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chords of a twisted curve of the order n with h apparent double
points, is a surface of the order

15 {200 430" (n* —9n+4-10) — A (3n*—631+92) — 2n (n*—1)}.

This result cannot be applied to a conic as on each straight line
there lies the vertex of a plane pencil containing an infinite number
bisecants of the curve.

If we substitute successively for » and & resp.: 3 and 1, 4 and
2,4 and 3, 5 and 4, 5 and 5, 5 and 6, we always find the result
zero. Indeed in all these cases on an arbitrary straight line there does
not lie a vertex of a plane pencil containing three bisecants of the
curve, because the plane of this pencil would have six points in
common with the curve. If we did not-add the order of the surface
of the trisecants, in the last four cases we should find a negative
result, and we cannot conclude in any other way from the
derivation why the formula does not hold good for these cases.

§ 5. We notice that the following more general theorem may be
pronounced :

If we have a congruence (e,B) of the rank r with an infinite
number of triple rays which form a scroll of the order t, the locus
of the vertices of the plane pencils containing three lines of this
congruence, 1s a surface of the order

$(@—2) (6r—(a—1)3p—a)l + 1.

The following example gives a verification of this formula. We
imagine three crossing straight lines a,,a,, and a,, and two straight
lines 6, and b,, which cut a,, @, and a,. For the congruence C,
consisting of the straight lines which cut two crossing individuals
of the five given lines and which is therefore composed of four bilinear
congruences, « — 3 —4. A plane pencil with its vertex outside the
given lines which contains three lines of C, must contain one line
which cuts b, and b, and two lines which each meet a pair of the
lines a. Suppose that the latter two lines of C both cut the line a;.
In this case the plane of the pencil passes through ai but also
through a line b, because besides a; this plane contains another
transversal of 6, and b, and therefore an infinite number of trans-
versals of 6, and b,. If we choose e.g. a point P in the plane
through a; and b,, three straight lines of C through P belong to a
plane pencil. For the transversals throngh P of a; and one of the
two other straight lines a lie in the plane (a;, b) together with the
transversal of b, and b,. Accordingly the locus of the vertices of
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the plane pencils that have three straight lines in common with C,
consists of siz planes.

We find the rank » of the congruence C by remarking that the
quadratic surface of the lines cutting an arbitrary line /, 6, and b,,
touches each of the three quadratic surfaces consisting of the lines
which cut / and two of the lines «, in two points on /. Consequently
there are six points on [/ through which there pass two lines of C
lying in a plane through /. The scroll wich has a,,a, and a, as
directrices, consists of triple generatrices of C; hence t =2. If we
substitute resp. 4,4,6 and 2 for e, 3,7 and¢ in the formula indi-
cated above, we find indeed the result siz. Also in this case it
appears that it is really necessary to add the order of the surface
of the triple generatrices to the result of the general formula.

The five given straight lines form a special case of the twisted
curve for which n =25 and A =4. The application of our formula
to this curve gave the result zero whereas in the special case we
find a surface of the sixth order. This is not in contradiction wilh
the principle of the conservation of the number. For in this special
case there lie on each straight line the vertices of six plane pencils
which each contains an infinite number of bisecants of the degene-
rate quintic. They are the points of intersection of / with the six
planes (a;, bx). However we found a finite result because (' consists
of only a part of the bisecants of the degenerate quintic.

The following theorem may be proved which indicates the cases
that the theorem of this § does not hold good:

If a congruence contains a scroll of triple rays for which the
ste plane pencils that have the foci for vertices and the corresponding
Socal planes for planes, always lie in a special bilinear congruence,
the order of the said scroll must not be added to the result of the
Sormula which holds good for an arbitrary congruence.





