
Mathematics. - Adjustment of N Points (in n~dimensional Spa ce) to 
the best linear (n-l}~dimensional Space. I. By Prof. M. J. VAN 

UVEN. (Communicated by Prof. A. A. NIJLAND). 

(Communlcated at the meeting of February 22. 1930). 

The present paper deals with the problem: to fit a linear space l of 
n-l dimensions (hyperplane) through a certain number (N) of points in 
a linear space of n dimensions. or. expressed analytically. to determine 
the constants of th at equation Po + PI XI + P2 X2 + ... + pn Xn = 0 which 
agrees best with the N sets of coordinates XI' X2 • ... Xn. 

We shall distinguish the given points S from one another by an index 
in brackets. So the point S (m) has the coordinates Xi (m); i = 1 •... n; 
m = 1 .... N. A summation over the n coordinates will be indicated by 
n 

~. or. if no misunderstanding is to be feared. by ~. or. more simply. 
~=I 1 

by ~. On the other hand a summation over the N points will be 
designated by []. 

We want th en to determine the ratios of the constants Po. PI' P2' ...• pn 
of the equation 

n 

Po + PI XI + P2 X2 + ... + pn Xn - Po + ~ PA XA = 0 
A=I 

in such a way. that the given coordinates xi(m) satisfy this equation as 
weil as possible. 

Instead of operating with the ratios of the constants (parameters) 
Po. PI' P2' ...• pn. we may normalize them in some way. either by 
considering PI' P2' ...• pn as the direction~cosines of the norm al of 
1: (~ p~ = 1). or by some other method. 

§ 1. Solution of the problem. 
As a rule the best hyperplane l will not pass exactly through any of 

the given points. Thus we shall be obliged to shift the points S (m) to 
other points T (m) (with coordinates X (m)) which do lie in land 
therefore really satisfy 

n 

Po + PI XI + P2 X 2 + ... + pn X n = Po + ~ PA X A = O. (1) 
A=I 

) 

The deviations T (m) S (m) of the given or "observed" points S (m) 
Erom the "adjusted" points T (m) have the projections 

~i (m) = Xi (m) - Xi (m) m = 1 •...• N ; i = 1 •...• n (2) 
10 
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In the observed point S (m) the expression Po + X p j. Xi assumes the 
value 

n 

qo (m) = Po + X P, X , (m) (3) 
i= l 

This value is. if not equaI. at lea5t proportional to the distance of 
the point S (m) from the hyperplane T. 

Now we have. by (I) and (2). 

qo (m) = Po + X p,. X~ (m) + X PA I;~ (m) = X p,. I; ~ (m) (4) 
). ). ). 

We consider the observed point S as that position of T. which is 
most probable a priori. 

~ 

The projections -I;i of the displacements ST are supposed to be 
subject to the general n~dimensional probability~law: 

( F
I

)'" dW= ~ . e-f' . dI;l . dI;2 . .. dl;n , 

where 
n n 

f' ~ X X DI' 1; ). 1;1' 
).=1 ~=I 

is a positive~definite homogeneous quadratic form. and F ' the determinant 
F ' = I f' I. the minor (algebraic complement) of f.'. being denoted by PI'j· AP IJ 

We assume that the above .n~dimensional probability~formula is the 
same for all the points of the n~dimensional space. This formula indicates 
as it were the movability in the different directions. Since we can only 
make .suppositions about the rel a t i v e movability in the different 
directions. we cannot prescribe beforehand the coefficients t.> but only 
their r a ti 0 s. 

Thus. putting 

we may give the quantities (.j . leaving the value of the constant f) 

unsettled for the present. 
Putting 

n n 

{= X X {~ I'- I;A 1;1' F= 1 {AI'- 1 (with minors Fij) . . (5) 
}.= I ~=I 

we have 

t' = f) • { • F ' = f)n • F . F ' - Lln-I F 
tj-a • ij . 

So the probability~formula for the deviation (1;1.1;2' . . . 1;") becomes: 

(6) 
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This probability~formula shows that the extremities of equally probable 
displacements lie on a hyper~ellipsoid 

f= I I f;.of'';À ';f' = const. 
À f' 

around the centre S. 
In order ta facilitate the study of the conditions in the given aniso~ 

tropie space. we shall transform it into an isotropie space. For this 
purpose we put 6rstly: 

(whence gi i = 1) (7) 

Since f must be positive~de6nite. the coefficients gij must !ie between 
- 1 and + 1. 

Further. putting 

the form f passes into 

g - I I gÀf' '7À 'Y)f' 
À f' 

(8) 

Interpreting 'Y)i(i = 1. 2 .... n) as coordinates in a skew rectilinear 
system of reference (the axes of 'Y)i and 'Y)j including an angle the eosine 
of whieh is gij). the equation 

g I I gÀ,,, 'Y)À 'Y)p. = r2 (= const.) (9) 
À f' 

represents a hypersphere with radius r. 
In the system ('Y)) the hyperplane t obtains the equation 

or. putting 

(10) 

(11) 

We next consider the distance of the point S ('Y)I=O) from this hyper~ 
plane. or. in other words. the radius r of that hypersphere (9) whieh 
touches the hyperplane (11). 

Denoting by 'Y); the coordinates of the point T' of contact. we have 
for the tangent hyperplane of T' 

I (I gÀf' 'Y)~) 'Y)À = r 2
• 

h f' 

Comparing this equation with (11). we obtain 

k = 1. 2 ....• n (12) 

10* 
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Putting 
I gi.,'J. 1 = G . (with minors Gij). 

we derive from (12) 
, r2 G~i 

11 i =-I -
G 

.q" . 
qo " 

So the condition. that the point T' (1]') lies on the hypersphere. furnishes 
the relation 

r4 

I I g?~ . 2 G2 I I Gi? qi. G,'J~ q,'J = r2 (13) 
? ~ qo I. ,'J. 

Introducing. for the sake of brevity. the symbol bij . defined by 

we have 
dii= 1 bij= 0 for j =f- i. (14) 

I gp~ G ip = bi.~. G. 
p 

( 15) 

whereby (13) is transformed into 

r 2 

2 G2 I I I b)~ G q J. G.".~ q,,,. = 1. 
qo ). 11. .. 

or 

or 

So we find for the square of the distance r (m) between the point S (m) 
and the hyperplane r 

q~ (m) 
r2 (m) = ---:;:0-- - -

~ ~. GJ,<l 
"'7' ~ G' qJq,'1. 

j . ,IJ. 

(16) 

It is now easy to formulate the most natural principle of adjustment: 
I nis 0 t rop i esp ace w e pos t u I a t e. t h a t t hem e a n s q u are 0 f 

the distance r(m) shall be a minimum. or 

minimum. . (17) 

In order to interpret this condition in the original data. we must 
return to the coordinates Xi (resp. ~;) and the coefficients f; j ' From (7) 
follows 

whence 
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Thus. by (10). 

Moreover we have. by (3). 

Putting flnally 

qo = Po + I pi Xi • 
}. 

Fij F = aij.. . . . . . . . . . (19) 

whence 

we flnd for q; 

1 
lai.', I=A= F (

'th' A (ij) Wl mmors ij = F . 

Our problem may therefore be formulated as follows: 
To determine the parameters Po. PI' P2.' ••• pn of the hyperplane 1: in 

such a way. that the function q; be a minimum. 
Putting 

[x,] - -
-N - =Xi. Xi =Xi +Ui (whence [ui]=O)i=1. . .. n • . (21) 

the numerator of (20) passes into 

1 - - -
N [I (Po + PI XI + P2 X2 + ... + pn xn) + (PI UI + P2 U2 + ... + pn Un) 12] = 

= (Po + PI ;1 + P2 X2 + ... + pn xn)2 + 2 (Po + PI XI + P2 X2 + .. . + pn Xn) X 

X ~ [PI UI + P2 U2 + .. . + pn Un] + ~ [(PI UI + P2 U2 + ... + pn Un)2]. 

or. by (21) : [Ui] = O. into 

- - -- 1 nn 
(Po + PI XI + P2 X2 + ... + pn Xn)2 + N i~1 ,,'-::JUi U,u] pi PI"' 

We put 

1 
N [Ui Uj] = bij • B = I bi.,u· 1 (with minors Bij) . . (22) 

moreover 
I I ai.,u pi. p,u.= a. (23) 

J. " 

I I bi.!, pl p,u.= {J. (24) 
J. fL 



148 

whence we may write for ep (20): 

. (Po + PI XI + P2 X2 + ... + pn Xn)2 + fJ 
ep= a . . (25) 

The condition ep minimum requires: 

aep -0 oep _ 0 oep aep 
apo - • 0PI- • ap2 =0 ..... Opn =0. 

Since neither a nor fJ contains th~ parameter Po. we have 

Oep 2 (Po + PI ~I + P2 X; + ... + pn ~n) 
àpo = a • 

sa that ~ = 0 is equivalent to 
apo 

Po + PI XI + P2 X2 + ... + pn X n = 0 . · (26) 

This equation expresses that the "best" hyperplane t must pass through 

the "mean" point (~I' ~2' .••• ~n). 
Thus the farm ep is reduced to 

· (27) 

where a and fJ are positive-definite quadratic functions of PI' P2' •.. pn. 

Pram 
log ep = log fJ - log a 

ensues 
1 aep 1 ofJ 1 oa 

--;p' op/ =7f' OPi - --;; . ap/ • 

sa that for the condition Ooep = 0 can be written: 
PI 

or. by 
aa n 

O-=2~a)iPJ PI J.=I 

afJ n 

a-= 2 ~ bl/p;. 
Pi )=1 

i = 1. 2 ..... n. 

or 
I (bji - ep aJ.i) pJ = 0 i = 1. 2 •...• n . · (28) 
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the conditions (28) run 

n 

Z Cii pj = 0 
).=1 
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(29) 

i = 1. 2 •...• n . (30) 

Sa we arrive at n homogeneous linear equations in the n coefficients 
PI. P2' ... pn. considered as varia bles. 

In order that they shall be soluble. it is necessary that 

C = I Ci.11.1 = I bi,'" - cp a; /, 1=0. (31) 

As Bij and bij are the coefficients of positive~definite quadratic farms. 
the equation (31). of the nth degree in cp. has n positive real roots. The 
smallest of these (CPo) furnishes the minimum~value of cp. 

The equations (28) which now take the farm 

n 

Z (bi i - CPo a i.i) P). = 0 
).=1 

i= 1.2 ..... n (32) 

determine the ratias of the parameters PI' P2' ...• pn. while the condition 
(26) furnishes the corresponding value of Po. 

In what follows we shall still denote bij - CPo alj by Clj. and the deter~ 
minant I bJf/. - CPo aJ.p I by C. 

n 

Leaving aside one of the n equations Z Ci.iP;' = 0 (32). for in stance 
).=1 

n 

Z cJ.j pJ. = O. we find 
J.=I 

PI _ P2 _ _ pn - W 
C

j 
- C

2j 
- ••• - C

nj 
- j' 

for each index j. 
Hence 

Pi _Cij_Cii_ek 

Pk - Ckj-Cki-Ckk' 

or. taking account of the symmetry of C (ek = Cki). 

(~)o 2_ C{j X Cik _ Cu 
Pk -Cki C kk -Ca' 

whence 

and 

(33) 

(34) 

a = Z Z aiF pi. p,'J = w~ Z Z ai," V Ci) C!'F = w~Z Z C F Blp. (35) 
). p. i. 11. ). I'-

oC 
The farm -: -; CA/l.a,. po = ~ ~ ai ,-, OCA,,,o is the first so~called "emanant" 

of the determinant C. with respect to the determinant A = I a;!-, I (Aronhold~ 
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process). Denoting the I't. 2nd •• • • kth emanant by UC. U2C • ... UkC. 
we have: 

u C = .I .I Ci.!, ai.". 
;, tJ. 

U2C =.I .I .I .I C i!) , f T a).!, 8 p T 
I . p. P fT 

§ 2. Degree of Uncertainty of the parameters Po. PI' P2' ... pn. 
Our next step is to estimate the accuracy of the solution. 

(36) 

An alteration of the position of the observed ' points will cause a 
displacement of the best hyperplane T. SO we have to investigate the 
oscillations to which the parameters Po. PI' P2" .. pn are subject. The 
coefficients aij. being given a priori. are not affected by observational 
errors. So the uncertainty of the Pi is merely due to that of the quanti~ 
ties e j • these latter being functions of the quantities Cij. From (28) 
ensues that the uncertainty of these Ci j depends only on that of the 
quantities bij and 'Po. Hence we must first determine the degree of 
uncertainty (error) of the quantities bij and of 'Po. which in its turn 
depends on the bij. 

Operating with one variabie only. the observed values must be ad~ 
justed to a "most probable" value (as a rule: the arithmetical mean). 
Calling this most probable value : the "solution~value". the difference 
between the observed value and the solution~value is caIIed the 
apparen t error. in distinction from the essentially unknown true error. 

Likewise we shall. also in the present case. denote the coordinates 
X{(m) of the adjusted point T (m) by: the "solution~values" of the coor~ 
dinates Xi (m). and the differences. viz. the quantities ~i (m) will be called: 
the "apparent errors" of the coordinates of S (m). 

Next to these apparent errors of the coordinates x;(m) we consider 
the - essentially unknown - "true errors" 6 Xi (m). These true errors 
of the coordinates Xi (m) are transmitted to the quantities Ui (m) (defined 

1 
by (21)) and likewise to the quantities bij = N [Ui Uj]; afterwards to ro 
and to the quantities Ci j and Ci j. 

So we first proceed to the investigation of the true errors of the bi j . 

and will. more particularly. try to determine the mean value M (6 bij 6 bkl) 

of the product of the true errors 6 bij and 6 bk I. 

As 6 Xi (m) is the true error of Xi (m). we derive from 

( )
_ () - _-xi(I)-x;(2)- ... +(N-I)xi(m)- ... -XI(N) 

UI m - Xj m - Xi - N 

the formula 

/\ . ( ) _ - 6 x;(1)-6x;(2)- . . . +(N-l) 6 x i(m)-... - 6 x i(N) 
u U, m -- N . (37) 
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1 
Prom b,j= N [Ui Uj] ensues 

N 6 bij= [Uj 6 ud + [Ui 6 U}] • N 6 bkl = [UI 6 Uk] + [Ui 6 uL]. 

wh en ce 

N2 6 bij 6 bkl = [Uj 6ud [UI 6 Uk] + [Uj 6 Ut] [Uk 6 uI] + ~ (38) 
+ [Ui L:,. Uj] [UI 6 Uk] + [Ui L:,. uJl [Uk 6 ud· ~ 

Considering the first term of the second member apart. we have: 

[Uj 6 Ui] [UI 6 Uk] = [Uj (,u) UI (,u) . 6 UI (,u) 6 Uk (,u)] + 
+ [[U} (,u) UI (v) . 6 Ui (,u) 6 Uk (v) ]]. 

where the sum [[ ]] extends to the N (N-l) terms in which v =f ,u. 
We must now occupy ourselves with the mean values of these expres~ 

sions. Denoting the mean value of the quantity R by M (R). and taking 
into account that the variations 6 u;(m) are independent of the quantities 
ui(m) themselves (these latter were merely introduced for the purpose of 
calculation). we may write: 

M ( [Uj 6 ud [UI 6 Uk] ) = M ( [u} (,u) . UI (,u)]) X M (6 Ui (,u). L:,. Uk (,u)) + 
+ M ([[Uj (,u) . UI (v)m X M (6 UI (,u). L:,. u~ (v)). 

Prom (21) and (22) ensues: 

0= [Uj (,u)] [UI (,u)] = [Ul (,u) . UI (,u)] + [[Uj (,u) . UI (v)]] = 
= N b}1 + [[Uj (,u) . UI (v)]]. 

whence 
M ([ [Uj (ft) . UI (v) 1]) = - N. M (bjl ). 

Thus: 

M([Uj L:,. ua [UI 6 Uk]) = ( (39) 
= N . M (bjl ) IM (6 Ui (tL) . 6 Uk (,u)) - M (6 Ui (,u) . L:,. Uk (v) ) I ) 

Prom (37) follows: 

6 Ui (I) /':, Uk (1) = (N - 1)L:,. x, (1) - 6:; (2) - ... - L:,. Xi (N) X 

X (N - 1) 6 Xk (1) - 6 Xk (2) - ... - 6 Xk (N) 
N 

_ (N-l)2 L:,. XI(I) L:,.Xk(I) + L:,. Xi (2) 6Xk (2) + ... 

and 

+ 6Xi(N) 6Xk(N) + [[RIJ.> 6Xi(tt) 6Xk(V)]] 
N2 

6 u, (1) L:,. Uk (2)= (N - 1) 6 Xi (I) - 6 Xi (2~- 6Xi (3)- ... - 6 Xi (N) X 

X - L:,. Xk (1) + (N - 1) 6 Xk (2) - 6 Xk (3) - ... - 6 x" (N) 
N 

_ - (N - 1) 6 Xi (1) 6 Xk (1) - (N - 1) 6 Xi (2) 6 Xk (2) + 
+ 6 Xi (3) L:,.xk(3) + .. +L:,. Xi (N) L:,. X" (N)+[[SII.Y 6 Xi (,u) L:,. X" (v)]] 

N2 
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As the law of movability is assumed to be the same for each point 
of the n-dimensional space. the expressions M (6 xd I) 6 Xk (I)). 
M (6 Xi (2) 6 Xk (2) ). . .. will be equal. and their common value will be 
denoted by M (6 x, 6 Xk). 

Since the points S (m) are supposed to be observed independently. 
we have 

M (6 x, (,u) 6 Xk (Y) ) = 0 (also for k = i). 

So we obtain 

(N-l)2+N-l N-l 
M(6ui(I)6uk(I))= N2 M(6xI6 xk)=-W- M(6 x, 6 Xk). 

-2(N-l)+N-2 1 
M(6 UI(1) 6 uk(2))= --JïJ2-- M'6 Xi 6 Xk)=- N M(6xi6 Xk). 

or. in general. 

N-l 
M (6 Ui (,u) 6 Uk (,u)) = ~ M (6 Xi 6 Xk). 

1 
M(6 Ui (,u) 6 Uk (Y)) =-N M (6 x; 6 Xk). 

Hence the equation (39) passes into 

or 

Thereforethe equation (38) furnishes: 

M(6 bij 6 bkl) = ~ IM(bjl) M (6 Xi 6 Xk) +M(bjk ) M(6xi6xI) +~. (41) 

+ M(bil) M(6 Xj 6 Xk) + M(bik) M(6 Xj 6 Xl)! ~ 
Since the adjustment of the N points to the hyperplane r begins 

only af ter the nth point. so that only N-n points require adjustment. 
we have: 

In this formula ~i appears as the apparent error. in distinction from 
the true error 6 Xi . 

Now we find for M (~i ~k) by the probability-formula (5): 
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Prom 

r (fJn F)'/2[+~ ;00 _ 
.) dW = --;;;;- . '" '.J e-O

{ d~l ' , , d~n = 1 
;,=-~ ;n=-OO 

follows 

f;~ ;~ (n )"/2 
I • ,,' '.J e-9{ d~l ' . , d~n = ti ' F-'/" 

;,=-~ ;n=-~ 

By differentiating with respect to f; k we get 

H. k = i. we have 

j{ = 1:2 àF F 
àf;{ ç" àf;i = ii' 

H k * i. we have. on account of the symmetry of f and F (f; k = fk i ). 

So we obtain in either case: 

f:~ f~~ 1 (n )nl' fJ,- '" '. ~i Çk e- 9
{ dÇl ' , ,dçn =2 ti ' F- 'I" Fik 

;,=-00 ;n=-~ 

whence. 

or. by (15). 

We can now find the value of fJ. corresponding to the data, 
Prom 

we have 

[qo2] = [I I Pj, p,U ~i ~.'J] = I I pi P," [~j ~!'] = 
).. /1- ). ,IJ-

, (42) 

) N 
ai. IJ. 

= N I I pi p,u M (~i~,u = I I pi. PI" 2 e' 
À u. À ,u. 
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or. by (23). 
N Na 

[q02] = 28 ..; .; ai;, pi. PI' = 28 ..... (43) 

Por [q02] and a we must take here their solution~values. Then the 

equation (20) or fP = [iJ:]. considered in its solutionary state, gives 

1 
8 = 2cpo . • . 

So (42) gives for the solution~value of M (~I ~k) 

M (~i ~k) = CPo aik . . 

.. (44) 

(iS) 
and 

N 
M (6 Xi 6 Xk) = ~ CPo aik 

lV-n 
(46) 

Replacing in (41) the unknown values M (bjd etc. by the actually 
found values bjl etc. we finally arrive at: 

So we have obtained the general formula for the uncertainty of the 
quantities bij. 

We now proceed to investigate the uncertainty of CPo. 

Prom C = I Ci;, I = I bi:, - '1'0 ai,',- i = 0 follows 

D C = ~ ~ C i, 6 Ci," = ~ ~ C:, D bi:, - ~ ~ C-" ai/,- . 6 CPo = o. 
), ,'J. J. .'J. À ,". 

whence 
UC . D ra = ~ ~ C." D bil' . . . • . . (48) 

).. ,IJ. 

Thus: 
UC . M (6 '1'0 6 bij) = ~ ~ e i' M (6 bij 6 bi."). 

).. ,'J. 

or, by (47) 

qJa = N-n f -; C.~ !ai" (ej:' + ra aj:') + aj:'- (Ci" + CPo ai") + 
+ ai/' (e"i + Cf'a a"j) + a'J (Ci!1. + CPo al."-) I 

or 

UC .M(6ra6bij )= -NCPa ~~C>I'-(Cj."ai"+CI"ajl'-+C"jai"+Cil'-a,,J+ l 
n J ,u. 

2 2 • (49) 
+ NCPo ~ ~ CJ:, (all ail'. + all'- BjJ). 

-n }.. /1. 
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Making use of the symbol IJj j. introduced by (14) : 

bjj = 1 • bj j = 0 for j =t- j. 

we have 
~ C i,!, Cp = bJ<. j C . 
." 

thus : 

· (50) 

UC . M (6. CPo 6. bjj ) = -;-0 nC Cf (h j a iJ<. +;~ bil' aj.'J+ '; äj,u aw+"'; biJ<. aJ<.) + 

+ -N2CPL ~ ~ C J.." (ai J<. aj,1J. + ai!'-aj),) 
-n i. ,U 

or. on account of C = O. and ~ ~ C )"u a iJ<. aj '< = ~ ~ C."I, ai,U aji. = 
= ~ ~ Ci .', ai,U aj i .• 

)" /.L '" À 

}. ,tJ. 

4cp 2 
UC . M (6. CPo 6. bij) = N°n":; ;. C ." ai.', a;j . . (51) 

Moreover. from (48) ensues: 

UC. M (6. C(02) = 2: ~ C ,O. M (6. CPo 6 bp") . 
p IJ" 

or. by (51). 

UC . M(6cp02) = ~02 
N-n 

1 ~ ~ ,"' ~ C C, i .• uC . ~ .,,;. ~ ~ p" ',." a ".'J. a . 
}. ,u.. ,:;' fT 

(52) 

In reducing the second member of (52) and analogous sums. we may 
not make use of the particular circumstance. that C=O. On the contrary 
we must start from the general formula: 

C j C kl - Cil Ckj = C . Cij, kl = C . Cp, Ik = C . Ca, kj. . . (53) 

where Cij. kl means the minor of the element Ckl in the determinant C ij . 
this latter not being symmetrical. 

Applying (53). we may write: 

~ ~ ~ ~ C ,O .. C jp. ap.'J. ai, = ~ ~ ~ ~ (Cp,v C i, - C. C ,'.'J, ;') ap.'J. aM = 
)., ,v. P fT }. ,'J. ,:;' fT 

= ~ ~ C,o.'J a.'.', ~ 2: C), ai, - C 2: 2,' ~ ~ C,o.'J.io ap." a;, . 
p ,u. J. IJ" ), y .. P IJ" 

or. by (36). 

~ ~ ~ ~ C ,O, C .', a.'." ai. = (UC)2 - C. U2 C 
i, .'" P , 

· (54) 

In this final form. we may put C = O. Then from (52) we derive 

· (55) 



156 

Hence the mean error of epo amounts to 

We shall now compute M (6 C j 6 epo)' 
We have first: 

further: 

M (6 C ij 6epo) = I I C j , p~ M (6 cp,6epo) = 
p a 

A 2 (I I I I Cj,p" CJ,,..ap,uaJ.a ) 
_ "'Iepo J ,v p a C 
- N n UC -;: Ij,paapa 

_ 4ep02 ~Cij(UC)2 C U2C UC C.C' + 
- (N-n) UC (----c- - Ij - cf:: la J,j al.. 

+ I I Ca U CJj Bja - UC . UCIJ l 
J, a ~ 

= 4!P.o
2 ~Cj(UC)2_c. , U2C_ 

(N-n) UC ~ C IJ 

= 4epo2 ~Cj(UC2)_C U2C- C j(UC)2 + 
(N-n)UC? C Ij C 

+ UC.UC j+ ~IC6UCJja).~- UC. uCJ l 
). a , 
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Since M (,6, C j ,6, CPo) must be symmetrical with respect to i and j, 
we have 

~ 2C, UCijaio = ~ ~Cj, UCiia" = ~ ~Cj;' UC,la.i. = 2 ~Cij UClaB). 
J. a J. '1 r; ). J, ei 

= t ~ ~ (Ca U Ctj + C j U Ca) ai. = t ~ ~ U (Ca O}) . ah 
J. a i, Ij 

J a 

or, by C=O, 
~ ~ Co UCjaio = t ej U 2c. 

). a 

Hence we find 

From 
,6, UC=,6, 2 ~ Ct,vaJp.= ~ ~ Biy,6, Cl' 

i.p. ÀfL 

follows 

M (,6, UC . ,6, CPo) = ~ ~ aiy M (,6, Ct,v. ,6, CPo) = 
i. fL 

thus 

M(,6, UC.,6, CPo) = N2cp~2 U2 C . . . . . (59) 

We next consider M (,6, Ci j ,6, Ck/) : 

M (,6, Cij,6, Ckl) = M I (,6, bij - aij,6, CPo) (,6, bkl - akl,6, CPa) I = 
= M (,6, blj ,6, bk/ ) - aij M (,6, bkl t:,. CPo) - aki M (t:,. bij t:,. CPo) + aij aki M (,6, CP02), 

or, by (47), (51) and (55), 

M (,6,Cij DCk/) = NCPO n ~ (bi k ajl + bjl aik + bil akj + bkj ail ) -

or 

M(,6, CijDCk/)= ;0 n ) (cikajl + Cjlaik+ciI akj+ckjBiI) + 

+ 2 CPa (aikajl + all akj) + 4 CPo aij aki - . (60)) 

- 11c (aij ~ ~ Cfr, Bçl ak'/) + aki ~ ~ Cfe aei Brr,} ~ 
~ 'r, ~ 'IJ / 

(To be continued). 




