
Chemistry. - "Equi/ib1'ia in syste1ns in wltich pItases, sepamteel b.ll 

a semipel'meable membrane," 1. By F, A, H. SCIlUEINEMAKERS. 

(Communicated at the meeting or September 27 , 1924). 

We take a liquid L of the composition: 

ilJMolX+yMolY+zMolZ + ",+(l-z.-y-z . ,,)MolW. (1) 

and a Iiquid L., whieh ollly contains the simple substanee W(f.i. water) . 
We imagille both liquids, sepal'ated t'rom one another by a semi­
pel'meable membl'ane, whieh allows to pass freely the substallce W 
only. We call W the diffusing slIbstanee, X Y Z . . . the not-diffusing 
sllbstallces. Fllrthel' we asslIme that L alld L. have the same tem­
pel'atlll'e, but that L is under an ex tel'll al pl'essUI'e P alld L. under 
an extel'llal pl'essure Po' The oSlJIotic presslII'e :r of the liquid L 
with respect 10 L. is th en Jf = p-p •. 

Whell we allow ón qllantities of the diffusing sllbstallce W to be 
tl'(tnsporled frolll the liquid Lo lowal'ds Ihe liquid L, thell we filld 
t.he equatioll fol' eqllilibl'ium : 

(2) 

lil which ç and '0 l'epl'esent the Ihel'lnodYIIRmical polelltials of the 
unily of qllantily ofthe liqllids L aud L., Conseqllellily ~ is a 

fUllctioll of P ,I: !I ' " alld ç 0 a fllllctioll of Po' 
Whell L is a binary liqllid, whieh cOlltains besides Ihe diffllsing 

sllbslallceW still ollly Ihe subslallce X, th en (2) passes inlo: 

(~-z::)p (~o)p., (8) 

When we ('hange x Pand p., then follows: 

-Zf'. d:e + (v-z ::) dP = v. dF •• (4) 

Whell we keep COllstallt the extel'lIRl pl'essul'e Po of the liquid 

L., then elP. = 0 alld dP = lijf; thell it follows from (4): 

zr 
djf= --~ dz 

àv v-z -
à:e 

(5) 
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Hel'eby is defilled Ille l'elalion belween the ('hange dx of Ihe 
cOllcenll'alioll of the lIot-diffusing sllbslauce alld Ille change dj( of 

Ille osmolic pl'essuI'e. In (5) is: 

a"; R7' 
r=-= +a 

àJ;~ il: (I-il:) 
(6) 

in which H lias a finile valIIe. For very smal! vallles of x, as 
av 

x àx app,'oaches then 10 zel'O, (5) passes illto: 

Rl' R1' 
dn = - ,dil: or Jr = - , il: (7) 

v 11 

Ihe well-known law of VAN 'T HOFF. When the cOnCenl1'll.lion x of 
Ihe nol-ditfllsing substance becomes lal'gel', then deviations of this 
law may occur j (5) remains valid, howevel', 

When x, viz. Ihe concenlmlion of Ihe not-ditfusing subsIanee X 
approaches 10 1, Ihell, as is appal'ellt fl'Olll (6) the nUllleralol' of (5) 
becomes very large, A small challge of Ihe concenlration shall canse, 
therefOl'e a ver)' large change of I he osmotic pl'essllre. 

We now distinguish Iwo pJ'illcipal cases. 
1. All liquids undel' eonsidemtion rest homogeneousj eOllseqllenlly 

110 dimixlioll inlo Iwo liquids oeel\l·s. 
As l' is, thel'efol'e, always posilive, Ihe nllmeratol' of (5) is, Iherefore, 

also always posilive. 
In order 10 filld the meaning of the dellominalOl', we mix on 

qualllities W wilh onequant.ity L; the tOlalllew voillme v' uecomes then: 

v' = 1) + (v -.~ ~:) an . (8) 

In general shall be v' > v, Ilnless with Ihe lIIixing a ('ontmclion of 
volume ocellrs whieh is stililaigel' Ihall Ihe volllllle of Ihe added 
qllalllity of W. 111 gelleml the dellolllillator is positive, thorefoJ'e j 

Ihis is sUl'ely Ihe case fOl' slIIall values of x, as v-a: ~~Only ditfers 

liltie Ihen fl'om v. As: 

(9) 

il appeal's that Ihe dellominalol' lila)' heeome negativo only Ihen, 
when Ihe v, x-cllr\'e IlIl'nS ils eOllvex side tOWRl'ds the coneentl'alion­
axis. We now distillgllish Iwo eases, 

a. The denomillalor of (5) is always positive, 
From (5) follows: with illereasillg concenh'alion of the nol-ditfllsiJlg 

subslance, Ihe oSlllolic pl'essure grows. 
We draw in fig. 1 on Ihe hOl'izolllal line W X Ihe concenlralions 
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and on the vertieal axis the pl'essures P = p. +::r of the osmotic 
equilibl'ÏlllII L + W. When we take Wn.=Po' then we gel Ihe 
osmotic pl'eSSUl'e-CIlI've au Ó c d. Consequently in a. the OSIIlOtiC 
pl'essul'e is zero; in b,c. etc., il is represented by the lenglh of Ihe 
pel'pendiclllars fallen on Ihe line f1. a' •. 

The direction of Ihis cUl've in its beginning-poinl ao is defined by (7) 

p 
viz. Ihe law of VAN 'T HOFF; in Ihe 

vicinity of the line XP, it shows a 
stl'alghl aseension. The osmoti(~ 

pressllre-curve a. bc cl divides the 
diagl'am inlO two fields, which we 
shall call Ihe (+) field and the (-) 
field; Ihe fil'st olie is indicaled in 
Ilie figul'e by an ellcil'eled +, the 
second one by an encil'(~led -. 

___ _ 0' An arbill'al'y point. ft in the <+) 
o field I'epl'esents a liquid, whieh, 

under the pl'eSSUl'e Ph, is 1I0t in 
X osmotic eqllilibl'Ïum with the diffusing 

Fig. 1. substance W, blll conlaills too Illlleh 

of this 8ubstance. When we keep Ihe pl'essure constant, then it 
passes, depositing tlle subslallce tV in lhe liqllid c, wllich is in 
osmolie equiqbl'ium 11IIdel' tlris presslIl'e. 

A poillt f( in tlle (-) field l'epl'esents a liqllid, wlrich conlains 
too little of the slIbstance W. Conseqllently it passes dissolving the 
diffusing slluslance W into Ihe liqllid c also. 

We are able 10 dedllce Ihe osmotic pressul'e-curve also b,V other 
eonsiderations. 

We imagine viz. the diffusing substance l{' to be sllbstitllted by 
all imaginary slate of Illis subslance, which we shall call (W). We 
define this imaginary state in sueh a way that the thermodynamical 
potentialof (W) undel' all pl'ess\ll'es is equal to (s.)P. viz. to Ihat 
of the diffllsing substanee W unde .. the pl'essul'e Po' 

WIrelI in (2) x y . .. apP"oacb to zel'O, then Ilie first part beeollles 
eqllal 10 the thermodynamica! potentinlof Ihe subs/allee W uIIder 
the pressUl'e P; when we call this (s w)p til en we have: 

p 

(;w)p = (;.) Po + J~ dP 

/J. 

(10) 

When we take P> Po then is, thel'efore (Ç Jf)p > (;o)P.; when 

P < p. I hen is (Ç H')P < (S.)Pu ' 

46 
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Instead of the osmotic eqllililJl'illm L + W we now take the 
equilibrinm L + (W); as L l'epl'esents hereill t.he Iiquids, which al'e 
saturated with the imaginary slIbstance (W) we shall call this the 

"satlll'atioll-equili briulIl". 
FOI' this satUl'ation-equilibrillm we filld the condition fOl' equili­

bl'i nm 

(ç-x :! _. Y :: - z :; , , .)p (ç.)po ' (11 ) 

cOlIseqnelltly the same I\S (2). Rence it follows, thel'efore: 
we call replaee all osmotic eqnilibrilllIl L + W with the osmotic 

pl'essllre ~ = p -- Po hy the satul'atioll-eqnilibl'iulll L + (JV) uIIder 

Ihe pl'eSSUl'e P = Po + ::rr. 
Whell a liquid L has Uil osmotic pl'eSSUl'e Ho = P - p. t.hen this 

liquid is ill eqtlilihriuJII llJlder the 1)J'esslire P = p. +;;rr with the 

illlaginal'y !Hlbslalll'e (W); alld l'e\'ersally. 
'rhe oSlllotic pl'etlSUI'e-cul've ll. IJ c d of fig. 1 repl'esents, thel'efOl'e, 

also the Iiquids, which are saturated IIJldel' Ihe different presslll'es 

P with the substaJl('e (W); points in t.he (+) field represenl supel'­
sahll'ated solutions, poinls in the (-) field uJlsntul'ated solutions. 

Revel'sall)' we call also fiJllI this osmolie pl'essure-curve, when 

we ded uce the salu ratioll-l'III've of t he Sll bstance ( '1') uIIdel' val'iable 

pl'eSSUl'e. 
b. Whell we aSSlllne that the dellomillatol' of (5), may hecome 

also 11 ega ti ve, t heli the oSlIIol.ie pressUl'e-cul'\'e lIIay have a fOl'm as 
f,i.: the ('lIl'Ve a o IJ ei 9 (fig. I); 011 part.f e thell the oSlIlotie pres­
sm'e deel'eases at illcl'easillg con('entratioll of the not-diffusing suhstance, 
Thall thel'e al'e liquids whidl have thl'ee dilfcl'ent osmotie pl'eSSUl'es, 

When we considel', illstead of the oSlllotie equilibrium L + W 
tha satlll'ation-equilihl'inm L + (11'), then along curve a o b eip 
with incl'ease of presslll'e the solnbility of the slIbstance (JV) deel'eases 
fil'stly as fal' as e, fUl'l.her it ill(~l'eases as fal' as i alld afterwal'ds 

it decreases again, 

11. Now we shall aSSllllle that theJ'e al'e al80 liquids L, which al'e 
dimixed into two other liqnids. 

Whell we wish 10 deduce the shape of Ihe osmotie (,III've al80 
now with the aid of (5) alld other J'elations, then we have 1.0 take 
illto considerllt ion that l' (~I.tll also beeome lIegati ve. 

Howevel', we shall replace IIOW the osmolic equilibrinlIl [+ W 
hy the satnratioll-eqlliliul'iulII L + (W). COlIseqllently we ha\'e 0111)' 
10 seek fol' the 8atllration-eul've of Ihe substallce (W) when liquids 

OeClll', whielt are dimixed. 
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Although those satllralion-Clll'VeS are known, yel we will for a 
momellt indieate Ihe way to deduce them graphically. 

FOl' Ihis reason we draw on Ihe horizon tal axis (fig. 2) the COII­
centrations and on Ihe verlieal axis Ihe Ihermodynamical pOIentials 

:r 
() 

l" of the liquids. We repl'esent (;.)1'. 
viz. the thel'lnodynamical potential 
of the imaginal'Y substance (W) by 
point ;0' Undera presslIre PI > p. the 
;-curve has a form Iike ti mi Ui. Ol ql SI ; 

the point ti is situated, as fOl'merly 
is dednced from (10), above the 
point ;.' As we assume that dimixion 
ma)' OCCIII', in Ihis ;-cIJI've two points 
of irdlexion n 1 and Ol ·occur. We 
can, Iherefore, also dl'aw a douhle-

w X langent with Ihe Iwo points of contacl 
Fig. 2. mi and ql' Liqllids, l'epl'esented by 

points of llm 1 and qlsi I'est, thel'efore, homogefleous; the other 
liquids are dimixed in a complex of Ihe two liquids mI and ql ' 
The Iiqnids, situated betweell mi ana 1/ 1 ana Ihose between 0l alld 
ql are metastable, the liq uids bet weell u, alld 0l al'e Ilnstable ones. 

We now imagine the tangents 10 be drawn in the points of in­
tlexioll u, and Ol; their points ?f interseelioll with lhe axis W; 
are called n'l alld 0'1' We now llIay distinguish sevel'al cases. 

1. The point ?;. is sitnated below the point of interseclion n'l' 
Only one tangent 1.0 the ;-curve eau be drawn from ;.; conseq\lenll)' 
under Ihe pl'essure PIlhere is onl)' olie liqllid, whieh is satllraled 
with lhe snbstance (TV); conseqllelltly also: thel'e is ollly one liquid 
with Ihe oSlllotic pl'eSSlll'e j( = PI-PO' This liquid is stabie and is 
silllaled belween ql alld SI' 

2. The poilll ;, is situaled between n'l alld 0',. 
Now we eall draw from ;0 Ihl'ee langents 10 Ihe ;-curve; conse­

qllently thel'e al'e thl'ee liquids witlt the same oSlIlolic pressUl'e 
:r = P,-Po ; one of these liquida is slahle, one metaslabie and olie 
unstahle. When the point ;0 is silllaled above Ihe double-tangellt, 
?nlg l thell Ihe siabie Iiqllid is sitllaled between I, and mi; when 
;. is situated below Ihe dOllble-tnngent, Ihen Ille stnble liqllid is 
sitllated between ql and S,. 

When accidelltally Ihe point ;0 is sitnated 011 Ihe donble-tangent 
then t.here al'e two siabie liqnida viz. mi and g" whieh have Ihe 
same osmolic pl'essllre; lhe I hird one is Illlslabie. 

3. The point ;0 is silllaled above Ihe point 0'1' 

46* 
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As ;. is situaled below lp ;0 is sitllaled, the,'efore, bet ween 0'1 

and [I ' Only one tungellt can be dl'awlI f!'Om ;. 1I0W; consequently 
Ihe,'e is only one Soilltion saillmied with the sllbslallce (W), con­
seqllelltly also ollly Olie liqllid wilh the oSlllotie ~H'essllre:re =PJ-PO 
This liquid is slabie and is situaled between I) and mI' 

On deCl'ease of [lressllJ'e all poinls ofthe;curveshiftdownwards; 
its form challges thel'ewith at the same time, Under a presslll'e 
P = p. it goes 1III'ough the point ; •• which rests Oll its place at 
du.U1ge of pl'essure; undel' a 1)I'esslII'e p. < Po it mar be l'epresented 
f.i, by CUl've 1.111, n, o. q" AS:Jr = P,-Po is negati"e flOW, the 
OSlIIolic pre!lsUl'e is lIegalive, Iherefol'e, We now may distinguish 
Iwo cases, 

4. The point ;. is situaled above the point of intersection 0',. 
Conseqllently no tangellt can be drawn f,.om ;0 10 Ihe ; (,UI've; 

cOlIseqllently there is also IlO liqllid wilh lhe considel'ed uegative 
oSlIIotic p,'essul'e. 

5. The point ;. is situated helow the poinl of intel'section 0'., 

Consequently f!'OlII ;0 two tallgellts call be dl'RwlI 10 lhe ç clIrve; 
therefol'e Ihere t\re linde,' lhe pl'essllre P, two liqllids, bolh saillrated 
wilh tlle substance (W), cOllsequently also Iwo liquids witl! the 
negative oSlllotic pl'essUI'e :Jr = P,-Po' One of these Iiqllids is 
metastable. the olhel' one is IIl1stable. 

Firstly we imagine a vel'y low p,'essul'e, so that the , clI\'ve is 

situaled fal' below the point '.; on incl'ease of P it then shifts 
Ilpwards, unde,' a p,'esslll'e P = p. it goes Ih,.ollgh the point ;. t\nd 
on flIrthe,' increase of presslll'e it comes above Ihe point ;0' As the 
; curve changes also ils 1'01'111 wilh this ehange of pl'eSSlIl'e, there 
may ue also pl'esslll'es, IIlIdel' which its concave pal't is disuppeal'ing, 
so that it gets dowllwardly totally a convex shape. When we 
considel' at each stalId of the ; curve Ihe talIgenis from lhe point 
'0 dl'awn to the ; l'Ul've, at whieh sevel'Rl of the cases mentioned 
sub 1-5 and thoiI' tl'ansition-fol'lI1s may OCCIII', th en we find the 
following, 

A. The saturalion-l'lIrve of Ihe 811 bstaJl('e (W) and l'onseq lIen tly 
also the oSllIotic pressure-curve cOllsists of olie sillgle branch. 

Then we ma,)' gel a dingl'tlnJ as ill fig. 3, in which the osmotic 
pl'essnl'e-elll"'e is represellied by lT. bJ II V w b, c; the curves d) b) e) 
and dl b, e, al'e Ihe limit-cllrves of the regioll of dimixtioll. Starlillg 
fl'Om a" the osmotic curve comes in b) IIl1del' the presSUl'e Pb) in 
the I'egioll of dimixtioll, it reuelJes in u a maximnm- and afterwards 
in w a miJlimlllll'presslIre alld in b. IIlldel' a presslll'e Pó,= PÓ) it 
leaves the region of dimixtioll , The parls a, b) and hl crepresent 
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stabie states, the parts bI u anct w b, represent metastahle slates and 
part u v w IlJlstable states. When the point 'W is sitnated below the 
line ao a'., as is dl'awn in fig. 3, then there are also liqnids (unslable 
and metastable) with negative osmotic pressul'e. 

When we limit ourseh'es to Blable states alone, then only one 
liquid belongs to each osmotic pl'essul'e :7f' = P-P,. However the 
Iwo liquids bI alld . b, belollg to t.he oSlIIotic pressul'e :tr = Pbl -

- Po = Ph2 - P,; those liqllids are also in equilibrinm with one 
another undel' the pl'essnre Pb, = Pb2 • 

B. The salnl'alion-cul've of the snbstanee (W) and conseqllently 
also the osmolic pressUl'e-curve consists of two parts, separated from 
one another. 

Fig. S, 

p 

11' 

" 

w 
Fig. 4, 

p 

0' 11 

x 

Then we may obtain a diagram as in fig, 4, in which the one 
part of the osmotic pl'essure-cul've is represented by ao b c, the 
other part by the closed curve lt w. The lattel' is situated within 
the region of dimixtion with the limit-curves keI hand ke, h, of which 
k and ft repl'esent the critical points. The part of curve uw, diI'ected 
towal'ds point ell I'epl'esents unstable states, the pal't of this curve 
dil'ected towal'ds point e" l'epl'esents metastable states. 

The I'egion of dimixtion can be sitnated also above the clII've 
aobc; Ihis case is I'epl'esented in fig. 4 by cUl've dlld,. The dotted 
line within this region of dimixtion then represents the second 
bl'anch of the osmotic pl'es8I11'e-Cnl've. 

W hen we limit ou I'sel yes to stabie states, then 10 each definite 
osmotic pl'essure :7f' = P-Po belongs one liqllid only. 

111 ~eneral the osmotic pressure-curve a, b c shall ascend only 
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slowly in the vicinity of the el'itieal point Ic (Ol' Z) with incl'easing 
concentt'ation of tlle 1I0t-dilfllSillg slIbstance X. 111 the point Ic (or Z) 
itself is \'iz, l' = 0 ; 011 cUl've Ilo b c, in the vicinity of this point Ic 
(Ol' I) l' is positive, bilt it may be still vel'y smal\. When this is 
tlle case, th en the above-mentioned follows at ollce from (5), 

Between the figUl'es 3 alld 4 a trallsition -form exists, This OCCIJ)'S 
when tlle oSlllotic pl'cssllre-CUl'\'e a. bc cmnes ill contact with one 
of the I'egiolls of dilnixtioll f, i, Ic ft in the critical poillt k , Then 
point u coincides willt Ic, ClIl've a. bethen shows in Ic a point of 
intlexioll with a hOl'Îzontal tangent. 

Till flOW we have assllmed that the diffusing liql1id W, with 
respect to which we define the oSlIIotic pl'essul'e n = p-p. of a 
Iiqnid L, has a constallt extel'Oal pl'essure p., Now we shall examine 
which intluence has a challge of p. on the oSlIIolic pressllI'e n, 

We take a liquid of COllstallt composition; consequelltly te in (3) is 
constant. Fl'om (3) now follows : 

v. 
dP = ---c-- dP. ' 

dv 
v-:c -

àx 
As 1I0W d1f = dP-dP., we filld: 

àv 
v -v + x -
• à,r, 

d:!f' = -------- , dP-. 
àv 

v-x ­
à:c 

(12) 

(18) 

Whell we brillg Ihe (ll'esslll'e of the dilfusing liqllid W from Po 
to p. + dPo' then the ehange tiP of Ihe pressnr6 alld the change 
d1f of the osmotic press\ll'e of the liql1id L are defilled by (12) and (13), 
COllseqnently in figs, 1, 3 alld 4 the straight line all a', shifts up­
wards a part dP., each point of the oSlIIotic pl'essul'e-curve 11 pal't 
d P (defined by 12), As, howevel', dP depends also on x, all points 
of the osmotic pressure-clll've dOIl't shift upwards in the same extellt; 
consequently also this Clll've challges its form, so that the osmotic 
pl'essure changes also, This follows at on ce also fl'om (13) fl'om 
which it appeal's at the sallle Hme that the challge d:Tr of the 
osmotic pressUl'e depellds also 011 the composition of the liquid, 

In the figs, 3 alJd 4 011 change of (he pressllre p. the osmotic 
cUl'ves shift, therefol'e, while the regions of dimixtion rest on their 
places of COlll'se, In fig, 3 the points bI and bi shift, therefol'e, slong 
the curves dl el alld d, e.; in fig. 4 the oSlllotie pres8Ure-CIlI'Ve either 
approaches more Ol' moves fmther fl'om the critical point Ic or Z, 
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On flirt hel' ('IIange of p. the oSllloti(', eUl've Ulay go 1I0W thl'ough 
Ihe point /; 011 still mor€' challge fig, 4 pas8es thell into fig, 3. 

COlIseqllently we find: Ihe oSlIIotic pl'esslll'e of a liquid L with 
['espeet lO tlle diffllSillg substance W depends on: 

1. the cOllcentmt.ioll of the liqllid L. 
2. Ihe exlel'llal pl'€'sSlll'e Po of the diffllSillg liqnid lfl. 1t may 

depend al~o on Illis pl'essllI'e p., whethel' the oSlIIotic (ll'essure-cnrve 
cOllsists of one branch (fig. 3) Ol' of 111 0 re brallches (fig. 4). 

As tI,e coefflt'ien t. of cl Po in (13) may be as weil posili ve as 
negative, Ihe osmotic pl'essure may eithel' grow or dimillish. How­
evel' the osmotic IlI'eSSllre shall gl'ow at increase of p. with liquids 
wllich cOlltain onl)" Iittle of the 1I01-diffllSillg slibslance X. 

F,'om (J3) and also fl'om (7) it follows viz.: 

dJr 1 au Rl' Ov 

dPo v ap.·:!l = --;;-;-. aQo • ,~ (14) 

a" ill which al) is 
o 

. f A av I II h negatn'e 0 conl'se. s a po is 011 y very sma , I e 

challge of the oSlllolic p1'eS8111'e is also very smal\. With small changes 
of Po t.he osrnolic (ll'essUl'e Pl'aclically does 1I0t change. 

VAN 'T HOFF has eompared the oSlIIotic pl'essul'e of a liqllid L 
with tlw pl'esslll'e which Ihe not-diffllsillg suhslance X shonld exel't, 
when ill gas-shl.le this should occupy Ihe voillme v of Ihe Iiqllid L. 

Following this comparison in large lines we mighl say Ihat in 
fig. 1 the snbslance .X hehaves like a gas, fal' aho\'e i,s cl'itical 
lempemlnre 1%, in tig, 4 as a gas, in t.he vicillity of this tempel'atul'e 
and in fig. 3 as helow T k . On l)['allch a.h) U,e SlIbstance X should 
be thell in gaseons state, on branch b.c in liqnid state. FUl'thel' we 
shollid have to assllme thai this cJ'Ïtical tempemtul'e, and, therefore, 
also tI,e behavioui' ot the sllbstance X depends on the pressUl'e p. 
of Ihe diffusing substance. 

l,llhoralory (~l Illol',q. Clwnistr,ll, 

(To /Je continueel). 




