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(Communicated at the meeting of November 30, 1929).

1. As is well known, OSEEN has given the hydrodynamical equations
in a form, especially adapted to the treatment of problems, concerning
the disturbances, caused by the presence of a body or by the action
of a system of external forces, in a stream of fluid, moving originally
with the constant velocity V. OSEEN has shown moreover that these
differential equations can be transformed into a system of integral
equations (or more exactly integro-differential equations), and much
attention has been given to the question whether the latter equations
can be solved by means of the method of successive approximations.
This question becomes of the greatest interest when we go to the limit
of vanishing viscosity (or, what comes to the same thing, of an infinite
Reynolds number), as in that case we come to the problems that are
of most importance in technical applications. ')

Until now most attention has been given to the investigation of the
limit to which the first approximation tends when the viscosity goes
to zero. The results then obtained show some particularities, well cor-
responding with the results of experimental observetions, whereas in other
respects they still differ much from reality. On account of the disconti-
nuities which arise in the solution when the viscosity vanishes, it is not
easy to start from this limit in order to derive a second approximation.
It seems necessary to calculate the second approximation before we go
to zero viscosity.

Now the investigation of the flow around a body is a problem of
the utmost difficulty on account of the complicated boundary conditions,
to which the solution is subjected. So it seems worth while to consider
in some detail the much simpler problem of the flow caused by a given
system of external forces in an unlimited field. In that case moreover
we have a greater freedom, as we may choose the intensity of the
forces arbitrarily great or small, a freedom which of course is missing
in the case of the flow along a body.

1) A clear exposition of OSEEN's researches is to be found in his book ,,Hydrodynamik"
(Mathematik in Monographien und Lehrbiichern, herausgeg. von E. HILB, Bd. I, Leipzig
1927).
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From the technical standpoint the most interesting problems of this
kind are the case of a system of forces directed parallel to the direction
of the general flow, and acting in the points of a surface, perpendicular
to the flow — which in fact represents the “actuating disc”’ of the
elementary theory of the propeller, as developed by R. E. FROUDE;!)
and the case of a system of forces, acting in the points of a surface
parallel to the flow, and directed normally to the latter — analogous
to the lifting surface, considered in the theory of aeroplane wings.

In this paper we propose to consider the first case; we shall suppose,
that forces of constant intensity f per unit area act in the points of a
disc, defined by the equations: x;, =0, x%,+ x*; <Xa? (a being the
radius of the disc; the axis Oux; is parallel to the direction of the general
flow). In this case the configuration of the field depends on two charac-
teristic numbers: the specific loading of the disc floV? (0 being the
density of the fluid), and the Reynolds number R = 2aV/y (v: the
kinematical viscosity).

We shall not come to a full investigation of the results of the succes-
sive approximations, and shall limit ourselves to an exposition of the
first steps of the process. These steps, however, reveal some interesting
particularities in connection with the question, whether the surface of
discontinuity, as given by the solution of OSEEN's equations for » = 0,
will coincide with the boundary of the slipstream (see §§ 7, 8).

2. We shall denote the components of the velocity by V +uy, u,,
uy; the components of the external forces per unit volume by X, X,
X;; then for the case of stationary motion OSEEN’s equations have the

form: ?)
L .
Q(VAui_VG?)_axi i
(1)
all_,'__
T ox 0
where :
q=p+egh+4eZa . . . . . . . (2
J

(p being the pressure and h the height of a point above the earth's
surface), while:

—X 4y, g—=— Odr, Ot
Yi=Xi4+y., nn= e‘?‘u,(axj 6x,-> ... 03
Introducing the function :
!D(s):—}:}l-——ae_—ada @

1) R. E. FROUDE, On the part played in propulsion by differences of fluid pressure,
Trans. Instit. Naval Architects, 30, p. 390, 1889. Comp. further various text books and
articles on the theory of the screw propeller.

2 C. W. OsEEN, p. 13, Eq. IIIb.
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with k = V/2» and
s=k({r—x + &) r— ‘/(xl — &P+ (0 — &)+ (x5 — 53)2‘-

and the tensor:

_ 029 _ 0GE#)
=0y 0 — 5o (6ij—<1(i:j)) .6

the equations (1) can be integrated in the form: !)

—SV;;;—E (ffd§l dfz dEf} 2 tlJ Y w e ¥ L4 2 (6)

For the purpose of calculation it is convenient to decompose the
solution into two parts, one part representing an irrotational motion, to
be derived from a potential ¢, while the other part represents a motion,
possessing vorticity. This is obtained when we put:

u; — v; + a(p/ax, % 3 i % 3 i P 5 (7)

where v, , @ are defined resp. by:

1 ? e *
v; — 4nv9jffd£| dfzdé-;—;“ Y( . . . . . . (8)
0P
= 8nvojffd§,d£zd§, =D ARERIN

Finally q is given by:

&)Y,

:_fffds,dszdf,———— ... (10

3. In order to come to a first approximation to the solution we neglect
the terms y;, which are of the second degree in u;, and replace the Y?
in formulae (8) (9) (10) by the corresponding X;. In our case the X; re-
present the system of surface forces, defined in § 1.

It is easily to be seen that this system of surface forces gives a
discontinuity in the distribution of the pressure. This is actually obser-
ved in the case of a propeller, where the mean pressures just before
and behind the propeller disc differ by an amount, depending on the
loading. We shall come back to the determination of the pressure after-
wards, and begin with that of the velocity.

As we have: X, = X;—0 we deduce from equation (8) that v,, v,
are zero, while the expression for v, takes the form:

—3

__f e
v, or v_‘}nvg dé, dé; r

(11)

) C. W. OsEEN, l.c, p. 36, Eq. Ill4, with omission of the terms relating to the
boundary F.
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As further: 0 @/0 x, = — (I — e —*) [kr, we find for ¢ :
__1 l—e=r_ [ _+_»v
?= oV fdszdea == - - - 1)

where ¢* denotes the potential due to a circular disc with constant
charge 2 per unit area. This potential can be expressed by means of
Bessel functions in the following way:!)

w‘:af‘#e—w.l]o(m)/,(za) S (13

where @ = V'x?, + x%. A corresponding formula can be given for
the stream function, which can be transformed in various ways so as
to get formulae convenient for numerical calculations. At the surface of
the disc we have:

o™ O™
. =11, (== ——1 . . . . (14
(axl)-"]:‘o + (axl )—"1—+0 ( )

E 2] e

where K, E represent the complete elliptic integrals. 2)
4. We now come to the determination of v. From the point
P (x,, x;, x;) we draw a perpendicular to the plane Oux,x;; let N(0, x,, x3)
(x2) be the footpoint of this perpendicular
(comp. fig. 1). If Q (0, &, &5) denotes an
arbitrary point of the area of the disc,
we write &, —x,—a cosf,&3—x3=a sinfl.
Then in the integral (11) d&, d&; can be
replaced by adadf. As r, the distance
from P to Q, is equal to V'x%+ a?,
we have ada=—rdr; hence:

J— f ) — k(r—x,)
v——‘}nvgfdﬂjdre :

The integration according to dr can
Fig. 1. be effected, and it will easily be seen
that both for the case when N lies in the interior of the disc
area, and for the case when it lies outside of it, we may assume that

) Comp. H. LAMB, Hydrodynamics (Cambridge, 1917), p. 131, Art. 102, 20.

2) The latter expression becomes (logarithmically) infinite at the boundary of the disc;
this might be obviated by supposing the forces f to diminish to zero when we approach
to this boundary, which would imply some changes in our formulae. For our further
considerations this point, however, is of small importance.
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the point Q (for constant ) moves from N to a point A on the boundary
of the disc; then we may write for v:

UZZn{)V‘ ds%’i[e‘"“’“'"‘"——e—"(""‘l)] . . . (16)
where ds denotes an element of the contour of the disc and ¢’ the
distance of this element from P. In the first case mentioned f increases
by 2z as ds moves around the whole contour; in the second case it
oscillates between two limits.

We shall suppose that the Reynolds number R is large. Then we

ihtroduce the surface :

oM M?
@—wP="x+Zz . . - . . . . (])

where M represents a fixed number. This surface is obtained by the
rotation of a parabola around the axis Ox, (comp. fig. 2); the focus of

Fig. 2.

the parabola lies in the boundary of the disc (points A, B) and its axis
is parallel to Ox;. It can be shown that for all points outside of this
surface the quantity k(r’—x;), which occurs in the exponent of e in the
second term of formula (16), is greater than M, so that, when we choose
for M say 5 or 10, the term e—*"—*) may be put equal to zero with
sufficient accuracy. In that case we get:

_— [ —k”"x|_—'1) ; ‘-1—.'8
U_anVe dsds.

When we divide the whole of space into the four parts I, Ia, II, III,
as indicated in fig. 2, we get:

for points within II: v=0,
VO —
within I: =V
within [a: v= £ eZkx,

eV
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When we restrict ourselves to that part of the region III which lies
not too far from the disc, so that the thickness of the parabolical mantle
is still small compared to the radius a, then in the calculation of the

© 4 ’
integral st d—ie‘"" —=) we may neglect the curvature of the boundary of

the disc, and use the approximation (comp. fig. 3 for the definition of

the angle f):
r _l/ _}_(a—"a')z'

cos?

Fig. 3. OAy—=a, ON=w, NA,=a—w, NA = (a—w)/cos .

We then have for w < a:

s
——_L ___1_ — k (r'—x;) a
=L ﬂfdﬁe .8y
0
%l
and for w >a: ,,—,,- - {dﬁe_’“"—"l) Coe oo (18

5. According to formula (7) we now have:

v Ov f o¢*

_ 0% _ v Ov 9 .
m=rt e T T Vox, 2oV ox (197)

and further, writing u, for Vu? + us?:

L v o f oy

T ow Vow 20V ox
Making use of the expressions found for v, we obtain:
poy L, B0
Vox, oV’ 0w

within regions Ia and II: i =0 3 » =0

U

(19%)

within region I: v—

=0
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Hence we see that — apart from the general velocity V of the ori-
ginal flow — in the regions la and II we only have the motion defined

f

by the potential == ¢*; in the region I we besides have a constant

20V
velocity é%. superposed on it. As at the surface of the disc ¢* shows
the discontinuity given in (14), we see that the resultant motion is
continuous here.

The distribution of the velocity within the region III is given by more
complicated expressions, which for the present we shall not consider. It
is of interest, however, to calculate the vorticity within this region. The
vortex lines are circles having the axis Ox, as their common axis; the
vorticity (directed along the tangent to these circles) is given by:

ov
WeOF W= —Ses (21)
Taking 7’ as the variable according to which is integrated in formulae
(18%) and (18%), we can transform the expression for w into an integral,

known from the theory of Bessel functions. In this way we obtain:

w:znfvge’”‘lKo(kl/xf+(W—a)2) N )}

where K, denotes a Bessel function of the second kind; !) this expression
s valid both for w < a and for @ > a.
The upper part of fig. 4 gives a picture of the field determined by the

~

(=)

4

B
bR A R —

[

|

Fig. 4.

) Comp. fi. A. GRAY, G. B. MATHEWS and T. M. MAC ROBERT, Bessel functions
(London, 1922); the formula to be applied is given on p. 50, eq. (29). The Bessel function

Kj (x) is denoted by l—;— H((,“(ix) in JAHNKE-EMDE's Funktionentafeln (Teubner 1909).
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components u,, u; for the case R=oco. When R has the value 16.000,
the streamlines have to be altered within the shaded area only
(M being taken 10); the discontinuities at the cylindrical surface
W = a then make place for a continuous change of direction. In the lower
part of fig. 4 the boundary of the slipstream is indicated, which is
obtained when a constant velocity V' is superposed on the field of the
upper part; the value of f/oV? has been taken equal to 2. The form
of the line B'BB” is to be derived from the equation:

dw Ug

z—x;z_—v+ul . (23)

0
For great values of Reynolds number the part—l — in ug is of

V ow

small importance compared to the part depending on ¢*. Then uy is

f
oV?

approximative form :

negative. When is small, we may write the integral of (23) in the

W:a-}—fu—;dxl (29
‘0

where for ugz we may use the approximate value :

QL._.f__ aij a
um_zev(aw)mzﬂ. N 2 3

This expression is independent of Reynolds number. On the other
hand, as this number increases, the ,vortex mantle” (i.e. the region III)
is concentrated more and more into the cylindrical surface @ = a (x;, > 0).
Hence when in the first approximation we go to infinitely great values
of R, the vortex mantle does not coincide with the boundary of the
slipstream.

Formula (10) gives us for q:

~ £ (. x___ [op
q_..4nJ‘Jd£2dE3r3— T - - 29

Making use of (14) we see that ¢ — and in consequence also the ordinary
pressure p — has a discontinuity of the amount f at the surface of the
actuating disc. In the rest of the field q is continuous. As u,, however,
is discontinuous along the cylinder @ —=a (x; > 0), when we make R
infinite, this would imply a discontinuity for p along that cylinder.

6. In order to obtain a second approximation, we calculate the
quantities y; defined in (3) from the values of u; given by the first
approximation. These quantities y; represent the vectorial product of
the velocity into the vorticity, multiplied by the density of the fluid.

83

Proceedings Royal Acad. Amsterdam. Vol. XXXII. 1929.
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They are zero everywhere in the regions I, Ia, II, where the vorticity

is zero. In the region III we find, writing yg for V'y%, + 4% (so that
y; denotes the component directed radially outward from the axis Ox;):

yjw=+ougw, yg——oumw . . . . (26)

Some insight into the influence of the component y, can be get
already, when we replace the actual distribution of y, through the

region III by a surface distribution of the intensity fla :de Yz on

the cylinder @ =a (x; > 0).

When in (26) we insert the value of u,, given by (19?) and observe
that dv/dx changes sign at the same time with a—®, whereas w is an
even function of a—w, we obtain :

: ) _ r? 0p*
fm:f dfu‘ym_—wgl+<()—3ﬁ) ﬁi C (@)
[} D =a
A system of surface forces of this kind gives rise to a field of motion that
can be decomposed in the way as indicated in formula (7). For our
purpose the most interesting part is v’, which gives rise to rotational
motion. For not too great values of x, we get this motion only within
the region III, and in calculating the component v’,, we may neglect the
curvature of the surface of the cylinder. In this way we get:

4o
| o B
Y = Tare f i £, fdo*.

where ¢ denotes a tangential coordinate along a circle on the cylinder
considered above, and r=V (x; — &)+ (@ — a)> + 0% while s=
k (r — x; +&;). This integral can be expressed by means of the Bessel
function K as follows:!)

, 1

CS:Z:‘W@,

v

[t eviemto Ky 0V T BP F @ —aF) . (28

The vorticity calculated from this component has the value :
ov’
o

o (29)

w =

Now the vortex mantle of the first approximation had the intensity

(per unit length):
—{: — v __ f
y _‘de w= fd@- e A (30)

) Comp. A. GRAY etc., Lc., p. 50, eq. (30) and the formula following it.
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For the amount by which this intensity is changed in the second appro-
ximation we get, making use of some approximations for the K| function:

e dEf ot mti—ti] S 31)
gva BE. A

Hence the intensity becomes, when we make use of (27):

al f *
1ty =5 zwz?“(ax,)n_}] E

As the mean velocity of the vortex mantle (taken over its thickness)
differs only by an amount of the order f? from:

U,=V+; f %+(axj) :’i. L 33

we see that to the order of f2 we have

u,.(y+y'):§:const.. L3

This result coincides with the well known condition for a vortex
layer in a stationary field!).

The system of surface forces f',, along the cylindrical mantle at the
same time gives a discontinuity in the quantity q. It is easily to be
seen, however, that this discontinuity in q just annihilates the disconti-
nuity that would arise in p, when we should go to an infinite value of
the Reynolds number already in the first approximation.

7. In order to study the influence of the quantity y, it is not
allowed to concentrate this force on the surface of the cylinder, as in
that case we may get integrals that are no longer convergent.

Now it follows from the formulae of § 5 that a distribution of surface
forces of intensity 1 per unit area over a circular area defined by
X1 =&, x3° + x;2 < w'? gives rise to a distribution of vortex motion,
determined by the expression (compare eq. 22):

1

2nvg

ekt Ko (kV (o, —£,)? + (@—)?).

Hence a system of forces, acting with the intensities y, d¢, d®’ in

') When in a stationary field of flow two regions of irrotational motion are separated
by a vortex layer, we have in the first place to satisfy the condition that the normal
component of the velocity at this layer has to be zero, whereas the tangential components

u:.. u;' on both sides of the layer have to fulfill the relation: (u;)2 — (u't')2 = constant,
in order that the application of BERNOULLI's theorem may give a continuous distribution

of the pressure. Putting Un = l/2( u" + u;,). y= u; — u;,. we get Um y = constant.
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the direction of the axis Ox; in the points of the circles x; =§,
x,2 4+ x32 = w’?, will give rise to a distribution of vortices, determined by

N -3Y __m7’\2
= 1 ]ded@" y ekta—%) 0K (k ‘/(xl &) + (w—a’) ) (35)

T 2amvp ow’

The general aspect of the distribution of vorticity thus obtained shows
a direction of rotation opposite to that of the vortices obtained in the
first approximation in the points outside of the cylinder @ =a (x; > 0),
whereas within this cylinder it shows the same direction of rotation as
the original vortices. Hence the effect of the correction is to diminish
the intensity of the vorticity outside of the cylinder, and to increase the
intensity inside of it; this can be interpreted as a tendency to a con-
traction of the vortex mantle. — The total intensity per unit length of

the additional vorticity, as defined by the integral Idw‘ w’, has the

L8

value zero.

We may get an estimate of the contraction mentioned by calculating
the impulse per unit length of the system of vortices w'. The impulse
of a vortex ring of radius @ and intensity w'dw is given by the expres-
sion 7w ¢ W? w' dw; inserting the value (35) and integrating, first with
respect to dw, then with respect to d@’ and d#,, and besides making
use of some approximations for the K, function, we get with sufficient
accuracy for our present purpose (for not too great values of x):

*

]’=?f,—f"’j(um)m=_d5, ... ()

0

where for ug; we may use the approximate value (24%). As the impulse
of the vortex layer in the first approximation had the value (per unit
length) mpa?y =na’ f/ V and as the intensity per unit length is not
changed by the addition of w’, we may calculate the change da of the
“equivalent radius’’ by means of the formula:

8 (na’f|/V)=2nadaf|]lV=].
This gives us:

v (o),
2naf . %
0

da =

dé, . . . . . . . (3]

It is easily to be seen that this ,,equivalent radius” may be considered
as the distance of the ,centre of gravity” of an element of the vortex
layer from the axis Ox,. Comparing the result given by (37) with that
of equation (24) we see that the ,equivalent radius’ of the vortex layer
in the second approximation has just the value it would have obtained
when the vortex layer was concentrated wholly along the boundary of
the slipstream.
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8. Our survey of the corrections obtained from the second approxi-
mation is still very incomplete, especially as we have not considered the
change produced in the potential . However, judging by the results
of §§ 6, 7, it seems allowed to state that for great values of Reynolds
number there are some tendencies to approach to the picture of the
motion, which is to be expected on general grounds. The intensity per
unit length of the vortex layer becomes inversely proportional to its
mean velocity ; the pressure becomes continuous; and the distribution of
the vorticity over the thickness of the layer is changed in such a way,
that the ,,centre of gravity” of an element of the layer falls in the boun-
dary of the slipstream.

But when now at once we should draw the conclusion that the vortex
layer for R— o coincides with the boundary of the slipstream, we
might make a mistake. When in the second approximation we go to
R — o, keeping f/oV? constant, we get again the vortex layer on
the cylindrical surface @ =a (x; > 0), combined with a vortex double
layer of such an intensity, that the system as regards to its impulse is
equivalent to a vortex layer, lying on the boundary of the slipstream.

Until now we have limited ourselves to the consideration of the first
and second approximations. In order to obtain the successive approximations
in regular order, it is advisable to write the solution in the form of
series proceeding according to powers of ffoV?% then the successive terms
of these series can be obtained from equation (6) one after the other. It
would seem that the terms of these series will show singularities for
R —=o0; it is well possible, however, that the series rest summable in a
certain way and that their sums will represent the real motion with
a vortex layer coinciding with the slipstream boundary.

That such a behaviour of the series is not wholly improbable may
be seen from the following, much simplified example. We shall suppose
that the various terms of the series for the vorticity X w™ are obtained
by means of the formula (compare formulae 35 and 26):

= N2 __17’\2
w® :% fd51 dw’ ug w1 ek ta—t Ko (k V(01— + (@—a))

.

ow’

Here for ug; we shall take the same quantity in all integrals; more-
over we shall suppose that it is a function of &, only (not depending
on @’'). Besides we replace the Bessel function by the first term of its
asymptotic expansion, so that for x; > & :

(O—')
e 2k (x—§) .

K (x,—E) V4 (w2~ | — T
€ KO (k V(xl 51) —|—('U' w ) ) Vz k (xl_El)
while for & > x, this expression is replaced by zero. In this way we

obtain, when we replace 0/0w’ by — 0/0w:

SIS (m_mr)i

- A / @t
w :271; o% J de 40y wi ) |/ E e R L (38)
0

2k (e,—&1)
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For w® we take (compare formula 22):

f m | k@—ar

) — 2x,
w =i kale B 1)

Formula (38) then gives:

w) —

RV P
Vka,aae N ()

2avg
where 0/0w now has been replaced by —9d/da, while v :f:f dé,.
0

The next integration gives us:

2./ 32 k(D—a)
oI w_V 0
O = Zave 2 V 2k x, 022t SEEREERE

In this way we obtain the series:

T o . An _ kO—ap
S wh = fl/ﬂ ¥ 0 2=, L L (39

2kx; o nl da" €

As this series has the form of a Taylor series, we are induced to
write:
_k (P—a—yp

m—_ £ 7 7=,
Sw _2nv9‘/2kx,e ... . (40)

which expression in fact represents a vortex layer, distributed symmetri-
cally to both sides of the surface:

:‘:15
W——“a+w=a+f—‘7dfl-
0

Comparison with formula (24) shows that the latter surface represents
the boundary of the slipstream.

Of course more rigourous calculations are necessary, before the question
of the summation of the series can be settled.





