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point of intersection of d with a, and as their tangent planes also 
coincide in a point of intel'section of d with kn, these leaves 
would touch eaeh othel' in · each 1J0int of d. Hut tlten the straight 
line a would apparently louch in its point of intel'section with d 
the quadl'atic sllrface which is defined by the three tangents to kn 

in the points of intersection ot' d with this curve, hence the surface 
of the trisecants of k", which may be avoided by a suitable choice 
of a, 

The bilinear congruence composed of the plane (11, d) and the 
sheaf (a, d) satisfies the above mentioned condition, but it is repre­
sented on a pair of plan es which both pass through the triple point 
of kn and consequently it does not give a tangent plane to kn at 
this point. 

We find accordingly the order of the sUl'face of lhe trisecants 
of y by adding t to the result of the fonnllia of CAYI.EY. Hence 1'01' 
a congruence r consisting of the chords of a twisted curve kn the 
order of tlte sUloface of the points thl'Ough which there pass three 
straight lines of r in one plane, is found by adding the order of 
the surface of the trisecants of kn to the general result mentioned 
above. 

Accordin,q/y the locus of the vertices of the plane pencils containing 
tlt1'ee cltO/,ds of a twisted cu,l've, tlte bisecants of whiclt f01'1n a con­
gmence (a, (J) of t!te mnk l' anti tlte trisecm1ts of whic/t form a 
scrolt of the m,der t, is a surface of ·tlte order 

t (a-2) 161'.-(a-1) (3{J-a)1 + t, 
To express this result in the ordel' 11 and the Ilumber of apparent 

double points of the twist.ed curve k", we must substÏtute resp. h, 
! n (n-l) and (n- 2) Ift- i n �(�1�~�-�1�)�1� for a, {J and t, We find the rank 
l' of the congruence of Ihe chords of kil in tlte following way. We 
choose a straight line I, draw the ft bisecants of kn throngh a point 
p. of 1 and pass plan es thl'Ough I and these ft lines, In eaeh of 
these planes there lie ! (n-2).(n-3) chords of k" that do I10t cut 
on k" the chord in this plane through p •. We associate to p. the 
points of intersection p. of these chords witl! /, In theRe same way 
we find the points p. cOl'I'esponding to p •. 'rhe correspondence 
(p., p.) has ft (n-2) (n-3) coincidences, which, however, coincide 
in pairs, fol' if p. moves out of a coincidence, two points p. become 
different from p.. Rence the rank l' of the congmence of tbe 
chords of kn is equal to 1 h (»-2) (n-3), 

Weflnd: 
l'fte locus 0 f the vertices 0 f t!te plane pencils containing tltree 
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clwrds vf a twisted curve of tlte ol'de/' n witlt ft appa1'ent dvubltJ 
points, is a surjace of the orde?' 

-(2!2/t1+3/t' (n' -9n+l0) -!t (3u'-6311+92) ~ 2n (n S-1)1. 

This resuJt cannot be applied to a con ie as on each 8t!"aight line 
there lies the vertex of a plane peneil containing all infinite ntImber 
bisecants of the curve. 

If we substitute suceessively for n and /t resp. : 3 and 1, 4 and 
2, 4 and 3, 5 and 4, 5 and 5, 5 and 6, we always find the resuIt 
zero. Indeed in all these cases on an arbitr'al'Y straight line there does 
not Iie a veltex of a plane pencil (~ontaining thl'ee bisecants of the 
curve, because the plane of this pencil would have six points in 
common wit.h the eUl've. If we did not add Ihe ordel' of the sUl'face 
of the trisecants, in the last fout, cases we shonld find a negative 
reslllt, and we eannot conclude ill any other way from Ihe 
del'ivation why the fOl'mula does not hold good fol' these cases. 

; 5 . We notice I hat the following more general theOl'em may be 
. pronounced : 

IJ we have a congruence (a, fl) of t/te rank l' witlt an infinite 
numbel' of tl'iple mys wltic!t fOl'm a scrolt of tlte OI'der t, tne locwi 
of t/te vel,tices of t/te plane pencils containing t!t,'ee lines of this 
congruence, zs a sw/ace of t!te order 

Ha-2) !6r-(a-1)(3j:l-a)1 + t. 
The following example gives a verification of this fOl'mula. We 

imagine three crossing stJ'aight lines alla., and al' and two straight 
lines bI and h.. which cut au a. and (ll" For the eongruence C, 
consisting of Ihe straight lines which cut two crossing individuals 
of the live given Iines and which is therefore composed of foul' bilinear 
congl'llences, a = fl = 4. A plano pencil with its vel'tex olltside the 
given lines whieh contains three lines of C. must contain one line 
which cuts bI and b. and two lilles which each meet a pail' of the 
lilles a. Suppose thai the latte!" two Iines of C both cut the line ai. 
In this case the plane of the perlCiI passes through ai but a}so 
throllgh a line b, because besides ai this plane contains anothel' 
transversalof bI and b, alld therefore an infinite nllmbel' of tl'ans­
versals of bI and b,. If we ehoose e.g. a point P in the plane 
through ai and b}l Ihl'ee straight lilles of C through P belong to a 
plane pencil. For the tl'ansvel'sals thl'ongh P of ai and one of the 
two other straight lines a lie in the plane (ai, b) toget,hel' with the 
tl"allsve!"sal of bI and b.. Accordiugly the locus of the vel,tices of 
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Ihe plane perl(~ils that have thl'ee straight lines in ('ommon with C, 
consisls of six planes. 

We !ind the rank r of the congrllence C by remarking that the 
qlladralie surface of Ihe lines clltting an arbitrary line I, bi and b., 
touches each of Ihe thl'ee qlladratic snrfaces consisting of the Iines 
which ent land two of the lines a., in two points on Z. Consequenlly 
there are six points on I through which there pass two lines of C 
Iying in a plane through I. The sCt'oll wich has al> a. alld al as 
directrices, consist.s of triple generatrices of C; hence t = 2. If we 
SlIbstitllle resp. 4,4,6 and 2 for ct, jj, l' and t in the formula indi­
ealed above, we find indeed the I'esult six. Also in Ihis case it 
appears that it is l'eally neeessary to add the order of Ihe surface 
of Ihe triple gelleratrices to Ihe result of the general formula. 

The ti ve gi ven straigh I Iines form a speeial case of the twisted 
curve fOl' whieh n = 5 and !t = 4. The application of 0111' formula 
to this curve gave the I'esult zero whereas in the special case we 
tind a sllrface of Ihe sixlh order. Tlris is nOl iJl cOlltradiction wilh 
the principle of the cOllservalion of Ihe JllImber, For in Ibis special 
case there lie on each stl'aight line the vel,tires of six plane pencils 
which eaeh l~ontains an infinite nllmber of bisecants of the degene­
rate quiJltic, They are Ihe points of intersection of l with the six 
plan es (ai, bk), However we fOlllld a linite result beeal1se C consists 
of only a pal't of lhe bisecanls of the degenerate quintic, 

The following theorem may be proved which indicales Ihe ('ases 
that Ihe theorem of this ~ does not hold good: 

1f a eon.ql'uenee eontains Ir, se1'oll of t1'iple m;'ls f01' lV/den tne 
si.c plane pencils that have the foei fOT ve1'tices and t/te e01'1'esponding 
focal p!(wes fm' IJ/anes, always lif! in a special hilinea1' eongruenee, 
the order of the said sC1'oil must not be added to the 1'esu/t of the 
formula whicn holds good f01' an f1l'bitrary congmenee, 




