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(Communlcated at thc meeting of November 30. 1929). 

1. As is weIl known. OSEEN has given the hydrodynamical equations 
in a form. especiaIly adapted to the treatment of problems. concerning 
the disturbances. caused by the pres en ce of a body or by the action 
of a system of external forces. in a stream of fluid. moving originaIly 
with the constant velocity V. OSEEN has shown moreover that these 
differential equations can be transformed into a system of integral 
equations (or more exactly integro-differential equations). and much 
attention has been given to the question whether the latter equations 
can be solved by means of the method of successive approximations. 
This question becomes of the greatest interest when we go to the limit 
of vanishing viscosity (or. what comes to the same thing. of an infinite 
Reynolds number). as in that case we come to the problems that are 
of most importance in technical applications. I) 

Until now most attention has been given to the investigation of the 
limit to which the first approximation tends when the viscosity goes 
to zero. The results then obtained show some particularities. weIl cor­
responding with the results of experimental observEtions. whereas in other 
respects they still differ much from reality. On account of the disconti~ 
nuities which arise in the solution when the viscosity vanishes. it is not 
easy to start from this limit in order to derive a second approximation. 
It seems necessary to calculate the second approximation before we go 
to zero viscosity. 

Now the investigation of the flow around a body is a problem of 
the utmost difficulty on account of the complicated boundary conditions. 
to which the solution is subjected. So it seems worth while to consider 
in some detail the much simpIer problem of the flow caused by a given 
system of external forces in an unlimited field. In that case moreover 
we have a greater freedom. as we may choose the intensity of the 
forces arbitrarily great or smal!. a freedom which of course is missing 
in the case of the flow along a body. 

I) A clear exposition of OSEEN's researches is to be found in his book .. Hydrodynamik" 
(Mathematik in Monographien und Lehrbüchern. herausgeg. von E. HILB. Bd. I. Leip2:ig 
1927). 
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From the technical standpoint the most interesting problems of this 
kind are the case of a system of farces directed parallel to the direction 
of the general flow. and acting in the points of a surface. perpendicular 
to the flow - which in fact represents the .. actuating disc" of the 
e1ementary theory of the propeller. as developed by R. E. FROUDE; I) 
and the case of a system of farces. acting in the points of a surface 
parallel to the flow. and directed normally to the latter - analogous 
to the lifting surface. considered in the theory of aeroplane wings. 

In this paper we propose to consider the first case; we shall suppose. 
that forces of constant intensity f per unit area act in the points of a 
disco defined by the equations: Xl = O. X22 + X23 ::::; a 2 (a being the 
radius of the disc; the axis OXI is parallel to the direction of the general 
flow). In this case the configuration of the field depends on two charac~ 
teristic numbers: the specific loading of the di sc fle V2 (e being the 
density of the fluid). and the Reynolds number R = 2a V/v (y: the 
kinematical viscosity). 

We shall not come to a full investigation of the results of the succes~ 
sive approximations. and shall limit ourselves to an exposition of the 
first steps of the process. These steps. however. reveal same interesting 
particularities in connection with the question. whether the surface of 
discontinuity. as given by the solution of OSEEN's equations for v -+ O. 
will coindde with the boundary of the slipstream (see § § 7. 8). 

2. We shall denote the components of the velocity by V + UI. Ul' 

Ul; the components of the external farces per unit volume by XI' X 2• 

X 3 ; th en for the case of stationary motion OSEEN's equations have the 
farm: 2) 

e(v 6 Ui - v~)=àq -- Y j 

àXI àXj 

.I aUj =0 
j àXj 

(I) 

where: 
q = p + e g h + 1- e .I u2 

j ) 
(2) 

(p being the pressure and h the height of a point ab ave the earth's 
surface). while: 

(3) 

Introducing the function: . 
cp (s) =~fl - e-O: da 

k a 
(i) 

o 
I) R. E. FROUDE. On the part played in prop uI sion by differences of Duid pressure. 

Trans. Instit. Naval Archltects. 30. p. 390. 1889. Comp. further various text books and 
articIes on the theory of the screw propeller. 

2) C. W. OSEEN. p. 13. Eq. IIIb. 
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with k = V /2JI and 

s = k (r - XI + ~.). 
and the tensor: 

(
di' = 0 (i -::f j) ) 

J <1 (i=j) 
(5) 

the equations (1) can be integrated in the form: I) 

Ui = 8:veJfJd~1 d~2 d~3 {tij Yj (6) 

Por the purpose of calculation it is convenient to decompose the 
solution into two parts. one part representing an irrotational motion. to 
be derived from a potential q;. while the other part represents amotion. 
possessing vorticity. This is obtained when we put: 

U, = V, + àq;/àxi . (7) 

where Vi • q; are defined resp. by: 

(8) 

(9) 

(10) 

3. In order to come to a first approximation to the solution we neglect 
the terms yi. which dre of the second degree in u;. and replace the yi 
in formulae (8) (9) (10) by the corresponding Xi' In our case the X, re­
present the system of surface forces. defined in § 1. 

It is easily to be seen that this system of surface forces gives a 
discontinuity in the distribution of the pressure. This is actually ob ser­
ved in the case of a propeller. where the mean pressures just before 
and behind the propeller disc differ by an amount. depending on the 
loading. We shall come back to the determination of the pressure af ter­
wards. and begin with th at of the velocity. 

As we have: X 2 = X 3 = 0 we deduce from equation (8) that V2. V3 

are zero. while the expression for VI takes the form: 

(11) 

I) C. W . OSEEN. 1. c .• p. 36. Eq. II1d. with omission of the terms relating to the 
boundary F . 
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As further: à tPld XI = - (1 - e -.) / kro we find for cp : 

cp=-- d~2d~3--=--CP*--1 IJ l-e-' f vv 
4:neV r 2eV V 

(12) 

where cp* denotes the potential due to a circular disc with constant 
charge 2 per unit area. This potential can be expressed by means of 
Bessel functions in the following way: I) 

'" 
cp* = a.f~l e- À Ix,1 /0 (lw) /1 (2a) (13) 

o 

where W = V X22 + X23' A corresponding formula can he given for 
the stream function. which can be transformed in various ways 50 as 
to get formulae convenient for numerical calculations. At the surface of 
the disc we have: 

(
àcp*) 
dx _ =+ 1. 

I x,--o (
àCP*) - --1 
àXI x, =+o-

(14) 

acp* =_~ [K(W) _ E (W)] aw :nW a a 
(15) 

where K. Erepresent the complete elliptic integrals. 2) 
4. We now come to the determination of v. Prom the point 

p (XI' X2' X3) we draw a perpendicular to the plane OX2X3 ; let N (0. X2' X3) 
(x.) he the footpoint of this perpendicular 

(comp. fig. 1). If Q (0. ~2. ~3) denotes an 
arbitrary point of the area of the disco 
we write ~2-x2=a cosf3'~3-x3==a sinfJ. 
Then in the integral (11) d~2 d~3 can he 
replaced hy a da df3. As r. the distance 

from P to Q. is equal to V XI 2 + a2• 
we have a da = r dr; hence: 

v=_f_}df3 ('dre- kIr-xi). 

4:nve J 
The integration according to dr can 

Fig. I. he effected. and it will easily he seen 
that both for the case wh en N lies in the interior of the disc 
area. and for the case when it lies outside of it. we may assume that 

I) Comp. H. LAMB. Hydrodynamics (Cambridge. 1917). p . 131. Art. 102. 20. 
2) The latter expression becomes (Iogarithmically) infinite at the boundary of the disc; 

th is might be obviated by supposing the forces f to diminish to zero when we approach 
to this boundary. which would imply some changes in our formulae. For our further 
considerations this point. however. is of small importance. 
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the point Q (for constant fJ) moves from N to a point A on the boundary 
of the disc ; then we may write for v: 

v = _ f_ fds dfJ [e-k(lx,l- x\) _ e-k(r'-x,)] 
2 nt! V)' ds 

(16) 

where ds denotes an element of the contour of the disc and ,.' the 
distance of this element from P. In the first case mentioned fJ increases 
by 2n as ds moves around the whole contour; in the second case it 
oscillates between two limits. 

We shall suppose that the Reynolds number R is large. Then we 
introduce the surface : 

(17) 

where M represents a fixed number. This surface is obtained by the 
rotation of a parabola around the axis OXt (comp. fig . 2); the focus of 

i~ 

f~:=--=~~:~- -____ ID ----- - - -- -- - --
I 
I 

TI I a 
I I 
10 

\ 
\ 
\ \ m ----------------------------------

TI 
Fig. 2. 

the parabola lies in the boundary of the disc (points A. B) and its axis 
is parallel to OXt . It can be shown that for all points outside of this 
surface the quantity k(r/_Xt). which occurs in the exponent of e in the 
second term of formula (16). is greater than M. 50 that. wh en we choose 
for M say 5 or la. the term e-k(r'-",) may be put equal to zero with 
sufficient accuracy. In that case we get : 

v = _ t _ e- k (lx,l- x,) Ids dfJ . 
2neV J ds 

When we divide the who Ie of space into the four parts I. Ia. 11. 111. 
as indicated in fig. 2. we get: 

for points within 11: 

within I: 

within Ia: 

v=O. 
_ f 

v-eV' 

V - L e2kx, -eV . 
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When we restrict ourselves to that part of the region 111 which lies 
not too far from the disc, 50 that the thickness of the parabolical mantie 
is still small compared to the radius a, then jn the calculation of the 

integral J~s ~~ e-k(r'-x,) we may neglect the curvature of the boundary of 

the disc, and use the approximation (comp. fig. 3 for the definition of 
the angle (J): 

I _ V 2 + (a - ur)2 
r - x( 2 {J . cos 

Fig . 3. OAo = a, ON = ur, NAo = a-ur, NA - (a-UJ)/cos (J. 

We then have for 'W < a: 

and for 'W > a : 

"'1, 
v = ~L. ~ rdfJ e-k(r'-x/) 

eV n.l' 
o 

5. According to formula (7) we now have: 

àcp v dV f dcp* 
u( =v+ - =v---+-- - -

dx( V ox( 2eV àx( 

and further, writing Uw for Vul + ul~ 
u _ - àcp __ ~ àv + _f _ dcp* 

W - àW'- V dur 2eV dx( . 

Making use of the expressions found for v, we obtain : 

within region I: 
v dv f v---- - · 

V dx( -eV' 

within regions la and 11 : =0 ; 

~-o à'W' -

=0. 

(19-) 
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Hence we see that - apart from the general velocity V of the ori­
ginal flow - in the regions la and 11 we only have the motion de6ned 

by the potential 2{ V cp*; in the region I we besides have a constant 

velocity (} ~ superposed on it. As at the surface of the disc cp* shows 

the discontinuity given in (14). we see that the resultant motion is 
continuous here. 

The distribution of the velo city within the reg ion 111 is given by more 
complicated expressions. which for the present we shall not consider. It 
is of interest. ho wever. to calculate the vorticity within this region. The 
vortex lines are circles having the axis OXI as their common axis; the 
vorticity (directed along the tangent to these circles) is given by: 

àv 
Wtorw=-à'W (21) 

Taking r' as the variabie according to which is integrated in formulae 
(l88

) and (18b). we can transform the expression for W into an integral. 
known from the theory of Bessel functions. In this way we obtain: 

W = _f_ ekxt Ko (k V X2 + ('W - a)2) (22) 
2nv(} 1 

where Ko denotes a Bessel function of the second kind; I) this expression 
5 va lid both for 'W < a and for 'W > a. 

The upper part of 6g. 4 gives a picture of the 6eld determined by the 

--- L 
-'-'-'-'-'- --- --------Lm 

Plg. i. 

1) Comp. f.i. À. GRAY, G. B. MATHEWS and T. M. MAC ROBERT, Bessel functIon! 
(London. 1922); the formula to be applied is given on p. 50, eq. (29). The Bessel function 

Ka (x) is denoted by ~ HgJ (ix) in JAHNKE-EMDE'S Punktionentafeln (Teubner 1909). 
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components UI' Uw for the case R = 00. When R has the value 16.000, 
the streamlines have to be altered within the shaded area only 
(M being taken 10); the discontinuities at the cylindrical surface 
'W = a then make place for a continuous change of direction. In the lower 
part of fig. 4 the boundary of the slipstream is indicated, which is 
obtained when a constant velocity V is superposed on the field of the 
upper part; the value of tie V2 has been taken equal to 2. The form 
of the line B' BBN is to be derived from the equation: 

v av 
For great values of Reynolds number the part - V à'W in 

(23) 

Uw is of 

small importance compared to the part depending on cp*. Then Uw is 

negative. Wh en e ~2 is smal!, we may write the integral of (23) in the 

approximative form: 

'W = a +.tt~ dXI (24) 
o 

wh ere for U w we may use the approximate value: 

f (àCP*) 
Ur;} ~ 2 V à'W e r;}=a 

This expression is independent of Reynolds number. On the other 
hand, as this number increases, the "vortex man tie" (i.e. the region 111) 
is concentrated more and more into the cylindrical surface 'W = a (XI > 0). 
Hence wh en in the first approximation we go to infinitely great values 
of R, the vortex mantIe does not coincide with the boundary of the 
slipstream. 

Formula (10) gives us for q: 

(25) 

Making use of (14) we see that q - and in consequence also the ordinary 
pressure p -- has a discontinuity of the amount f at the surface of the 
actuating disco In the rest of the field q is continuous. As UI' however, 
is discontinuous along the cylinder LV = a (XI > 0), when we make R 
infinite, this would imply a discontinuity for p along that cylinder. 

6. In order to obtain a second approximation, we calculate the 
quantities yi defined in (3) from the values of Ui given by the first 
approximation. These quantities yi represent the vectorial product of 
the velocity into the vorticity, multiplied by the density of the fluid. 

83 
Proceedings Royal Acad. Amsterdam. Vol. XXXII. 1929. 
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They are zero everywhere in the regions I. Ia. I1 ; where the vorticity 

is zero. In the reg ion III we find. writing Yw for V y22 -+ y
2
3 (so that 

Yw- denotes the component directed radially outward from the axis OXI): 

YI = + e ur.r W • Yr.r=- e UI W (26) 

Some insight into the influence of the component Yw can be get 
already. wh en we replace the actual distribution of Yw through the 

region III by a surface distribution of the intensity f'w = J~'W Yw on 

the cylinder 'W = a (XI > 0). 
Wh en in (26) we insert the value of U I' given by (19") and observe 

that àvJdx changes sign at the same time with a-'W. whereas w is an 
even function of a-'W. we obtain : 

, -f' - f2 ~ (à IP*) t fr.r -:- d'W Yr.r - - 2e V2? 1 + OXI r.r =.' (27) 

A system of surface forces of this kind gives rise to a field of motion that 
can be decomposed in the way as indicated in formula (7). For our 
purpose the most interesting part is v'. which gives ri se to rotational 
motion. For not too great values of x. we get this motion only within 
the region lIl. and in calculating the component v' w we may neglect the 
curvature of the surface of the cylinder. In this way we get : 

+0-

v --- d~ f. da-, I} r e-' 
t;)" - -4 7(J'e I t;)" .. , r' 

-co 

where a denotes a tangential coordinate along a circle on the cylinder 

considered above. and r = V (XI - ';IF + ( 'W - a)2 + 02• while s = 
k (r - XI +';1) ' This integral can be expressed by means of the Bessel 
function Ka as follows : I) 

The vorticity calculated from this component has the value : 

àv' 
, t;)" 

w = OXI (29) 

Now the vortex mantle of the first approximation had the intensity 
(per unit length) : 

(30) 

I) Comp. A. GRAY etc. , l.c., p . 50, eq. (30) and the formula following it . 
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For the amount by which this intensity is changed in the second appro­
ximation we get. making use of some approximations for the Ko function: 

Hence the intensity becomes. when we make use of (27): 

1 - f [ f ~ (ocp*) ~J r + r - - 1 - - -- 1 + -
eV 2eV2 OXI tJ=a 

(32) 

As the mean velocity of the vortex man tie (taken over its thickness) 
differs only by an amount of the order f2 from: 

_ f ~ (àrp*) ~ 
Um

- V+ 2eV ~1 + àXI tJ=J 

we see that to the order of [2 we have 

Um (r + r'l = L = const. 
e 

(33) 

(34) 

This result coincides with the weIl known condition for a vortex 
layer in a stationary field I). 

The system of surface forces {'walong the cylindrical man tie at the 
same time gives a discontinuity in the quantity q. It is easily to be 
seen. however. that this discontinuity in q just annihilates the disconti­
nuity that would arise in p. wh en we should go to an infinite value of 
the Reynolds number already in the first approximation. 

7. In order to study the influence of the quantity YI it is not 
allowed to concentrate this force on the surface of the cylinder. as in 
that case we may get integrals that are no longer convergent. 

Now it foIIows from the formulae of § 5 that a distribution of surface 
forces of intensity 1 per unit area over a circular area defined by 
XI = ~I' xl + X3

2 
::::; 'liT

/2 gives rise to a distribution of vort ex motion. 
determined by the expression (compare eq. 22): 

Hence a system of forces. acting with the intensities YI dEI d'Ü!' in 

I) When in a stationary field of flow two regions of Irrotlltional motlon are separated 
by a vortex layer. we have in the first place to satisfy the condition that the normal 
component of the velocity at this layer has to be zero. whereas the tangential components 

u;. u;' on both si des of the layer have to fulfill the relation: (u;)2 - ( u;y = constant, 

in order that the application of BERNOULLJ"s theorem may glve a continuous distribution 

( ''') ,,, of the pressure. Putting Um = 1/2 Ut + Ut ' , ' ;: Ut - Ut' we get Um " = constant. 



1288 

the direction of the axis OXI in the points of the circ1es XI = ~I' 
xl + X32 = 'W"2. will give rise to a distribution of vortices. determined by 

, __ 1_J'dI:.Jd=r'1 k(x,-ç,) àKo (k V(XI-~1)2+ ('W'-'W")2) (35) 
w - 2 ~I w YI e ::''W'' • nve Ul 

The general aspect of the distribution of vorticity thus obtained shows 
a direction of rotation opposite to that of the vortices obtained in the 
first approximation in the points outside of the cylinder 'W' = a (XI> 0). 
whereas within this cylinder it shows the same direction of rotation as 
the original vortices. Hence the effect of the correct ion is to diminish 
the intensity of the vorticity outside of the cylinder. and to increase the 
intensity inside of it; th is can be interpreted as a tendency to a con~ 
traction of the vortex man tie. -- The total intensity per unit length of 

the additional vorticity. as defined by the integral .[dUf w'. has the 

value zero. 
We may get an estimate of the contraction mentioned by calculating 

the impulse per unit length of the system of vortices w'. The impulse 
of a vort ex ring of radius 'W' and intensity w'd'W' is given by the expres~ 
sion n e 'W'2 w' d'W'; inserting the value (35) and integrating. first with 
respect to d'W'. then with respect to d'ITT' and d~" and besides making 
use of some approximations for the Ko function. we get with sufficient 
accuracy for our present purpose (for nottoo great values of XI): 

J' = 2n faJ~'u) de V2 r.; r.;=a I 
(36) 

o 

where for Uw we may use the approximate value (248
). As the impulse 

of the vortex layer in the first approximation had the value (per unit 
length) n (! a 2 y = n a 2 fI V and as the intensity per unit length is not 
changed by the addition of w'. we may calculate the change da of the 
"equivalent radius" by means of the formula: 

This gives us: 

d (na 2f/V) = 2 na da flV = J'. 

_ J'V _Jx'(ur.;)r.;=a 
da- 2naf- ---v-d~" 

o 

(37) 

It is easily to be seen that this .. equivalent radius" may be considered 
as the distance of the .. centre of gravity" of an element of the vortex 
layer from the axis Oxi . Comparing the result given by (37) with that 
of equation (24) we see that the .. equivalent radius" of the vortex layer 
in the second approximation has just the value it would have obtained 
wh en the vortex layer was concentrated wholly along the boundary of 
the slipstream. 
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8. Our survey of the corrections obtained from the second approxi­
mation is still very incomplete. especially as we have not considered the 
change produced in the potential gJ. However. judging by the results 
of §§ 6. 7. it seems allowed to state that for great values of Reynolds 
number there are some tendencies to approach to the picture of the 
motion. which is to be expected on general grounds. The intensii yper 
unit leng th of the vortex layer becomes inversely proportional to its 
mean velocity : the pressure becomes continuous ; and the distribution of 
the vorticity over the thickness of the layer is changed in such a way. 
that the "centre of gravity" of an element of the layer falls in the boun­
dary of the slipstream. 

But wh en now at on ce we should draw the conclusion that the vortex 
layer for R .... 00 coincides with the boundary of the slipstream. we 
might make amistake. When in the second approximation we go to 
R .... 00. keeping f / e V 2 constant. we get again the vortex layer on 
the cylindrical surface 'W = a (XI > 0). combined with a vortex double 
lager of such an intensity. that the system as regards to its impulse is 
equivalent to a vortex layer. lying on the boundary of the slipstream. 

Until now we have limited ourselves to the consideration of the first 
and second approximations. In order to obtain the successive approximations 
in regular order. it is advisable to write the solution in the form of 
series proceeding according to powers of fle V2; then the successive terms 
of these series can be obtained from equation (6) one af ter the other. It 
would seem that the terms of these series will show singularities for 
R = 00; it is weil possible. however. that the series rest summabie in a 
certain way and that their sums will represent the real motion with 
a vortex layer coinciding with the slipstream boundary. 

That such a behaviour of the series is not wholly improbable may 
be seen from the following. much simplified example. We shall suppose 
that the various terms of the series for the vorticity I wIn) are obtained 
by means of the formula (compare formulae 35 and 26): 

(n) __ 1_ rd~Jd'Wl u w(n-I) eh (X,-Ç,) oKo (k V(;-X-I_~~I"7':)2=-+~(''W-_-'W----;:-::/)2) 
w - 2 ltV .l ( 1 t;J O'W" 
Here for Uw we shall take the same quantity in all integrals; more­

over we shall suppose that it is a function of ~I only (not depending 
on 'W /). Besides we replace the Bessel function by the first term of its 
asymptotic expansion. so that for XI > ~I : 

y----- (t;J-t;J ')' 

ek (XI-~ I) Ko (k V (XI -~ 1)2 + (UT _'W/)2 )"'. __ lt __ e - 2 h (X,-E,) • 
2 k (XI-';I) 

while for ~I > XI this expression is replaced by zero. In this way we 
obtain. wh en we replace o/à'W' by - à/o'fiT: 

(38) 
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For w(O) we take (compare formula 22): 

. (a) 

Formula (38) th en gives: 

(b) 

where à/à'V! now has been replaced by - à/oa, while 'IjJ j~ d~l' 
o 

The next integration gives us: 

f 2 y-- ~2 k(W- a)' 'IjJ 1l U - --
W(2)=_- - ---e 2xI 

2 1l V e 2 2 k XI àa2 (c) 

In this way we obtain the series: 

Iw(n)--- -1l_I~_e-~ f Y
-- '" n àn k(W-a)' 

- 2 1l V e 2 k XI 0 nl àan . (39) 

As this series has the form of a Taylor series, we are induced to 
write: 

I w(n) = __ _ 1l_e- 2 x I 
f V

-- k (W-a-.y)' 

21lve 2kxI 
(40) 

which expression in fact represents a vortex layer, distributed symmetri­
cally to both sides of the surface : 

XI 

f'u-
'rV = a + 'IjJ = a +. ;; d~l' 

o 

Comparison with formula (24) shows that the latter surface represents 
the boundary of the slipstream. 

Of course more rigourous calculations are necessary, before the question 
of the summation of the series can be settled. 




