Mathematics. — “7%he numbers of STiRLING expressed by definite
integrals”. By Prof. W. KAPTEYN.

(Communicated at the meeting of February 23, 1924).
1. If 2@+ 1)...(@ 4 n) be expanded in a series of ascending

powers of x

C,(:_H a1l |- C,1.+1 o 4. '+C:+1 x
the coefficients C,,';H are called StirriNg’s numbers of the first kind.
Equating both forms and dividing by z we get

X @ n n— v
n! (14 ) (l + ?) . (1+ n—) == Cp1 + C,,+i x+... 4+ (,,9+1 an,
Thus we have
C:_{_l =n/

. L |
C::-{-} =nlZ—

«

n-—2 x 1
C,,+1 =n/ > ;—B
n 1 n 1 .
where = —, X & represent the sums of all different products
«a Q

L. 1.1 1
of the quantities FRE ™ one by one, two by two, etc.
n

2. The first sum may immediately be written in the form of a
definite integral, for

1
1 1 1—an

n 1

=>2-=1 — o= ———dx . . . .

1 a +2+ n l—=2 .c - )
0

The second sum may be reduced to the first, for

n 1 1n—11
S=23—=814+-=2 -
af n «
10
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or

1
1 1 —qyn—1
S =81 + _f—y‘ dy~
n 1—y

Hence

1—yn—2
Sn-—l —_ 611——2 + Ty”“ dy

i

1
S S . 1 l_yn—s p
n—2 =— Oy—-3 + n_2f l—y Y

0

1
1 1—y*
=S — | —=
s=8+3 )1
0

and therefore

1 —y y’ 1 yn-—l
S, = g o
f l—y { 2 3 + n

Now we know that

l_}_.-}_:f.ﬂ(l——m" l)d —dem
3 n

0

1
5+

N

y Yy
n—1 ‘.n 1_ n—1 1
y _|_ _J[_ R A _‘J i(—m_) dw=—dea:
2 yo 1—z Y

0

thus we may write

S _f l—vf f y(l—f/) Pas

or
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s,,_j dew-—f de.v

By interchanging the 01'der of the integrations we obtain

mfruf - fruf

0

or finally

z(1—an1)
Smfr Zu(r= )

3. Reducing the third sum to the second we get in the same way

S — 2 1 e ! 1 “El 1
" afy - n ag

or, introducing the value (2)

1

,,/(1.. 11—2) Yy
Sn - Sn 1 ‘}_ f 1_1/-1/ g l—y d:l/
0

which leads to
1 1 1
Sy —f—‘ lg = d'/ [3 a-»+ Z(l—y’) + .-(l—y“—z):'-
n

Here we have

1

mZ (1_‘”11—2)
—i== —dx —dem
l—=z

Y
LI n—2 1 3(]l—gn—2 1
+y—wLu—:~’fx—(——r )d.z:—'de.z
4 n Y 1—ux y
0

w
»M'—‘

|

thus

1 y
1
Sn —f——-lg——dy[fl’d:c——~fpdx]
l—y " 1—y U/
0 0

10*
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or

,,_‘J—lg / dufpdx_f l—dy‘JPda:.
1—y " 1—y

By interchanging the order of the integrations we obtain

1
s, _J Pda [fﬂ. oYy (Y, Y g ]
¥ y -y

which may be reduced to

1

1 @ x* z}(1 —an-2)
Sy=—| Pdzx | lg* — — = — .. (3
2_[‘ “"[‘(’ 1—e 3](P 1 ) ©)
0

4. In the same way the following results will be found

|
no 1 1 z x z°(1—an—3)
3 — Pdz | lg* — — n*lg P—=- —° (4)
adyd 3’ l—=z 11—z l—a

1

n 1 4 aY(1-pn—4
2«»1—‘=~de.v lg* 2 9xtlg? —_.+" p="10"""9)\
apyds 4! 1—a l—= 1—=x

0

from which we conclude by induction

n 1 (1 —an—p 1

T _f-‘bl (—i‘—) l:lg}' ,Lg;— nlgp—2 |
0

p.r—1.p—2.p—38 .
+ 5/ s dx

assuming that the number of the different letters «8..y is p 41,

& £ .
and omitting the argument 1 of the logarithms.

—a
The resulting equation is therefore, if n > p

1

Nn—p— P(l—an—» | p—1
e n/ f = l_f.c”) [lg" —P%f Tl +J ol
- - ;

where the last term between the parentheses is
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) —1

P
(=g if p is even, and (—1)72 ar—1lg if p is odd.
)z i p

5. In order to prove exactly the preceding result (6) we want
some auxiliary theorems, which we now will examine.
Theorem 1.

1

T p—1 —1.p—2.p—3
j [lgl' — ”—%—n’ lgp—2 4 LT TR s :Ida:=0 Q)

5/
0
Let = ¢~ ¥, then
—
1

fl ’ f e (2n—2) B, 2

gy — g2m — — z / — m__ o T2
(er+1)*

0

aam+1 = 0.

Therefore the theorem is proved if p is odd, and also when p
is even, for then it reduces to a known relation betweenBernonillian
numbers.

Theorem 2.

1

J x"[[g}’——P P

—1
3.,—n’lgp‘2+...]da:_—0 n<p) . . (8
0

Integrating by parts, we get

1
f[(n—*_l)m"—(n+2)z”+l][lgp+' p+ D1y, ] =
I3

1
:[(m"‘l‘l — a;"+2) (lgl'+1 Pq—*" P ntlgr 1}, )]
0

— (1) f xn[qu_&g;_l gt ]

1
or, because I:z (1—=z) lgr 1 i 4’:| =0
. —&_|0
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1

fl:(n +1)an — (n4-2) m"+1] |:lg.“+l d ;_1’-_}7“, lgp—1 4. :l da =

0
" |
(p+1)f [lgf' — ———, at lgp—2 4 . ] dz.

Assuming in the first place n =0, this formula reduces to

1
1,
fa: [lgl'+1 — P_+3I_P 7t lgp—1 . :I doe =20.
0

Putting secondly n =1, the same formula gives
1

1 .
f:;- l:lgP'H — 7%,_” x lgp—1 4 ] do=0,
0

Pursuing in the same way, and substituting finally n = p—1,
we obtain

1

pr [lg}'+1—1,—+—§—]—)n’lp-'1+ ] de = 0.

0
which proves the theorem.

Theorem 3.

1

f.'c" [lgﬂ —I—);};,;l:r' lg—2 4+ :l dx =
0

1
P 1—an p—1.p—2
= — lgp—1 — ———— w*lgp—3 4 ., | dx(9).
n+1f l—= [g 3/ g =(9)
0

Integrating by parts, we have evidently

1 1
fl:nw"—l —(n+1) mn] lgy dz = ——pf.v"—‘ lgp—1dz,
0 0

Replacing n successively by n—1,n—2,..1 and adding the results,
we obtain

1 1

P l-z
o gr day = ——— ll' 14 — | lg» d: 10
fa, g e 71+l 1—z ¥ z—{— f’q v o)

0



151

Therefore also

1 1 1
p—2 (1—an ) 1
zh lgp—2 dz = lgp—3de + —— |lgr—2da
n+1) 1—a n+1
0 0 0
1 1 1
f p—tde = P2 (222 s ao 4 1 (lg—tde et
a" lgr r — P = —2 Qs ‘
? ntl) 1—z # m+n+l # v el
0 0 0

Multiplying these equations respectively with

1,_P-P—1n,yp-p——1.p——2.p—3
3! 5/

and adding, the theorem is proved.

art, etc.

6. Returning to the equation (6) we may now give an exact
proof in the following way. :
According to (6) we have

1
n—p— —p— ! - . —1
p!
0

where the second member by means of Theorem 3 may be written
1

—1/ [1—an—1 —1.p—2
;—llf l-j—z [lgﬂ-—l S p——a—f)—— w? lgp—3 4. | :I dz
0

or, if we subtract from it, as we know from Theorem 2

1
—17 1 —ap—1 —1.p—2
" J i |:lgP—1 Y il miad et lgr—3 4- . :' de =0

P——l!o l—= 8/
el
1
g i L e ah

0
Here the second member, as follows from (6) is

n—; 1
T

n

In this way the equation (6) leads to a known relation between
the numbers of SrtikLiNng of the first kind, which proves that this
equation is valid generally.
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If to (6) we add

1

n! ("1—ar p.p—1
0=—{ - —lgp - ——— A 2 .. |d
p!fl—w["” T }”

0

this equation may also be written

1

—p -1 n! (1 —a» p.p—1 B
C:+1 = p“,f = [l.‘}p — g n® lgp—% 4 ] de . (11)
0

7. Before considering the STiRLING numnbers of the second kind,
we wish to show how the integrals we met with in the preceding
part, may be determined directly.

First case n < p.

Putting successively n=1,2,3 ... in the equation
1 1
1] —an
(n+ l)fx"lgi' de —0p i lgp—tde +a, . . . (10)
—&
0 0
we obtain

L §

2.’fw lgp dx = pa, ) + a,

0

3!f.c’ lgpde =p.p—1la,—3 +3pay, 1+ 24q,
4!f.z' lgpde =p.p—1.p—2ay 34+ 6p.p—la, 2+ 1lpa, 1 + 6a,

5lfz‘lgpd.v:p.p-—l.p—2.p—3a,,_44— 10p.p—1.p—2a, 3+

+35p.p—1.a, 3+ 50p.a,_ |+ 244,

The coefficients in the second members of these equations are
easily recognised as the STirLINé numbers

ce e
C, Cr e,

0 Cr e}
CrCCrC0 0,
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Therefore we may expect generally

1

(n—{—l).’fx" lgr da = C:_H p.p—1..p—n+la, ,
0

1

+ Cn_Hp p—1l..p—n+42a, 41

+ .. e
—1

+C:+1pap—l

(12)

_{M Cn+1 ap

Assuming the validity of this formula, we may prove that it also
holds if n is replaced by n 4 1. For then

1 —antt

T lgp—1 d& _f(l +ata’+ ... lgp—1de =

= 31-}—02-{—034—..0":4'1!
3! n41/

+p—1.q ’,Ca + C::;l!
3/ n41/

-+ p—-—l P—2.ay_3 203 + 4 C‘ 4 Cﬂ+l ‘
n41/

+ .

0 1
+p—1l.p—2..p—n+1la ., Q""‘ Cr1 z

n/ n41/

+p—1.p—2..p—n.a, p 4 Znt1 C"+1
n41/

1

n = |
= a1 ’ [Cyz+2 ap—1 + C:+2P -1, ap—2+ ..

+ C,l,+2p—l .p—n+la, _, + C,‘f+,p-—1 Lop—n. ap_,._l]

Substituting this result in
1

1—
(n+2)fz"+1 lg» de :pf - il —lgP+1 de +a, . . (10)
0

0
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we find

1

(n+2)fa;"+1 lgp dox = Cg+2p p—l..p—n.ap pn

+ (/n+2p p—1..p—n+lay_,
+

+ C:+2P'ap—l

+ Cifae,

8. Second case n 2 p.

Putting successively p =1, 2, 3... in the general formula

1 1
f lop —2— d P fl"""n 1 de o+ —— : (10
n }) T = L —_ w a "
. o 1—= ¢ n-+1 1—a 1— n+-1 ¥ )
0 0

we find

1 1
1
nlgde — ——— 142 oo B
fa: g di n+1f( Lot .. w
0

0
or, as a, = 0

1

f"ld _ ! 1 1 ! ! €y
mg.z_m( +§+";1— n+1’ n+1

0

For p = 2 we obtain

1

1
2 al
[.z;" lg* da = —‘] atat .. 0gda
. n+41

a’
- . n4-1
2 1 0 1—2 1
= —| —C — C'
‘n—{vl |:2! 2 + 3 + . ] - n+1 a,
2 n -2 (7:+1
RV, = +n+1.’ :

If p=23, we have
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1

1 1
3
J an lg® do = ﬁ‘lfaw) lg* da + mfwwrm' Fooan1) fgt de +
0 0

0

+

n4+1 °

where according to (12)
1 & g
f(l +x)lg*de=0C"ap + 2—,(6,°pap_1 + C,lap)
0

and

n—3

12 . N C, C, Ca
f(w' + &' 4 ..an ) g d.1:=2(A+—+ n!)
0

¢, C !
(G5 S

thus

1

3/ n—3 8 n—1
n lg® = == e
fw 9 da ——y Cn_|_1 + Y Cn_‘_1 a,
0

omitting a, = 0.
In the same way we find

1

T 4 s 41 \
nlot doe — ~ S . —
f‘” A VAT v y AR Sy Y AWEL

0
1
5 .5 5/ LY n—1
U _——— —————
fzn lg* do = n4-1/ C"+1 5 2/n+1/ "+1 ’ + +1! C"+1 %
0

and by induction

1
1'/ n-—-p 71—" " )
s fa,"lg.“dm__C 1—{——— A ,+— ’-Ha‘—} ... (13)
P[ n+4-1
0

1 n—1
Y Cn+1 Ap—1

.1 A
where the last term is P C.y1 9, if p is even, and p—11

when p is odd.
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If we substitute this result in (10) remarking that

n+1 + (n+1) Cn+l C::-}-Z

we easily find that this equation is satisfied, which proves that (13)
is true generally.

9. The numbers of StirLiNG of the second kind Q",,'+1, which are
determined by the expansion

1 _ Gy B Copr . Cnp

z(z+1)..(x+n) T gnHl an+? a3

may also be written in the form of definite integrals.
Starting from the higher difference of a power of the variable x

On g — E (—1)s ( ) (2 {-n—s)
s=0

and integrating both members between the limits 0 and 1, we get

1

fA" ab de = 7_1 - E (--1)s ( ) [(71+1—:)I’+l — (n~s)l'+1J
% P+1 s=0

1 ntl n+1
—m._}—_: (—1) ( , )(n+1—a)P+1.

Comparing this result with the known formula
" | I n41
p—n - -
@”+2 n+1’,_0( 1)s ( )(n+l s+
we obtain

1

e pAl [
¢ — PT JA".::Pda:.
2 n41/

0

Now Amz¢ has been expressed in the form of a definite integral
by Laprace (Oeuvres 7 p. 518) in the following way.
By partial integration

3 e—ixs g _ 1 e—ixs S - 5 e—1x8 i
(A—isp+ — ip [((1 —ia?) )

—a0

r, because
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e—12s 1
mod. - —
(11— b
(144"
-] ) 0
YeTizsdy oz (Ceiwsds
(1—isp+t — p ) QA —is)’
v £
Thus also
oge 1S g e—ixs (g
(l—ispy  p "J (1—isp—1
Y '
w ® p
xS ds x (T e
e = - | —— - ds
(1—1s)? 1 ‘J 1—aus

and by multiplying all these equations

® . @ .
exds :vl'fe*'" ds
J Q—isyp+t — pr) 1—is

— —e0

Now the last integral has the value

f«icoa Zs — 18in .rs) (1 +13) ds — fco" zs + ii’ﬂ’ ds — 2 me— T

14 st 1+ s
therefore
ex(1—is) 9 v
‘!;(1 —1.!)P+1 n}?’
and
pl [ esli—in ds
pp= —,
an (1—is)p+1
Hence
A ex(1—1s) p! cne:r;(l--—i.v) [el——i:_.l]n ds
A" rpdz—w _— da—_-——f -
(1 —is)p+t 2x (1—is)p+1

and, integrating between O and 1
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1 ©
! 1—is 1)1
[rwat et
2 (1—is)pt2
0 —o

thus
¢ p+1 J'u()el—ic_l yti ds
n+2 2 (n 1)/ (1 —s)rt2
or
p __ pHn! [l —1)nds
w2 nt) (L—isptrtt

Finally we remark that the function
p ] 1 n

G @)=~ = (1) (¢4 n—sytr
n41 n! s—0 s

may also be expressed by the definite integral

p+n! s (s —1)n ((1—is)x
2m.nl, (1—zs)ptnt1

—00

S.





