
Crystallography. - On Quaternary Symbols of Zones. By C. H. 
EDELMAN. (Communicated by Prof. G. A. F. MOLENGRAAFF.) 

(Communicated at the meeting of September 24. 1927). 

In crystallography the determination of zones causes no trouble, when 
we use a tri-axial system of co-ordinates. 

If of a zone [U1 V1 wd two faces are known (hl kl 11 ) and (h2 k2 12) 
we have 

UI = k l 12 - 11 k2 

VI = 11 h2 - hl 12 

WI = hl k2 - k l h2• 

For a zone [U2 v2 w2l defined by the faces (kl h11d and (ië2 h2 12 ), 

whose symbols have been derived by a definite interchange and change of 
sign from those of the faces of the first bundIe, we also have 

U2 = hl 12 - 11 h2 

V2 = k l 12 - 11 k2 

W2 = hl k2 - k l h2• 

The symbol [U2 v2 ~2 1 may, therefore, also be written rVI U1 wd, so 
that the second zone-symbol is derived from the first in the same way, in 
which the symbols of the second pair of faces have been derived from those 
of the first. This holds for all zones in general ; e.g . the zone defined by 
the faces (kl h11d and (k2 h212) is [vl ul wll; the one defined by the 

faces (hl "lid and (h2 '(212) is [ul ~ wll etc. This property involves that 
corresponding ribs of a crystal get corresponding symbols, which needs 
must be so, considering the duaHty of faces and ribs. 

Difficulties will arise, when one us es a tetra-axial system ofaxes and 
the faces are designated af ter BRAVAlS by symbols of four numbers or in 
general by four algebraic magnitudes. 

T 0 show this let us con si der three zones : 

[UI VI ql wtJ defined by the faces (hl il kl 11) and (h2 i2 k2 12) 

[U2 V2 q2 w2l (kl hl i; (1)" (k2 h2 i; 12) 

The symbols of the faces belonging to the second (resp. third) zone can 
be derived from those of the faces of the first (resp. second) zone, by 
replacing the th ree horizontal indices by their opposites and th en inter
changing them cyclically. 

The faces of the first zone can be made to co-incide with those of the 
second (resp. third) by a revolution of 60° (resp. 120°), in positive sense, 
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round the crystallographical principal axis. Only for the sake of symmetry 
we shall also consider the third zone. 

Application of the ordinary algorithmus, after provisional omission of the 
third index, gives : 

UI = i l 12 - '1 i2 VI = II h2 - hl 12 

U2 = II h2 - hl 12 = VI V2 = kl 12 - I I k2 = VI - UI 

u3=kI 12-ll k2=VI-UI V3 = II i2 - i l 12 = - UI 

WI = hl i2 - i l h2 

W2 = kl h2-h l k2=wI 

w3=il k2 -k l i2=wI 

The ternary symbols now obtained are again complemented to quaternary 
ones by availing ourselves of the property that the sum of the three 
horizontal indices = o. The symbols of the three zones are then succes~ 
sively: 

(UI) (VI) (-UI - VI) 

(VI) (VI - UI) (UI - 2 VI) 

[(VI-UI) (-UI) (2 UI - vd 
The relation that existed between the symbols of the corresponding faces 

of the zones is no longer present in the same form in the zone~symbo1s. 
So in this symbolism - the one most applied - (GROTH, DANA, 

TSCHERMAK and others) corresponding zones do not get corresponding 
symbols. Strictlyspeaking th is could hardly be expected, because in our 
deduction the third index occupies a very exceptional position. In searching 
for another symbolism, that fulfils the requirement of correspondency, we 
shall have to find a method, in which the three horizontal indices will be 
treated in the same way. 

The ternary symbol has been found af ter provisional dropping of the 
third index; provisional omission of the second or the third index gives 
other symbols. The symbols found in these three ways have been tabulated 
below: 

Symbol I Af ter omiSSionl 10 index 
I 

20 index 
I 

30 index 
I 

iO index of the of the 

30 Index 
uI vI - wl 

10 zone 20 index 
uI - vI - -vI w l 

10 index - vI - uI -uI w l 

30 index vI vI - uI - w l 
20 zone 20 index uI - uI - vI w l 

10 index - -uI -vI w l 

30 index vI - uI - uI - wl 
30 zone 20 Index vI - uI w l 

10 index - - vI uI - vI w l 



982 

We have thus found two values for every horizontal index. 
By addition of indices belonging together we can compose a symbol for 

every zone, to which the horizontal indices of the face symbols have equally 
contributed. This addition yields for the three zones the symbols: 

[ (2 UI - VI) (2 VI - UI) 

[ (UI + VI) (VI - 2 UI) 

(- UI - VI) (3 WI) ] 

(UI - 2 VI) (3 WI) ] 

[ (2 VI - UI) (- UI-VI) (2 UI - VI) (3 WI) ] 

The correspondency of the indices of the three zone~symbols is, indeed, 
completely the same now as was the case with the symbols of the faces we 
started from, so the requirement of correspondency has been fulfilled. 

WEBER I) has arrived at the same symbol along quite another way. Now 
the question occurs to us whether the result obtained, is the only solution 
of the problem. We shall, therefore, formulate the problem as follows : 

To convert the ternary symbols of corresponding zones, obtained with 
the ordinary algorithm , into such quaternary symbols that these symbols 
present the same dependence as those of the corresponding faces that 
define the zones. 

This, then, comes to a conversion of the numerical pairs: 

in numerical triads : 

x. y z 
-z -x -y 

y z x 
in which the three unknowns x, y and z are bound by the relation : 

x+ y+ z=O. 
The numbers x, y and z of the first triad have to be derived by a 

transformation to be discussed presently from the numbers UI and VI of the 
corresponding pair. 50 we can write: 

X={(UI • VI) 

y=F(ul • VI)' 

But the same transformation must produce the numbers of the second 
triad from those of the second pair: 

- z = {(VI • VI - UI) 

- x = F (VI • VI - UI) 

Likewise for the third set: 

y = {(VI - UI • - UI) 

z = F (VI - UI • - UI) 

I) Zeitschr. f. Krist. 57 (1922). p. 200 sgg. 
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When confining ourselves to linear transformation. we can write : 

x = al UI + bI VI + Cl 

Y = a2 UI + b2 VI + C2 

- Z = al VI + bI (VI - UI) + Cl 

- X = a2 VI + b 2 (VI - UI) + C2 

y = al (VI - UI) - bI UI + Cl 

Z = a2 (VI - UI) - b2 UI + C2 

The equations thus obtained are dependent. so that after elimination of 
x, y and z, they furnish only two equations: 

UI (al - b 2) + VI (bI + a2 + b 2) + Cl + C2 = 0 

UI (a2 + bI + al) + VI (b2 - al) + C2 - èl = 0 

These equations of course admit of an infinite number of solutiop.s; but 
we are interested only {or those that are independent of fortuitous values 
of UI and Vl. in other words those we obtain by considering the two 
equations as identities. This yie1ds the re1ations : 

al-b2 =0 

a2+ bI + b2=0 

Cl +C2=0 

C2 -Cl =0 

The additive constants appear to become = O. However. only two 
relations exist between the four co~efficients al. bI' a2 and b2 , so that an 
infinite number of solutions still will satisfy. 

These considerations may still be extended by applying them also to the 
case in which the second. resp. the first index has been omitted. This 
furnishes some more re1ations, namely : 

After omission of the second index: 

x = a3 (UI - VI) - b 3 VI + C3 

Y = a4 (UI - VI) - b 4 VI + Cof 

- z = a3 UI + b 3 (UI - VI) + C3 

- X = a4 UI + b4 (UI - VI) + C4 

Y = a3 VI + b3 UI + C3 

Z = a4 VI + b4 UI + C4 

Erom which we can derive : 

a4=b3 

C3= C4=0 

a3 + b3 + b4 =0 
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And after omission of the first index : 

from which follows : 

x = as (VI - UI) - bs UI + Cs 

y = a6 (VI - UI) - b6 UI + C6 

- Z = - as UI - bs VI + Cs 

- x= - a6 UI - b6 VI + C6 

Y = - as VI + bs (UI - VI) + Cs 

z = - a6 VI + b6 (UI - IJl) + C6 

as = b6 

Cs = C6 = 0 
as + bs + a6 = 0 

The twelve co-efficients a l . .. .. . b6 are, with the exception of the relations 
already found , not independent. This is shown best when we write the 
symbol of one of the zones three times now : 

FIRST ZONE. 

I 10 index 20 index 

I 
al UI +bl VI a2 UI + al VI 1 10 symbol 

20 symbol a3 UI + b4 VI b3 UI + a3 VI 

/30 symbol a6 UI + as VI bs UI + a6 VI 

This gives the relations : 

al = a3 = a6 = b2 

bi = b4 = as = b6 

a2 = b3 = bs = a4 

40 index 

W I 

Wl 

WI 

The dependence of the twelve co-efficients al ..... . b6 is to be represented 
schematically as follows : 

The extension appears not to involve restrictions. So th ere is an infinite 
number of general transformations to derive quaternary symboIs possessing 
the property of being correspondent for corresponding zones, from the 
ternary symbols of zones, obtained in the ordinary way, and defined by 
faces designated by BRAVAlS symboIs. 
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As a matter of course the symbol composed above satisfies these 
relations : 

al = b2 = 2 
a2=bl =-1 

while the symbol proposed by VIOLA 1) which corresponds with : 

al = 1 
b2 =-1 
a2=b l =0 

does not satisfy and consequently is to be discarded. 
Now to which of the numberless possible symbols have we to give 

preference? It is evident that arithmetically no conclusive answer can be 
given to this question. Other requirements should be added to that of 
correspondency. 

But there is one more point of view from which the problem of these 
symbols of zones can be generally studied. 

If we de fine two faces by MILLER'S symbols, the equation of the 
intersection-line is easy to find. It is : 

x: y : Z = au : bo : cw, 

in which u, v and w have the ordinary value attached to them before, and 
in which a, band crepresent the lengths of the axes. Geometrically u, v 
and w can now be interpreted as the co-ordinates of a point of the zone
axis, if the three co-ordinates are measured by the concerned axial ratio 
as unit. 

When we apply this principle to the case of a hexagonal system ofaxes, 
then it is clear that the ternary symbol. obtained in the usual way, can be 
interp.ceted geometrically in the way stated above. 

Fig. 1. 

A point of the zone-axis can, therefore, be found by marking oH aUl 

I) Zeitschr. f. Krist. -t6 (1909), p . 345 sqq. 
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along the first axis, then aUl parallel to the second axis, then CWl /1 the 
fourth axis (fig. 1). 

If we want a quaternary symbol and require the symbol to admit this 
geometrical interpretation, the point B must be reached after setting out the 
th ree distances (fig. 2). From the figure follows : 

If we take 

then we get 

X-Z=UI 

Y-Z=VI 

X+y+Z=O, 

UI +VI 
z=- -3 

2ul-vI 
x= --3- --

2vl-uI 
Y=~-3-

SO in this way we get a conc1usive result, viz. the same symbol that was 
found above and satisfies the requirement of correspondency, as shown 
already. 

In fine it may still be observed that the same symbol is also obtained 
when converting thesymbols af ter BRAVAlS into those obtained af ter 
MILLER, and by subsequently applying the algorithm and substituting the 
thus obtained ternary symbol by help of the known transformations by a 
quaternary symbol again. It would seem then that in this symbolism all 
advantages are combined and therefore it deserves to be generally received. 
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Summary. 

10. The problem of composing quaternary symbols that are 
correspondent for corresponding zones admits of numberless solutions. 

20 . By an extension of the ordinary algorithmus one of the solutions 
can be found. 

30. The symbolism after VIOLA cannot be received. 
40• The symbolism after WEBER deserves general application. 
Finally I wish to express my heart~felt obligations to Prof. J. A. 

GRUTTERINK m.e. for encouraging me to start these observations, and for 
his kind suggestions. 

(From the Laboratory for Mineralogy of 
the Technical University of Delft.) 




