
Mathematics. - Skew Correlation between Three and More Varia~ 
bles, I. By Prof. M. J. VAN UVEN. (Communicated by Prof. A. A. 
NljLAND). 

(Communlcated at the meeting of May 25. 1929) . 

I. Skew Correlation between t h ree variables. 

In order to furnish a model for the treatment of skew correlation 
between an arbitrary number (n) of variables. we shall first establish 
the method of treating the case of three varia bles. We continue the 
method we followed formerly in treating the case of two variables. 
exposed in the paper "Over het bewerken van scheeve correlatie" ("On 
Treating Skew Correlation") I). recently completed by the paper: "Scheeve 
Correlatie tusschen twee veranderlijken" ("Skew Correlation between 
Two Variables") 2). 

These papers (the former being distributed over three articles) will be 
designated by the abbreviations S. C. I. a. b. c. S. C. 11. 

The three variables may be called XI' X2. X3' For the variabie 
x. (a = 1. 2. 3) }'. values. ç. (1). ç. (2) •... ç. (k a) • . .. ç. (1'.) 3). are recorded. 
As a rule the interval between two class~centres is constant: ç. (ka) -
- ç. (ka - 1) = c. (a = 1. 2. 3). 

The frequency of the set Çl (kl)' Ç2 (k2). Ç3 (k3) may be denoted by 
Y(k l • k2• k3). For the total number N of the observed sets Çl. Ç2. Ç3 we 
have 

N= i ; 1 Y(il • i2• i3) 1 
Î. = 1 i~==1 Ï:I==1 

Thus the relative frequency (a posteriori probability) of the set 
Çl (kl)' Ç2 (k2). Ç3 (k3) is 

(k k k) 
- Y(k l • k2 • k3) 

Y I· 2' 3 - N 2 

What is properly meant by recording ç. (k.) for X a • is that X. is 

I) Versl. K. A. v. W . 3., p. 787 en p. 965: 35. p. 129. (Proceed. K. Ak. v . Wet. 
Amsterdam : Vol. 28. p. 797 and p. 919; Vol. 29, p. 580) . 

2) Versl. K. A. v. W. (Proceed. K. Ak. v. Wet. Amsterdam, Vol. 32, p. -408) (with 
summary in English). 

3) Using, also further on, the brackets () in denoting the c1ass-numbers, we shall, in 
the following text, designate a functional connexion by I !' e.g. tI x!. 
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found between ~a (ka) - ~ and ~a (ka) + ~. Putting 

~. (k.) + ~ = x. (ka) (a = 1. 2. 3) . 3 

50 that X a (ka) indicates the upper limit of the c1ass ka. we may describe 
the three-dimensional frequency distribution by the statement: 

For Y(kJ.k2.k3) sets XJ,X2,X3 is found: Xa (ka-l)<x. <Xa (ka). a=1.2.3. A 

If the correlation between XJ. X2. X3 is itself linear. th en the probability 
of the set ~J' ~2' ~3 is expressed by an !nfinitesimal probability formula. 
which we may construct as follows: 

We compute the mean la of all observed values ~a. and the deviations 
Ua = ~a -la from that mean. 

Then the probability that such a set of deviations is found between 
UJ. U2' U3 and UJ + dUJ. U2 + dU2' U3 + dU3 has theoretically the infinitesimal 
va)ue: 

dW = Ce- f dUJ . dU2' dU3' 

Here the symbol f represents a positive-definite homogeneous quadratic 
form in the Ua : 

f h~ u~ + 2 212 hl h 2 UJ U2 + 2 213 h J h3 UI U3 + h~ u~ + 2223 h 2 h3 U2 U3 + 
3 3 

+ h~ u~ _ I I 2",3 h" h ,3 U" U,3. 
«=1/'=1 

where 
. • 2 < 1 

Á",3 • 

Putting 

2JJ }.12 

1 }."I' I = }.21 i' 22 

}.31 • }.32 

we find for the constant factor C: 

C = hl h2 ~3 V "A . 
Vn3 

Before analysing this three-dimensional probability formula. we shall 
introduce the unimodular variables tI' t2• t3 by the relations: " 

ta = ha Ua • (a = 1. 2. 3) 

Hence the infinitesimal probability formula is expressed in these uni
modular variables as follows: 

W _ VA 
-fd d d d - V- e tJ • t2 • t3 • 

n 3 
. 4 

where 
3 3 

f = P. + 2 }.12 tI t2 + 2 23J tI t3 + t~ + 2223 t 2 t3 + t~ - I I }.";3 t" t;3 • 5 
,,=J;3'-=J 
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with 
6 

For the study of the probability formula of we shall provisionally 
suppose ti' t2• t] to be the original variables. 

Putting 
)'2] = cos lpl ).12 = cos lp] • 7 

we may illustrate the form f geometrically by considering a skew system 
of (rectilinear) coordinates ti' t2• t]. whereby the axes t2 and t] include 
the angle q) l' the axes t] and ti the angle lp2' the axes ti and t2 the 
angle lp] (6g. 1). The axes OQI (= ti)' OQ2 (= t2). OQ] (= t]) may 
(eventually prolonged) cut the sphere of radius unity with centre 0 
("unity~sphere") at the points 4>1. 4>2' 4>]. 

G 

fig. t 
Y2;1 

fig.2 

Then on this unity~sphere we have a triangle tPl (/)24>] [(4))] the sides 
of which are lpl' lp2' lp]. In our sketches we have taken all three sides 
lpl' lp2' lp] obtuse (6g. 2). 

P being a point with the (skew) coordinates ti' t 2• t]. the square of 
the radius vector OP = r. carrying from the origin 0 to that point. 
amounts to 

8 

In order to integrate easily the probability differentiaI. we shall write 
the quadratic form f as a sum of three squares. The geometrical meaning 
of this is. that we decompose OP = r along th ree rectangular axes. 

So we shall decompose OP 
1°. along OtP]. 

51* 
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2°. along 01['2;1 I) within the plane cfJ2 OcfJ3 perpendicular to OcfJ3• 01['2;1 
being directed to that side of OcfJ3 wh ere OcfJ2 lies. 

3°. along OfJ l perpendicular to the plane cfJ2 0cfJ3• directed to the 
same side as 0 cfJl' 

Now we find for the component Z3 along OcfJ3: 

Z3 =proj. OP on OcfJ3=(proj. OQI +proj. QIQ'3+proj. Q'3P) on OcfJ3= 
= ti cos CfJ2 + t2 cos CfJI + t3· 

To compute the second component (C2;1). we drop the perpendicular 
PH from P on cfJ20cfJ3 and (within the plane Q2Q'IPQ'3) the perpen
dicular PG on Q2Q'I; then LHGP is the solid angle between the 
planes cfJ20cfJ3 and Q2Q'IPQ'3' hence the supplement of the solid angle 
at the edge OcfJ3• thus the supplement of the angle cfJ3 of the spherical 
triangle (cfJ). whence GH = GP. cos (n - cfJ3) = - GP. cos cfJ3. 

Further we have GP=Q'IP, sin GQ'IP=Q'IP, sin (n-CfJz) = Q'IP. sin CfJ2' 
----+ 

So we find for the projection GH of Q'IP on 1['2;10: GH = 
= - Q'IP . sin CfJ2 cos cfJ3 = - ti sin CfJ2 cos cfJ3 ; therefore the projection 

----+ 
GH (= - HG) of Q'IP on 01['2;1 is: + ti sin CfJ2 cos cfJ3. 

or 

Hence the component C2;1 of OP along 01['2;1 amounts to: 

C2;1 = proj. OP on 01['2;1 = (proj. OQ'I + proj. Q'IP) on 01['2;1 = 

= OF + ti sin CfJ2 cos cfJ3 = t2 cos (CfJI -~) + ti sin CfJ2 cos cfJ3 

C2;1 =.tl sin CfJ2 cos cfJ3 + t2 sin CfJI' 

Finally we obtain for the component ZI along OfJI : 

ZI = proj. OP on OfJI = HP = GP sin (n - cfJ3 ) = ti sin CfJ2 sin cfJ3. 

So we have: 

ZI = sin CfJ2 sin cfJ3. ti' ~ ~ (1) 

C2;1 = sin CfJ2 cos cfJ3 . ti + sin CfJI . t2• l . 9) (2; 1) 

Z3 =cos CfJ2 . ti + cos CfJI . t2 + t3·) ~ (3; 21) 

In fig. 1 Z3' C2;1. ZI are represented by Ol. IH. HP respectively. 
The perpendicular OfJI on cfJ20cfJ3 meets the unity~sphere at ei th er 

of the poles fJ I of cfJ2cfJ3• and particularly at that pole. which lies with 
cfJI on the same side of cfJ2cfJ3. 

Constructing in a similar way the pole fJ2 of cfJ3cfJI and the pole fJ3 
of cfJl cfJ2 • the points fJ l • fJ 2 • fJ3 form the opposite triangle of that tri~ 
angle which is usually called the polar triangle of cfJI cfJ2cfJ3. Nevertheless 
we shall further on denote that very triangle fJ l fJ2fJ3 by "the polar 
triangle of cfJI cfJ2 cfJ3" 

I) The slgn; between the subscripts points out, th at the arrangement of these subscripts 
is relevant. Subscripts not separated by the sign; are permutable. 
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Expressing the angles of the spherical triangle (ifJ) in the sides Wa of 
its polar triangle (Q) by means of ifJa = :re - w. (a = 1. 2. 3). we obtain: 

Z\ =sin:2 sinw3 .tl. . Î 
'2;1 = -SID fT'2 cos w3 . tI + SID epI' t 2• ~ 

Z3 = cos ep2 • tI + cos epI • t2 + t3• ) 

~1 

I 

' ..... " I 

'~1 
I', " 

I '. " 

I " I • , 

" "i'1\ 1f ", W3·2 
I 0,. ~\ ,,'" , 

I " '!I,"~lo. ... "" 
I • - "' Q '---___ ~-1----f-- \ 

I : \ 
I 

f;9· 3 

9bis 

Prolonging the sides of triangle (Q) (which are acute in our sketches). 
Q2Q 3 meets ep2 at 'P3:2• ep3 at 'P2:3 ; Q3Q I meets ep3 at 'PI:~. epI at 'P3: 1 ; 

QI Q 2 meets epI at 'P2:\. ep2 at 'P1;2 (fig. 3). 
Each of the six triplets 

QI 'P2;1 ifJ3• Q2 'P1;2 ifJ3• SJ I 'P3;1 ifJ2• SJ2 'P3;2 ifJ l • Q3 'P1;3 ifJ2• Q3 'P2;3 ifJl 

determines a rectangular system of coordinates. The components of 
OP = r in these 6 systems are 

ZI '2; 1 Z3. Z2 '1:2 Z3' ZI '3;1 Z2. Z2 '3;2 ZI. Z3 '1;3 Z2. Z3 '2;3 ZI' 

The point n where OP cuts the unity~sphere. is the cam man image 
point of these 6 triplets. 

As sin ep2 sin ifJ3 equals the sine of the altitude of (ifJ) issuing from 
ifJ\. th is latter being the supplement of the altitude "Plof (Q) issuing 
from QI' we have 

s~n ep2 s~n ifJ3 = s~n ep2 s~n W3 = s~n 1p1' Î 
s~n ep3 s~n ifJl = s~n ep3 s~n W I = s~n "P2. ~ 
SID ep\ SID ifJ2 = SID epI SID W 2 = SID "P3' ) 

10 
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Hence we may write for z. : 

z. = sin 1J1 • • t. 11 
We now have: 

V A = V 1 - ~ - A~I - ).f2 + 2 A23 ).31 AI2 = ~ 
= ~ 1 - C~S2 CPI - cos2 

CP2 - cos2 
CP3 + 2 cos CPI cos CP2 cos CP3 = l 

= sm cp • • Slo 1J1.. (a = 1. 2, 3) ) 

12 

_ m _ cos CP2 cos CP3 - cos CPI_ ).31 AI2 - A23 _! 
COSWI--COS'PI- . . -V(l 12)(1 12)-

Slo CP2 Slo CP3 - 11.31 - 11.12 

~3_ I) sinw _~_ 
- V A 22 A33 1 - V A22 AH' 

13 

Putting 
Y23 = cos W I 

7bill 

and 

YII' Y12' Y\3 

r=ly",'l I= Y2I' Y22' Y23 6bill 

Y31' Y32' Y33 

with 
y",,= 1. Y",3 = Y1'l". Y;,'l < 1. 

we have. as a counterpart of 12. 

V r= ~ 1 - ~OS2 WI - cos2 
W2 - cos2 

W] + 2 cos WI cos W 2 cos W] = 1 12bill 
= Slo W. Slo 1J1. (a = 1. 2. 3). I 

and. as a counterpart of (13). 

ra cos W2 cos W 3 - cos W I 
cos CPI = - cos J~ I = . ' . 

Slo W2 Slo W] 

~3 . vr 
V . Slo CPI = Vr. r. . r n r]] 22 ]] 

wh en ce the mutual relations between rab and A.b 

)'ab= 'A A V .a bb 
13tu 

The magnitude rab is the total coefficient of correlation between ta and tb· 

Moreover : 

A'I. = sin CPI sin CP2 sin cp] • sin 1J11 sin 1J12 sin lP3 = 

thus 

and 

= sin2 
CPI sin2 

CP2 sin2 cp] • sin w l sin W2 sin w]. 

r al. = sin CPI sin CP2 sin cp] • sin2 WI sin2 W2 sin2 W3 ' 

.11'1 • • r' j, = sin CPI sin CP2 sin CP3 • sin wl sin w2 sin w]. 

vr=. .A. 15 
Slo CPI Slo CP2 Slo CP3 

I) .tab denotes the minor (algebraic complement) of Àab in the determinant A. 
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A and r being of the 3rd order. we have also (annexe to 7 and 7bis) 

sin CPI = V l-À~3=VAII . sinq:'2 = V I~Àfl-=v A22 • ( 16 

sin CP3 = Vf-=-Àî2=VA 33 • ~ 
sin (VI = V l-I'~3=V rIl' sin w 2 = Vl----yft =V [~2. ) 

~ 16bis 
sin co3 = VT=rr~ = V r 33 . ~ 

or. summarized. 

sin cp. =VA •• sin co. = 1/ I:. (a = 1. 2. 3) . 16ter 

We can now put the equations 9bis - by means of 7. 11. 13 (13ter). 
16 - into the form: 

(I) 

9ter (2; 1) 

(3; 21) 

By summing up the squares we easily regain the expression 5 for f. 
We may observe. that ZI is a (Iinear) function of tI' C2; 1 of tI and 

t2• Z3 of tI' t2 and t3. 
Moreover: 

O(ZI' C2:1. Z3)=dz l . OC2:l. aZ3=(~)'/'XA~/iX 1 =VA. 
a (tl. t2• t3) dtl dt2 dt3 All 

whence. by passing from the variables tI' t2• t3 to the variables ZI. C2: I. Z3: 

VA. dtl . dt2 • dt3 ~ dZ I . dC2:1 . dZ3 • • 17 

EvidentIy V A . dtl . dt1 • dt3 represents the element of volume dV 
expressed in the skew coordinates tI. t2• t3 : 

dV = VA. dtl . dt2 • dt3 ~ dZ I . dC2:1 . dZ3 . 17bis 

So we may put the infinitesimal probability dW into the form: 

1 ('+ ." + Z'I dW=Vnje- " ~': ' " dz l · dC2:1. dZ3 18 

Putting in general 
p 

V;;.fe-p'dp= e IPI. I) 19 

-00 

and further: 

el zll = SI 20 
we obtain besides for dW the formula: 

dW = de I ZI I . de I C2: 1 I . de I Z31 = dS I . do2; I • dS3. 21 

and likewise 5 analogous expressions. 

I) Cf. the footnote 3) on page 793. 
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In order to isoJate two of the variabJes. e.g. ti and t2• we must keep 
ti and t2 constant (with the ranges dtl and dt2 ). Integrating now dW 
over t3 (from - 00 to + 00) we obtain the probability of the set ti' t2 

(with the ranges dtl' dt2). t3 being arbitrary. 
Now the integration over t3 (with ti and t2 constant) may be repJaced 

by that over Z3 (from - 00 to + 00). 

+00 

On account of .J'de I Z31 = e 1+ 00 1 = + 1. we get: 

z:\=- 00 

Probability of the set tJ' t2 (ranges dtJ. dt2). t3 being arbitrary : 

d w-del 1 delC 1- 1 e-(zï+C?,) dz dC (3) - Zl ' 2: 1 --;; -.: J' 2:1· . 22 

We might have obtained th is same infinltesimal probability. if we had 
started with the division f= z~ + ~~ : 2+ Z~; hence this other formuJa 
for d(3)W: 

1 (" ') d(3) W = de I z21. de I CI:21=-e- Z' +": 2 dz2 • dCI;2. . 22bis 
1l 

The magnitudes Zl. Z2. C2: J • Cl : 2 being independent of Z3. we may 
express both the differentials d(3) W in terms of ZI and Z2: so we obtain : 

d W-!.e-(zi +~U OC2:1 dz dz =!.e-(z~+ ~f.,) 0'1:2 dz dz 22ter (3) - ';:" ,. 2 • ;:, • ,. 2. 
1l UZ2 1l uz, 

whence 

and generally : 

_ (zl + ~2 ) OCb:a _ _ (z' +~. ) O'a:b e a -b:a ---e b -a:b --
OZb aZa .' 23bia 

In order to isoJate one of the variabJes. e. g. ti. we must keep t, 
constant (with the range dtJ ). t2 and t3 being arbitrary. Then we obtain 
the probability of the value tI (with the range dtJ), t2 and t3 being 
arbitrary. RepJacing the integration over t2 (witb t, constant) by that 

+00 

over C2: I. and taking account of J del '2: I1 = e 1 + 00 I = + 1. we 

arrive at: 
Probability of the value tI (range dtd. t2 and t3 being arbitrary: 

1 I 
1 ., 

d(23) W = de Z I = V1l e- Zj dz, 24 

If a three-dimensional frequency distribution. given by the empirical 
data: 
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shall be in accordance with the probability formula 4 (5. 6). it must be 
possible to construct ~ by means of 24. 22. 21 ~ three functions 
ZI' '2:1. Z3' which are connected with the variables ti. t2• t3 by the relations 
9ter. The coefficients of the relations 9ter having been determined. the 
constants 2.b on the one hand and the coefficients of correlation rob on 
the other. can be calculated. 

The construction of the function ZI out of 24 is performed by equalizing 
the theoretical probability of: [tl < ti (kl)' t 2 and t3 arbitrary J. resulting 
from 24. to the empirical value of this probability. deduced from 25. 

For this probability SI (kl) of: [tl < ti (kl)' t2 and t3 arbitrary] we find: 
theoretically: 

t, (k,l 

SI (kd Jd(231 w= e I ZI (kl) I. 

empirically: 

Hence we obtain (putting successively k l = 1. 2 ....• vI-I) vI-I pairs 
ZI. ti I). 

If the frequency distribution I Y; ti. t2 • t3 1 really corresponds to the 
formula 4 (5. 6). it must appear. that the values ZI (kl) resulting from 

k. ",I~ "ol :! 

I I I Y (i l
• i2

• i3
) [ ( A )'1.. J el ZI (kl) 1 = SI (kl) = i,=1 i,= 1 i,=~ ZI (kl) = A; -. ti (kl) _ • B(I) 

are proportional to the associated va lues ti (kl)' 
The function C2: 1 might be constructed. if the empirical treatment 

enabled us to give an infinitesimal range to the variabIe ti' Then we 
could determine the empirical probability of ti = ti Ud with the range 
dt l • t2 being < t2 (k2). t3 being arbitrary. 

Putting 

dj, A! zll = e! ZI Ud 1- e! ZI UI) - dzll. 

the theoretical expression of this probability is 

d el 1 elf" (. k)1 h r- (- k)_-A21.tIUI)+AlI.t2(k2) 
i, ~ I ZI ." I ~2;1 }J. 2 • W ere "2;1 JI' 2 - VA 

II 

The least range however we actually can take for ti is the class~ 
interval 6tl = ti (kl) - ti (kl-I). so that the corresponding ZI lies between 
ZI (kl-I) and ZI (kd. Thus we must operate with a finite difference: 

6 k, e ! ZI 1 = e ! ZI (kd 1 - el ZI (kl -1) I. 
') The values of XI corresponding to ZI = - 00 and ZI = + 00 are essentially undeter

mined; they need not coincide with the extreme class-limits (see S.c. Ia. Dutch text p. 793. 
English text p . 803). 
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Then it is necessary to take for the function C2;1 (JI' k2) a value. 
computed by substituting for ti (Jt) a certain mean value between 
ti (kl-I) and ti (kl)' Denoting this mean value by ti (kl-t). we have: 

Probability of [tl (kl- I) < ti < ti (kl)' t2 < t2 (k 2). t3 arbitrary]: 

6.k, e IZII. e IC2;1 (kl -t. k2)1· 
Considering now the probability of [t2 < t2 (k2). t3 arbitrary. being 

given that ti (kl- I) < ti < ti (kl)]' we find for its theoretical value: 

a2:1 (kl - t. k2) = el C2; 1 (kl-t. k2) I. 

where ,. (k _ -L k ) - - A2' . ti (kl - i) + AI I • t2 (k2) 
.,2;1 1 2' 2 - V A" 

The empirical value of this very probability is found to be 

So we find. equalizing both expressions for the: 
Probability of [t2 < t2 \k2). t3 arbitr .• being given: ti (kl- I) < ti < ti (kl)]: 

.i 1 Y(k l • i2• i3) I 
el C2;1 (k, - t. k2) 1= a2;' (kl - i. k2) = i"':,' i3:1 • 

I I Y(k l • i2• iJ) . B(2: I) 

,. (k _ -L k) _ - A 21 • ti (kl - i) + A:~~ ;~;k2) , 
where .,2;1 1 2' 2 - VA 

" 
If we succeed in determining exactly the mean values ti (kl - t) 

(k, = 2 ..... "1-1). it must appear - provided that the given frequency 
distribution be in accordance with the probability formula i (5. 6) -. 
that the values of C2;' (kl - t. k2) computed from B(2: 1) are linearly 
dependent from the corresponding values ti (k l - i). t2 (k2). In this case 
we can calculate the required values of J..b and r.b from the coefficients 
of the linear functions ZI = al t,. C2;' = al ti + a 2 t2• However we must. 
before making th is calculation. ascertain whether the variables t. are 
really unimodular. To test this we have to consider the function ZJ. 

To construct the function Z3 empirically. we should be able to give 
- also in the empirical treatment - an infinitesimal range. not only to 
ti' but also to t2• Then it would be possible to determine the empirical 
probability of; [t, = ti (jl) (range dt,). t2 = t2 (h) (range dt2). t3 <t3 (kJ)]' 

Putting 
ditj, e I Cu I = e I C2;1 (J,.h) 1- e I C2;1 (JI.h) - dC2;11. 

this probability is theoretically expressed by 

dj, el ZI I· dj ,i2 e I C2;,I· el Z3 UI.h. k3)! 

where 
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Actually we must operate with the finite ranges 6tl=tdkl)-tdkl-i). 
6 t2 = t2 (k2) - t2 (k2 - i) and with the corresponding finite ranges 6 ZI' 
6 C2;1. 

50 we have (besides 6k , el ZI I) to consider: 

6 k , k" e I C2;ll = e 1 C2;i (kl - t . k2 ) 1- el C2;1 (kl - t. k2 - i) I· 

We must therefore take a value of the function Z3 (jl.h. k 3). which 
is computed by substituting for ti the value ti (kl - t l (mentioned already 
above). and for t2 a mean value t2 (k2 - t ) between t2 (k2-i) and t2 (k2) . 

50 we obtain for the 
Probability of: 

[tl (kl - i) < ti < ti (kl)' t2 (k2 - i) < t2 < t2 (k 2)· t3 < t3 (k3)] : 

6 k, e I ZI 1 . 6 k, k, e I C2; 1 I . e 1 Z3 (kl - t . k2 - t . k3) I· 
Hence the probability of r t3 < t3 (k3). being given: ti (kl-i) < ti < ti (kl)' 

t2 (k2-i) < t2 < t2 (k2)] has for its theoreticaL value : 

S 3 (kl - t. k2 - t . k3 ) = e 1 Z3 (kl - t . k2 - t . k3) I. 
wh ere Z3 (kl - t. k2 - t. k3) = À31 . ti (kl - t ) + À23 • t2 (k2 - t ) + t3 (k3)· 

lts empirica I value is found to be 

By equalizing both expressions for S3' we have for the 
Probability of: 

[t3 < t3 (k3). being given : ti (kl-i) < ti < ti (kl)' t2 (k2-i) < t2 < t2 (k2)]: 

l ' Y(k l • k2 • i3) 1 
el Z3 (kl - t . k2 - t . k3) 1 = S3 (kl -t. k2 - t . k3) = i ,: 1 • B(3; 21) 

~ Y(k l • k2• i3) \ 

where Z3 (kl - t . k2 - t . k3) = À31 . ti (kl - t ) + À23 • t2 (~'~~ t ) + t3 (k3) 

If we succeed in determining exactly the mean values ti (kl - t) and 
t2 (k 2 - t ). then it must appear - provided that the given fr~quency distrib
ution be in accordance with the probability formula 4 (5. 6) - that the 
values of Z 3 (kl - t . k2 - t . k3) computed from B(3; 21) are linearly con
nected with the corresponding values ti (kl - t ). t2 (k2 - t) . t3 (k3 ) . 

If ti' t2 • t3 are really unimodular. then the linear re\ation 
Z3 = AI ti + A 2 t2 + A 3 t3 must give: A3 = 1. AI and A 2 equal to the 
values ),31 and À23 already calculated from the coefficients al' al' a2 ' 

In the preceding analysis we have chosen the arrangement ZI.C2;I,Z3: 
that is to say : we have first left t2 and t3 arbitrary. then only t3 (and 
at last none of the ta). We may however just as weIl leave arbitrary: 
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first t. and t3• then only t3 • This arrangement furnishes us the new 
functions Z2 and '.:2. Z3 remaining the same. 

Z2 is. as a function of t2• determined by associating Z2 (k2) with t2 (k2) 

according to 
'1 1 Ic'!, 'J:l 

I I I Y(i l • i2, i3) 

e I Z2 (k2) I = 52 (k2) = i,=1 iFI i3=IN B(2) 

'1:2 is. as a function of tI and t 2• determined empirically by associating 
'1;2 (kl ' k2 - t) with t I (kl)' t 2 (k2 - t) in virtue of the relation 

k t 'J3 

I I Y (il' k2 • i3) 

el '1:2 (kl' k2 -t.) 1= 01 :2 (kl' k2 - t) = 2/' =--'> I:....:;i;-,---.:....I ----
, 3 

I I Y (i l • k2, i3) 
;1=1 ir 1 

. B(I:2) 

Provided the mean values asked for be determined in the right way. 
we shall find. between Z2. '1:2. Z3 on the one hand and tI' t 2• t3 on the 
other. the relations 

Z2 = (~2}'"' t2 • (2) 

r _ A 22 • tI - A I2 • t2 9ter (1: 2) 
0,1:2- VA

22 

Z3 = ).31 • tI + ).23 • t2 + t3 • (3: 12) 

which evidently must furnish the same values of ).ab and )'ab as before. 
Putting 

26 

we must find 

27 

since both q2: 1 and ql :2 must represent the projection OH of OP on 
the plane ([>2 0([>3' 

From 9bis (I). 9bis (2: I) we derive for the common value q~2: 

qî2 = sin2 
qJ2 • ti - 2 cos w 3 sin qJI sin qJ2 • tI t2 + sin2 

qJI • ~. 

Moreover we find from 9bis (1). 9bis (2: I) and from the corresponding 
equations 9bis (2). 9bis (I: 2): 

ZI Z2 - '2: 1 '1;2 = cos w3 • qî2 • ZI CI:2 + Z2 C2: 1 = sin w3 • qî2' • 28 

wh en ce 

t 
ZI '1 :2+ Z2 C2: 1 

9 W3= 
. ZI Z2 - '2:1 '1 :2 

29 

The equations 28 and. in particular. the equation 29. which is inde
pendent of the concordance between ql:2 and q2: I . immediately furnish 
w 3• hence also the (total) coefficient of correlation )'12 = cos w 3• 
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Por Op2 we obtain two expressions. viz.: 

r2 = Z2+ J-2 +Z2 = q2 +Z2 and r2 = Z2+'2 +Z2 = q2 +Z2 30(2: I) (I: 2) 
2: I I ~ 2: I 3 2: I 3 I : 2 2 I: 2 3 I: 2 3 

which turn out to be equaI. if 27 is satisfied. 
lf we had operated with the arrangement ZI. '3:1. Z2. we should have 

obtained for Op2 a new expression. viz. : 

30(3;1) 

the value of which should be equal to the values furnished by 30(2;1)(1;2). 

Por the magnitudes qb: •• determined by 

Z; + 'L = q~:. (a. b = 1. 2. 3) . 

we have therefore together the three controlling equations: 

q.:b = qb:8 (= q.b) (a. b = 1. 2.3) . 

Putting 

Z. Zb - 'boa '.:b == A.b 

we have. analogous to 29. 

Bab 
tgwc=-A . 

ab 

C 

la 

D 

Leaving i t unsettled whether q.: b is equal to qb : a or not. yet we have: 

Aab 
cos Wc = V (A 2+ B2 ) 

ab ab 

Now 

A;b + B;b = (Za Zb - 'boa 'a:b)2 + (Z. 'a:b + Zb 'b:a)2 = 

= (Z; + '~; a) (Z~ + ';;b) = q~:a . q;;b' 

Hence we have - no matter whether qb;a = q.:b is satisfied or not -

Aab 
rab = cos Wc = ---- . 

qb;a. qa;b 
V-I -2 . B.b 

-rab=Sln W c =---, 
qb;a . qa;b ( 

(
cos W...;.. > 0). ~ . 

Aab , 

V-2 I-rab Bab 
=tgwc =A-

rab ab 
Putting 

we mayalso write: 
A.b 

rab = cos Wc = Q2 ' 
ab ~ 

V-I -2. Bab 
-rab = sIn Wc = Q2 • 

ab 

VI-r:b _ _ Bab (cos Wc >0) ~. ----tgwc-- - - -
rab Aab Aab 

E 

Cbis 

Ebis 

In the case that qb: a = qa: b (= qab) is really satisfied. we have of course 

labis 
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At present we can put r2 = Op2 into a form, whïch is entirely built 
up of the functions Za' eb: a (a. b = I, 2, 3). 

From 5, 7, 11, 12bis, 13bls ensues: 

3 Z2 3 Z3 Z 
= ~ . 2 a + 2 ~ cos !pa. ' :-

a=1 sm "Pa a=1 sm "P/3 sm "Pr 

3 3 

2 sin 2 Wa . z; + 2 2 sin w,; sin wr cos ?)a . z/J zr 
a=1 a=1 

r 
or 

3 3 

2 sin2 Wa . z; + 2 2 (cos WI' cos Wr - cos Wa) Z(' Zr 
f= a=1 a=1 31 

1 - cos2 W I - COS2 0)2 - COS 2 0)3 + 2 cos W I cos W2 cos W3 

Substituting, in the denominator I: for cos WI' cos W2' cos W3 the 
expressions furnished by Ebis, we obtain: 

3 

~ Q~3 Qjl Qt2- a~ A~r Q;a Q!/> + 2 A 23 A31 A I2 Q~3 Q;I Qî2 

Q~3 Qjl Qt2 

or, putting: 

the abbreviated form: 

r- Flz, 'I 
- Q~3 Qjl Qt2 . 

Likewise we find for the numerator of r2 : 

~ B~r 2 + ~ (Ara Aa,. _ A,3r) _ _ 
'" Q4 . Za '" Q2 Q2 Q2 Z,' Zr -

a=1 ,'''I a=1 ra a,' ,3"1 

3 3 

a:1 B~r Q;", Q!" . z; + Q~3 Q;I Qî2 'a~ (Ara Aa,; Q~r - A h Q;a Q;,,) Z/3 Zr 

or, putting: 

3 

Q~3 Qjl Qi2 

~I B~'r Q;a Q!,9 . z; + ? 

+ 2 Q~3 Q;I Qî2 at (Ara Aa;, Q~r - Ah Q;a Q~,9) Z/3 Zr - G I z, 'I,~ 
G 
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the abbreviated form: 

Glz. ~l 
numerator = Q1 Q1 Q1 . 

23 3\ \2 

The forms F and Gare entirely built up of the functions Za. ~a: b 

(a. b = 1. 2. 3). 
Thus we find for Op2 = (2: 

(2 = ~II:.;/ - _ -0 H I z. Cl . . . . . . . H 

If the conditions Ia are fulfilled (whence Qab = q.b. a. b = 1. 2. 3). the 
functions z\. Z2. Z3 must satisfy 

Z~ = H I z. ~ I - q~3' Z~ = H I z. ~ I -- q;l' Z; = H I z. ~ I - q~2 Ib 

(Ta be cantinued). 




