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(Communicated at the meetinK of December 27, 1924). 

The object of this paper is to prove the theorems land II stated 
heneaill. So fa I' fiS the writel' is aware these theOl'ems have 1I0t yet 
been expliciti)' stated alld proved, but have been implicitly used in 
seveml topological i 11 vestigations. Some related f heorems are stated 
alld Pl'oved by H. KNI':S~:R ill a paper ill these Pl'oceedings, the proof 
sheets of which I have seen thl'Ollgh the illtel'mediation of Prof. 
BROUWER. 1) 

The Simplex stm'. 
In tlle m-dimellsional lIumbel' space R", rOllsidel' a finite mlmber 

of n-dimensional simplexes, (n < m) of common vertex A. and such 
that: 

(a). Ally (n-1)-dimensional face of vertex AI is common fo two 
and only two n-dilllellsional simplexes ; 

(b). An)' two n-dimensional simplexes have in common eithel' (1) 
no point otller thall AI' or (2) one p-dimensional face and all its 
(p-k)-dimensional faces, (p < n - 1; k = 1, 2, ... ,p). 

The set of points constitllting these simplexes and their boundaries 
is called an n-dimensiollal sinlplex star of centre A.; those (n-p)­
dimensional faees, (JI = 1,2, ... ,n), of which A. is not a vertex 
are called the boundary of tlle star while the I'emaining points are 
called the interiOl'. 

Regular sltbdivision of a simplex star. ') 
Let ai be the lIumbel' of i-dimensional simplexes, (i = 0,1, ... ,n), 

of the n-dimensional stal' S'IO so th at any simplex of 8" mal' be 

wI'itten a~, (i= 0, 1,oo.,n; j=1,2,oo.,fli), the aj, (j=1,2,oo.,a l ), 

being the vertices. 111 fhe infel'ior of a~ take an arbitrary point 

pj, P~ being the vertex aJ, and subdivide Sn into a set S of 11,­

dimensional simplexes, in the following way: 

1) H. KNESER, "Ein topologischer ZerlegunKssatz", § 1, Satz 3 (m) and 4. (m), 

these Proceedings 27, p. 603. 
I) VEBLEN, CambridKe Colloquium, Analysis Situs, p. 85-86. 
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(0) The vel,tiees ofSal'e thtl points Pj, (i=0,1 , .. "n;)= J ,2, ... ,lCj). 

(1) The l-dimensional simplexes of S al'e the segmellts which 

join the point pj 10 eaeh vel'tex of S in Ihe boundal'Y of aj, 
(i = 1, 2, ' , , , n; j = 1, 2, ... , ai), 

(k) A k-dimensional simplex of S is Ihe set of points on all 

segments joining a point. pj to tlle points of a (k-l)-dimensional 

Rimplex of S iJl Ihe boundal'Y of aj, (i=k,k+l, .. ,,11;}=1,2, ... ,aj), 

(n) All n-dirnellsioJlal simplex of S is the set of points on all 

segments joining a point p;' 10 the points of an (n-l)-dirnensional 

simplex of S in the houndary of a.~'. (j = 1, 2, . , . , all)' 
It follows fl'om I he:;e deli. ni lions that allJ n-dimensional sim plex 

of S has the fonn P~ P~ .. , p.:' and that Ihe number of sirnplexes 
in S is finite (being (n + 1)! times the IIllmbel' in S .. ). 

Theorem 1. Any }Joint P oj tlte intel'im' of an n-dimensional star 

Sn is tlte cent1'8 of au n-dimensional stal' S~ composed of shnplexes 

of a 1'egulal' subdivision S of S ... 

Let P be in Ihe k-dirnensional simplex a: of SJ" (0 ~ k < n), 

Choose the subdivision S 80 thai p"k = P, and lel 

1-,0 1')1 • .,:}. lJi-l I')J nJ+l v k p,,-l p" -" 
I m rIl . .." 'I ri· , . . < s . .. " 10 = aIO 

be ally n-dirnensional simplex of Sof vel'tex P:. 
B~l'om the definitions (0), (1), ... , (n) it follows that 

1)0 pi 1~2 I)J-l n; ni+l ]')k p"-l p.. .. t . I n fS 
<I '" ..... ", r;,r~ . . . . s' ·· I' w lslIltleslmpexawo ", 

P O vi p 2 /')J-l /'Joi J~+1 pk p,,-I . . t ( 1) d' . I 
l I JIj n' ., I' q r-r . .. s·"" 18 III I le n- - ImenSIOna 

I' ,,-1 f " ,ace all 0 alO' 
1)0 1)1 1')2 l>-i-1 1)j ]Ji+l pk. . I k d' , I f k f 11-1 < l J/I. .. . . , " l;' J' • •• s IS lil I Ie - llHenSlOnR ace a. 0 au , 

rIJ vI v 2 p j - 1 n; lJ.i+l . . h ('+1) d' . I f' J+l f k 1[ r IJl <" .. , I' rq r IS mie J - llnenSIOna ace ar 0 a .• , 

l~o vi p2 1)j-l pJ. . I ' d' , I I' j f )+1 I L 1/1 . n ••• r
" 

q IS In I Ie J- UnenSIOJla Jare aq 0 rtr I 

PO Ijl p2 pi-I . . I (' ·1) d' , I" j-l f J I In " • .." IS lil t Ie J- - I menSlOlIR Jace al' 0 aq , 

pr p~ p~ is in the 2-dimeJlsional face a! of af,-1 
11 p~ is in the edge a,~, of a: and 

POL' h °fl 18 t e vel'lex aloam' 
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Since P: is au interiOl' point of Sn, the (n-1)-dimensional face 

a~-I contailling it, mllst have the centr'e of SI! as a vertex and 

therefore by (a) of the definition of a stal', a~-l is common to two 

and only two n-dilllensional simplexes a~ and a~, of Sn. 
By the concllloing remark of the previous parl:l.graph the number 

of the simplexes il:~ is finite . We requil'e to prove th at they satisfy 
conditions (a) and (b) of lhe definition of a simplex star. 

(a) The (n-l)-dimensiollal faces of il~. of vertex p~ are 

(1) P I p2 /Ji-I nj 1~+1 pk ])"-1 p" 
m n .• , IJ Lq " . .. s···" w 

(2) P O pI })2 1~-1 pj+ 1 pk p"-l pn 
l lil 11 • • • l' . l ' • • • . s'o' v - w, 

U = 1,2, ... k-l, k+l, ' .. ,n-1), and 

(3) } )O pI p2 pj-1 nj f:JJ+l pk pn-l 
I m ".,. /' Lr, " ... ,... v • 

(1) Let p? and p~ be the vertices of a~,. Then: 

8J' defillition (1) of Subdivision, P~ P,~, is all edge of S, hen ce by 

definitiou (2) of subdivison, P?, p'~, .r.. is a 2-dimensional simplex of S. 
Applying definitions (3), (4), ... , (n-l) alld (n) in succession we 

t 1)0 pI ,.2 pi-1 nf ,.i+1 pI< nn- I p" . d' prove I lat I' In ï" . .. . I' Ll, Ir . .. s ···.Lv wIS an n- Imen-
. I . I f S Tt pi pil 1:>1-1 p!.' I~+I ~ rl'-I rl' Slona slmpex 0 , lUS 111 " •• • IJ ' q r .•• ï,···.Lv .Lw 

is comllIon to Iwo u-dimensiollal simplexesof S. Any other n-dimen­

siollal 8implex having Ihe face P,~, p;, ... P: must be of the fOl'm 

P~,P,~, ... p~ alld by definition (1 ) of lhe regular 8ubdivision, p? p!, 
and pr, P,~, are the only edges of S of the fOl'm P~, P:lI incident 

with P:II • Therefol'e I" must be I or I'. Thus 

P I p2 pj-I""; n.i+1 pk pn-I pn 
m n ' " PLqL" S v w 

is incident wilh two and only two n-dimensional simplexes of S. 
(2) The (j-l)-dimensional faee at- I 

is incident with two 

.i-dimensional faces a{ and a{, of a~+I. Therefore by definition (j) 
of regnlar subdivision there are two j-dirnensional simplexes 

p? ... Ft-I l~ and p? .. p{-I P~, of S and by applying successively 
the definitions (j), (j+1), ... , (n) of reglJlar subdivision we obtain 

. I pO "";-1 pj n.i+ t p" d po n.i-l pi n.i+l .. two sImp exes I.·· ,,, q Or ... 10 an I . .. Op q'Or ... Pw 

f -S l . pO pj-I n.i+1 pil ( 1 d' . () lavl/Ig I . . . P r" . . . 10 as common n- )- lmenslOnal 
face. Ally other n-dimensional simplex ha\'ing th is face must be of 
the form: 
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PO rJ-I pJ pj+l pil I· b d ' . . '1 f I l ... r'[J q" ,. . .. w, W lere )' ehmtIOn (J+ ) 0 reg u ar 

subdivision a;" is a j-dimensional face of a{.+l incident with at-I, 
that is, a{" is eithel' a{ Ol' a~, and 1 hus P{" i~ eithel' P{ Ol' p{,. 
Thus p?, .. p~-l p{.+l .. . p;~ is an (n-l)-dimensional face of Iwo 

and onl)' two n-dimensional simplexes of S. 

(3) The (n-1)-dimensiollal face a::-1 
being common to two and 

only two 'Il·dimensional simplexes a~v alld a~' of 8,., it follows from 

definitioll (n) of regulal' subdivision that tlle (n-1 )-dimensional face 

p o pi p"- l f S . dl' I I "'. .. 11 0 IS common to two an on y two sImp exes 

p o I p,,-l p" dOl p"-l p,. f-S ( Pm ... v 10 an PI Pm . . . v 10' 0 . Tilus Ihe simplexes 

of S of vertex P: satisfy condition (a) of the deflnition of a stal'. 

(b) Considel' first the simplexes of S in a:~. 
By deflnition (1) of I'egular subdivision all)' two edges of the 

subdivision of a::, have eithel' no point Ol' a vel'tex in common. 
Hence by definitiOIl (2) an)' two 2-dimensional faces of t.he sub-

division of a: have eitller no point Ol' one vel'lex Ol' one edge in 
common. Hence by definitions (3), (4), . . . , (n-l) all)' Iwo (n-1)-

dimensiollal faces of tlle slIbdivision of a;;, have either no point Ol' 
one p-dimensional face in common, (0 <, jJ ~ n - 2). Finally by 

definition (n), any two n-dimensional simplexes of vertex P:~ of 

the subdivision of a:~ have one p-dimensional face in common, 

(0 ~ JJ < n-1). 

Consider IlOW two ll·dimensional simplexes ;~ and ;~ of S in 

t.he simplexes a~ alld a~ of SII ' Then if a~ and a; have no com­

mon point, a~ alld a~ have ilO commoll point. lf a~ and a; . have 
in common a p-dimensiollal face, (0 <p ~ »-1), then by definition 

(n), ~~ and a~ have eithel' no point or a q-dimensional face in 

common, (0 <, q <,p) that is (0 <, q < 1) ~ n-l), 

Thus any two n-dimensional simplexes of S have eithel' no point 
Ol' a p-dimensional face in common, (0 < p <: n-1) and in parti-

cular any two ll-dimensional simplexes of S of verlex P: have 

eithel' no point othel' than P: Ol' a p-dimensional face, (1~ P~ u-1), 

in cornmon. 

Thlls the simplexes ;~ of vertex P: constitute a simplex stal' of 
k 

centra Ps. 
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Theorem 11. In Rtl. all,l/ 7l-dilllensionnl simple,/! still' of ceut/'t 

A. contains an n-dimensiollal sphe'I'ical region of centn! A._ 
The proof falls into two pal'ts: 
(1) If the theOl'em is tl'ue for' 11= (p-l), it. is true fOI' 7l=p, 
(2) The theorem is tl'Ue fol' n = 1. 
(1) We assume tllen tllRt in Rp-l' a.n)" (j)-J)-dimensionalsimplex 

star of centl'e p~ contains a (JI-l)-dirnensional spherical region of 

centre P,~. COllsider ill UI' a p-dirnensional stal' :'~J of centre 
AG and let. U(A,) be a p-dirnensional sphel'ical neighbourhood of 
cenh'e A. and radius 1'. whel'e l' is less than the distarree of A. from 
any point of the boundary of :'~J' Let PI oe an)' poillt of U(A.) in 

Ihe simplex aP of SJ' and /J. any point of U(A.) not in Il alld not 
in the line P,A., We I'eqllire to prove that P, is in SI" 

Let at af" •... , a!. (i, j, ... , k < lJ-1), be Ihe set of all simplexes. 

flnite in number each of which contains one and only one point 

of the segment P, P,. Let PI P, illtersect at a{n • ... ,a! in the points 

P;.P!n • . .. ,P~ respeetivel,r and let P~ be the neal'est of Ihese points 

to p •. (Assume p~ 10 be differellt frOl1l p., fOI' if P~ = P" then 
P, is in Sp). Since U(A.) eontailIs no boundary points of Sp the 

simplex a! conlailling P:: must be of the form AD Al ... Ale. Let 

a! = AG A, _ .. Ak be a k-dimensional tace of the simplex A • ... Ak '" Al' 

of Sp and let A'I, A~ • ...• A~_I be points of Ao AI' A. A,." .• A. Ap __ 1 

" / k 
I'espectively such that the simplex AI A 2 ..• Ak cOlltains Pil but 

snch that the Rp-2 detel'mined by A~, A~ •. ,. ,A~-t. does Ilot contain 

P,. Then the RP-1 delermilled by A~, A~, ...• A~-l. P, contains the 

segment P: p. and illlersects Ao Al ill olie point A~ only, so tlrat 
A. and A I are 011 opposi te sides of RP - 1 ill Rp., 

COllsidel' now the illtersection of RI" - 1 alld ally p-dimensional simplex 

AG Al As, ." A.p of Sp of edge A'~l' Then Rp - t intersects one of the 

edges A. As; • A.; Al 111 a poillt A'i' Thus Rp-t inter'sects the simplex 

A. Al A., .. ,Asp iu a (p-1)-dirnellsiollal simplex A~ A~., , , A:p of 

vertex A~, The set of sllch simplexes as A~ A~.", A~p form a (p-1)­

dimellsional stal' .sp-t of centl'e A~ in Rp-t. for they are finite in 
numbel' and satisfy the conrlitions (a) alld (b) in Ihe definition of a 
star, Thus: 

(a) Because Sp is a simplex stal' of centre A~, the (p-1)-dimen­
sion al face A. Al A., " . A. is common to two and only two 

/'-1 
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p-dimensional simplexes A. Al As, ... A As and AD Al A,s' .. 
sp-l q 

A'p_
1 

Asp and th us the (p-2)-dimensional face A'l A~2 ... A~p_I is 

common to two and only two (p -l)-dimensional simplexes 

A~ A~2" . A: 1 A~ and A~ A:s . .. A~ A: . TllUS the simplexes 
p- p p-I q 

A~ A~2' .. A: satisfy condition (a). p 

(6) Any two simplexes of Sp of edge A. Al ha,'e in common 
either 110 point other than the edge A. Al> Ol' olie k-dimensional 
face, (k = 2,3, .. . ,p-1). Therefore any two of the (p-1)-dimen-

sional simplexes A~ A:, ... A~p have in commoll either no point 

other thall A~, Ol' one k-dimensional face, (k = 1, 2, .. . ,p--2), fol' 
if AD AI A,s' . . ASk is eommoll 10 two simplexes of Sp, then 

A~ A:, ... A:k is common 10 tlle Iwo cOl'l'esponding simplexes in R p-l 

Thus, from (a) and (b) the simplexes A~ A:s ' , . A:p form a (p-1)­

dimensional star Sp_ 1 in Rp_I of centre A~, and we have seen 
k ' , .~ , 

that Pn is in Ihe simplex AI A 2 • , . Ak of Sp-I' Therefore by The-

orem J, P: is the centre of a (p-1)-dimensional stal' Sp-1 in Sp-I, 

Therefore by hypothesis, S~_I being in Rp_I'· tltel'e is a (p-1)­

dimensional spherical neigboudlOod U(P~) of centre P~ in S;_1' 
If P, be in UW:) il is in Sp and om' theorem is proved. Consider 

the case when Ps not in U (p,7) , Since P: P, and U (P'k) al'e in Rp_I' 

the segment P,7 PI intersects Ihe bOllndary of U(P:) in a point Q 

and Ille segment. P,~Q is ill U(P,~) and thus in ~" Let Q be in the 
simplex aq of SI> and note that P,Q contains none of t.he points 

pf. P,: .. ' , , , P~. Since P, is in the Rq conlaining aq, and Q is in 
aq, Ps mllst be ill a'l fOl' othel'wise P,Q would intersect the boundary 
of aq in one point which is imposllible (sinee P,Q contains lIone of 

i ' k 
the points PI, F;", .. " Pn). 

Thus Ps is in Sp' Therefore U(Ao) is in Sp and Ihe Theorem 1I 
is true for 11 = p. if it is true for n = (p-l). 

(2) The Theorem is tl'l1e for n = 1, fOl" a 1-dimensional slar of 
cenh'e Ao in Rl' is a segment of Rp and Ao is an inner point of 
the segmellt. 

Titus Theorem 1I is tl"Ue for any finite 11, 




