqllatioll is satisfied, whieh pl'o\'es that (13) 
is true generally , 

9. The numbel's of STIRLING of the secolld kind (€~+1, which are 

determined by the expansion 

1 

ol: (ol: + 1) . , (ol:+n) 

lila)" also be writt.en in the fOl'1lJ of definite integrals. 

Starting fl'om the higher ditfel'ellce of a power of the va1'Ïable x 

.. ('1) b n ol:l' = ~ (-1)8 (oM + n-8)/' 
8=0 IJ 

and integl'ating both membel's between the limits 0 and 1, we get 

1 n+1 (n+ 1) =-- ~ (-1)' (n+ 1-8)p+1. 
p+ 1.=0 IJ 

Comparing Ihis result with Ihe known fOl'mula 

~p-n = __ ~ (-I)' (n+ l-IJ)P+1 
1 n+l . (n+l) 

.. +2 n+ 1/ .=0 IJ 

we obtain 

1 

~ = -- b" :cP dol:, J.-n . P+IJ' 
n+2 n+lI 

o 

Now b" tel' has been expressed in the fOl'lll of a definite inlegt'al 
by LAPT,ACE (Oeuvres 7 p. 5'18) in the following way. 

By partial integratioll 

JOO e-i%. dIJ 1 [( e- iX
')'" Joo c-'rI ] 

(l-is)p+l = iP (I - ilJ)p + i:c (1-.-i.)p dIJ 
-oe - 00 -QO 

or, because 
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I 
iJ-iu I 1 

modo --. - = ---
( l -- u\II IJ 

r (1 +&1)"2 

Thus al80 

allel by mnltiplying all these eqnations 

Now the last integral has the valIIe 

- GO - CID 

therefOl'e 

and 

... 
pI J iJx(l-i.) ds 
-- ----
2.11' (l-u)P+l' 

- CID 

Hence 

" p'J"" l:::." tJZ(l-i.) p'J""tJZ(l-i,) [e1-i'--1]" dl 
l:::. tr!pd:e= - - --- dl = -

2:rr (l-is)P+l 2.11' (l-is)p+l 
-~ -. 

and, integrating between 0 and 1 
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thus 

or 

- <Xl 

Finally we remark tlJat the function 

ma)' also be expressed by the definite integral 

00 

p + 11 'J (el-is _1)n e(l--i,)", 
- - - ds 
2:r.nl (1-i,)p+n+l . 

- QO 




