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The conditions found above assume the following form: 

. . . (14) 

If always the same value of ). is to satisfy them. in other words if in 
any position the system M 2 is to contain a movement which lets d be 
at rest in IIf • it is necessary and sufficient that: 

à 1 à 1 
àuRI àvRI 

=0. . (15) 
à 1 à 1 
àuR2 àvR2 

As we found above the condition which must be satisfled if M 2 is 
always to contain a movement in which d does not move in IIm • is 

(16) 

But the two conditions (15) and (16) have the same meaning. The 
flrst part of the theorem of KOENlGS is therefore proved. 

The movement where d is at rest in IIm. is given by: 

1 
RI = constant. 

or 
à 1 à 1 

àu RI du + àv RI dv = 0 ; 

the movement which lets d be at rest in IIf • is expressed by (cf. 14): 

These two movements are the same as: 

or as (cf. 3a): 
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If we restrict ourselves to real movements. this is only the case if 
1 1 

RI =R
2 
=0. 

Only i( all the movements are translations. the displacements (or 
which d is at rest in llm coincide with those (or which d is at rest 
in llr; except in this trivial case they are independent (rom each other. 

In this way also the second part of the theorem in question has been 
proved. 

The only point which is left is to draw the attention to the elegant 
construction of KOENlGS for these systems M 2 in which the motion of 
d depends on one parameter. Choose a curve Çr in llr and a curve 
Çm in IIm both of which touch d; let altërnately d roll over Çr and 
Çm over d; the system M 2 is linearly composed of these displacements. 

§ 10. We shall return a moment to the quantities of the second order 
which appear in the movements of a system M 2• which we now again 
assume arbitrary. 

In an initial position chosen at random 0 has again a definite situ­
ation in llr. OX touches the u-curve through that point; the tangent 
to the path described by an arbitrary point of llm. only depends on 
the ratio of du and dv. the increments of the coordinates of O. We 
can begin by making 0 describe different paths which all have the same 
tangent in the initial position ; now the corresponding paths of the other 
points of IIm also have the same tangents in the initial position but 
different curvatures. 

In the future we shall . only consider infinitesimal displacements for 
which 

has a given value. whereas 

dV=À 
du 

may assume any value. The pole of rotation [ is always the same point. 

§ 11. In the movement of a plane fixed system llm of which the 
position is defined by one parameter. which for the sake of more con­
venient expression we shall for the moment identify with time and 
indicate by t. the quantities of the first order are defined by the pole 
of rotation I. those of the second order by a point KJ. the other ex­
treme of the diameter of the inflectional circle through [. 

For the velocity- and acceleration-components of a point fixed to 
llm, we have resp. 

V x ~-wy ~ 

V g = 1] + wx) 
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and 

The equation of the inflectional circle is in this case 

This gives us at on ce the center of the inflectional circle and at 

the same time the point KI. as 1(- :. ! ) is also known. 

We find 

dw d~ 2 
- dt~+dtw-w r; 

XKI 
w3 

If we return to the case under consideration we must make the 
following substitutions: 

V- V - VE Va 
~ = E; 17 = 1 G; w = RI + 1 R

2 

d 0 0 
dt=ou + lov' 

Then we must consider 1 as a constant. J.' as a parameter. In this 
way we find the locus of KI represented by 

I) G. KOENIGS : Leçons de Cinématique; p. 142; A. HERMANN, Paris; 1897. 
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If we eliminate À,' the equation of this locus is 

This represents a line h perpendicular to d; its interseetion with d 
we eall H. 

§ 12. If now we consider À, as a variabIe. land H move along d; 
the correspondence between land H has been elaborately treated by 
KOENIGS. We shall not enter into it but we shall only point out the 
following properties. 

Again we suppose À, to be a constant; land Hare fixed points of d 
and h is the locus of KI. As I K I is always a diameter of the inflect~ 
ional circle we have: 

for all the displacements with the same pole of rotation the infleet~ 

ional circles form a peneil with land H as base points; in eaeh of 
these displaeements H deseribes a point of infleetion in whieh the 
tangent coineides with h. 

For each of these displacements on d the pole of rotation as weil as 
the point of intersection with the inflectional circle are fixed; hence: 

In all these displaeements all points of d have the same radius of 
curvature. 




