Mathematics. — Adjustment of N Points (in n-dimensional Space) to
the best linear (n—1)-dimensional Space. 1I. By Prof. M. J. VAN
UVEN. (Communicated by Prof. A. A. NIJLAND).

(Communicated at the meeting of March 29, 1930)

We may now calculate M (A Ci; A Cu).
M(A CijA Ckl) :M(Z P Cl_/,llu. A Chp « Z > Ckl,F«r A Cpo'):

Z 2 Z' 2 C'J" Clea-M(A C/u ACFr)
or, by (60'),

(ACU ACH) -3 322 C.'j,)._:/, Ckl,‘cr (Cl/n aur + Cus @jp +
A p o o

N_
-+' Cas @pp. + Cou a}.r)

2
y 29 5 s 2 X Cyiu Cupr (@ aue + a1 35.)

N—n = %
(61)
+]‘\1]? > ; Z ZCU?\L Cklara/,/.aaa-
4(p0 ZZZZCz ;uCkloa'(a/ ZZCf/aEaaw—i—
(N_ )UC/ v oo @ o a
+ ags 2&: Z C€1, atu aA'/,)
Putting:
p1 = 2222 Clj,).p CH,‘Do‘ C},F aus, p2: 2333 C,’j,}w Ckl,‘oa' Cus 8ip,s
LA opop T A pp oo
p3: 2222 C‘ﬂ/’- Ckz,p Cis @ous p4 2222 Cu'# Cklpr Cop @iay
Lpup oo Lopup oo
P=P, +P,+Py+P,
Q]'—'ZZZZ CiJAu Ckllaa'aPA aur Q2—2222 C|J/U Cklpﬂ'ala'ap,uv
A ppgeo Lopopo@ (62)

Q=Q1 + Qz
R 2222 C.JAu. Ckl‘a:r a)u. apr

A /l- F o
$,=2333333 Cyiu Cuipe Cn @ ae aa,

Apopa ko

S;—ZZZZZZCUA,LCHWC;,aP,a;,‘aH, S=8+S,
A pp oo 0

we may write (61) in the abbreviated form:

M(Ac..,-AcH):N‘-’};ngrz%(Q+2R—a‘% )g . (63)
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Applying the relations (50) and (53), and bearing in mind, that we
may not put C =0 before the final result, we find:

pl = 2222 CU C)\'u — Ci/‘ C)j Ckl.prr Cip Bue =

ippoo C
= C,-,-EZZ (’P,u Ckl.pr Aus — 222 Cl/z dpj Ckl,pcr aus
wpw

“pe

= C.‘j 223 Ck[,/u,a- aue — 22 C‘/-L Ckl,jo' apus
mroe e

Ckl Cja’ - le Ckcr a

= C,‘j UCH— E'é‘ Cp,,' C ue
= C,; UCu— Cklf%‘ Eﬂfcﬁ — le‘,,un‘) au +
+ Cj[ >z (C’"C.C’E == Cki,#a’) Qus
®w o
Cj,’ Cki
= C,-_,' UCH—— CHUC o ? + CHUC_,-I + le UC—C_— —_— le UC;,,-

- U(CU Ckl) — %g (Cji Ckl_ le Cki) - U(le Cki)_l_ Cki chl

= U(Cji Ckl— le Cki) —Uc. Cji.kl + Cik Uclj
= U(C % Cji.kl) —_— UC . Cj,‘,k[ + Clk UCI_,
=C chi.kl + Ci uclj

or, since C =0,
Pr=CallCy. « = s =« « » = =« (6%)

Pz = 2222 Cij,}.,u CkI,Fa' Cus @ig.
A p poC
By interchanging 1 and u# on the one hand, ¢ and ¢ on the other
hand, we obtain:

Pz =3 ZZTZ Cij,,‘)\ Ckl,a-,g Cip 8us = 233> Cji.‘Ay, Clk.pr Cip Aus.

e A g p A p po

Comparing this expression with that of P;, we observe, that P, results
from P, only by interchanging i and j on the one hand, k and [/ on
the other hand.

So we find for P,:

P2 = le UCk,'z C[j UCU; e e s s e e e (6‘1’2)

P3=2222 Cij,}y. Ckl.pr Cis @pu
A p p
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By interchanging ¢ and ¢ we obtain:
p3 =333 ij A Cklu—,s Cip Aop. — 2222 C,'J Ap Clk‘pf C'F Aus.

A poaoop b ppoow

Comparing this expression with that of Py, it appears, that only k
and [ are interchanged, so that we find:

P,=CuUCy . . . . . . . . (64)

Likewise:
Pq— 2333 C.j;u Cklpo'cpu anw—23333 Cl]/lACkI‘OrCPAa,U’—
A /J 9 T U. I P -2

o 2222 Cji.iy. Ckl,Fo' C}.p Aug-.

L pp o
So P, derives from P, by interchanging i and j, whence:
p4 = Cjk UC[.’ = ij UC,'] . . . . . . (644)
Summing up these results, we obtain:

p p1+P2+p3+P4 C,kuClJ"*’CIJUC.k_I— C,IUCkJ+ Ck]UCil.
or

pZU(Canj—f—CikCU) F (65)
In reducing Q, we have:

Cij Ck,u — Ci//. C).j Ckl CF'J - Cka‘ Cpl

Q;ZZA'ZF'ZP'};‘ o . o aip Aus
=& (Cy; Ck,‘::fzf:zr Ciu Csp aip @asu— C"’;fozf Ci. CyCroasgas,—
—Cy; AZ;Y%ZE Cok C,Civ @30 @su + %f%‘%’ Ciu C»; Coi Cipasp asp).
Putting:

{2}"{2"‘ Cip Cop aip asu = Qs ZA'ZFAEZ; Ci Cj Cop aip asp = Q2.

?'2“‘%'2" Cok Cip Cop asp asp = Q3 %2};%‘%‘ CinCi CaCpaspan=Qy4

we may write:
Q= (Cu CuQi —CuQi; —CijQis + Qi) . . (661)

Now:
Q“ = 2222 (C}F Ca,u. —C. C}.lc,'x/.() aip arp. — (UC)Z —C.Uu: C; (67”)

AIJ.FQ’

Q12 =333 Ci_u, (Ca-j C)P —C. ij}‘p) aip @sp —
A ppoa
= UC 22 Cl/" Cn'J a’J,U - C 22 C;lu UC;J aﬂll.

lll. a
= UC 22 (CijCa,u = C . Ci.i"l‘) Qop — C 22 Ci# chjaay
®oo v T
= (UC)2 Cg_,'—' C . UCA. UC,,-— C o) Cilu Uca-jac,u'.
IU. a

21
Proceedings Royal Acad. Amsterdam, Vol. XXXIII, 1930.
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By interchanging i and j, 4 and u, ¢ and o, the first member and the
first two terms of the second member of this equation remain unaltered,
the last term passing into —C.> 3 C; UC,;ag.

Lo

If, in this latter expression, we replace 1 by o, ¢ by u, it becomes
—C.23C,UChiap:=—C.X>3C;;UCina-x. We have therefore, as

a second expression for Q;:

le = (UC)Z Ci_,'— c.uc. UC,']"—‘ C:e 33 er UC.‘,U. Aau,y
@ o

whence:
chi,u UCa-j asp. — % 22 (C"F UC,,- + C;j UC,-,,,) am:% ZZU(C,# qu)aa,,.
v M T 2
=% U{ 5.9 (CijCc‘u. — C . Cij,r/,l.) aa/.r.g -
* —3U(C,. UC— C.UC,)
or
22 Ci‘uUC,ja;,‘-——%;(C,-j.UZC——C.UZC,-,-). - (68)

So we find for Q,:
Q.,=UC’C,—C.UC.uc,—+C.U*C.Ci;++C*.U*Cy; (67y)
The expression Q,; derives from Q,, by replacing i by k, j by [ (and
also ¢ by u, ¢ by 4).
So we find for Q,;:
Qi =UC)*Cyu—C.UC.UC4—C. U*C.Cu+1C2.U?Cy (6713)
The expression Q,;; may be reduced as follows:
Quy=23333CpCuCyCijamar,= ,
C T = 3335 (CuCeu— C. Cis) (Cy Ciy— C.. Ciisg) o @i

/.,u‘an'

== (Cik uc—-cC. UCik) (Czj. uc—cC. UCU),
or

Q,=UCXCiC; —C.UC.U(CxCy)+C2.UC,. UCy; (67,4
So the equation (66), may, by (67),,, (67)12, (67),3, (67),4, be reduced to

Q= ég(ucy .CyCu—C.U*C.CyCu—

— (UC). C,;Cu~+C.UC.CulIC,y+ 4 C.UC.Cyy Cu—4 C2.Cul*C;
— (UC). CyCy+C.UC.C,UCu+ } C.U?C.CyCi;— } C2.Cy U? Cu
 (UC). C4Cy — C. UC . U(CaCy) + C? . UCx. UCy; }
= “cl'z {— (LIC)? . (Ci;Ci— Cs Cy) + C . UC . U (Cyy Cu— CxCy) +
4 C?UC4.UC; —} C?. Cu U? C;y— 4 C?. C; U2 Ci}
- é {—(UCP.C.Cyu+C.UC.U(C.Ciu) + C2. UCx. UCy —
— 1 C?. Cull? Cj— 3 C?. Cy LI? Cut}

or

Q1= uc. Ucij.lk + Ucik- Uclj —%(CH u: Cl‘j+cij u: Ckl) . (691)
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In the expression (62) for Q, we interchange ¢ and ¢, and so obtain:

Q2 =332 C{j,Ay, C"I""P &ip @rp — 2222 C.‘j,}‘y, C""F" Aip Qp,y
A poa p A mop T

which expression derives from Q; by interchanging k and l. So we find:
Q=UC.UC;;u+ UC,;.UC,; — } (CuaU*Ci;+ Ci; UCur). (69,)

For Q we find:
Q=UC.(UCiu+ UC;u)+ UC, . UC,; 4+ UCy. UCy; —

(70)
— Cul*C; — C,;UCy.
The expression (62) for R may at once be reduced to

The expression (62) for S; may be transformed in the following way:

Sl = UC.'_,‘. 2222 Ckl,,‘aa' CE'r,aE':aF'r, =

p sk
== UC.'j. 23233 th C‘W E Clm CFl Cf-n ags agy,
g5 &
= UC g%l PIPIPIPN (CuCE' C . CP":-E") ags dpq —
p o
——I—ZZZZCIW (CELCM_C-CELF!,) ago ap'ng
C pe & m S
= uC, § UCY ~ €. trC)— I 23CurCriae +

-+ 2%‘ Cis UCy, a;;%

Making use of the formula (68), which, in this case, takes the form:

33 Cys UCy1 ass = 4 (Cy UPC — C . U?Cri),
c &

we find:
S, = UC,,. {(UC) Cu— U’C . Cy— -L% 32 (CuCiu—C. Curlaz +
-{-%UZC.C/:L—‘-}C.UZC/;I%
—uc,S Y c,—wc.co T cu+uc. uca+
4 3UPC.Cu—3iC. 1P cktg.
or

Sl = — % UC.'J' . (UZC ” C/iL - 2 UC v UCI"l + C . U2Ckl) . (721)
21*
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The expression (62) for S, becomes, by interchanging 4 and g, # and o,

S; =3333353 Cijes Citip @rp as apn;
pa Ap o

so it derives from S, by interchanging i and k, j and L
Hence

S;=—4UCk.(U*C.C; —2UC.UC,;+ C.UC;) . (72)
Summing up these latter results, we find, putting C=0,
S=8+85=—+UC.U(C;i;jCu)+2UC.UC;; UCy . (73)

The factor of 2¢, in the equation (63) now takes, by (70), (71) and
(73), the value:

Q-+ 2R —%S: uc .(Ucijm+ UCij, )+ UC;; . UCkj +
+UC;; . UC,j—Crl*C; i—CijU*Cu+-2UC;;. UCk+
2
+% LU(Cij C) —4 UC; . UCR
= UC . (UC;j,u+UC;ju)+ UCy . UCk+ UC. UC); —
—2UC;;. UCy — CuU?Cij — Cy U?Cr +

uc
+ ﬁé . U(C” Ckl).

From
UC. UC;j,n=U(C.UCijn)—C.UCCiyj,u=U{U(C. Cijn) —
—UucC.Cik4—0
=U?*(Ci; Cp— Ciy Cij) — UPC . Ciju — UC . UCij 11
ensues :
2 UC.UC,;=U(Cy UC;;+ Cy; UCy— Ciy UCy — Cy UCy;) — U?C . Cyyua,
or
uc.ucCiu=+4Cuali*Cy+ C,;U*Cu— Cy,U?Cy — C, U2 Cyj+
+2UC;.UCy—2UC,.UC,;—U*C.Cijn).
Likewise:
uc. Ucij,lkz'lg (Clk u? C{j+ CULI2 Cu— ij uzcCy,—Cyi Uz Clj +
+2UC;.UCx —2UCy. UC; — U?*C.Cyu).
whence:
uc.(UcCiju+UC;wW)=CuU*C;; + C,; U?Cy —
—3(CyU?Cu+ CuU?Cyy + C; U Cy + Ci U2 Cy) +
+2UC,;. UCy— UC,; . UC,;— UCy.UC;— s U?*C .(Ciju+Cij ).
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So we obtain:

Q+2R —Uics:—%(ck,- L2 Cy + Cy U? Cy+Cyy UCot Co LI2Cy ) +

uC ;
+ Nitel §U(Ci;Cu)—3UC .(Ciju+ Cijm) }.
or, by

UC . (Cij,kl —|'- Cij.lk) = U(C . C,-_,-,kz + C . C,'j,xk) - C . U(Cij,kl + Cif.lk)
=U(C; Cu—Cy Ci; + Ci; Cu— Ci Cy)=
=2U(Cy; Cu) — U (Cu Cyy + Ci Cy),

Q+2R— 3= S=—4(Ciy U*Cy+Cy L*Cyy+Cy UCipt CulI*Cy)+

eC
LY iloh

(74)
U (Cu Cy + Ca Cy).

Thus the equation (63) may, by (65) and (74), be brought into the
following form:

M (A Ci A Cu) = 52— [U(Cu Cy+ Cu Cy ) +

+ @ {—(C, U2 Ca+ Co U?Cy; + C U2 Cy + Cu U2 Cy) +

2
+ —L—I[Ig U(Cuckj + Cik Cl})”'
or
o uzC
M(A C; A Ckz)—_—mgU(C“ij_i'c"kclf)'(l_l_(po UC)— (75)
75

— @ (ij uz Cil+ C.'z U2ij+ Clj Uzcik+ Cikuzclj)i

In case two or more of the subscripts i, j, k, [ are equal, we obtain:

, o u:c
l:] M(AC(, Aij): N gU(ij ij +Cik ij). 1+q70— —
N 4e ) Las)tisa

— o (C U2 Ciy+ C; U? Cy+ C;; U2 Cu+ Cu U2 Cyy)

=i MAC, ACw =g {U(CaCa). (1470 ) —
(75) [, kl]
— o (Ca U?Cu + Cyu U?Cy) z
k=i, l=j M(AC,ZJ):— (f’i 3 U(Cizj+cil Ci). 1"“‘?’0‘14E -
N=n 4e T L

— @ (2 C,-jU2 Cij + C,-,U’ Cu + Ci( uzcij)g
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j=i, =k M(AC,, ACu)= 1\27%‘”3 u(c zk) (1+‘P0 [{Ié:)

(75) i, kK]

2
—2q, Ci U? kas 4I$°C'k§ uc. (l‘f‘({"oLLII—g‘)'—(Po uzcCy

2
j=i,l=i M(ACy ACu)= 1\2/10 3 (Cii Ci).- (H“Po [iIICC

) (75) [i, ik] |
— @ (Cu U* Cut Cull* Cu) |

C u=C
3 *uc (75) Lii, ii]
—_— ¢0 U2 Cii g

We will moreover calculate M(AC;; AUC) and M{(AUC)}.

From

AUC = AZA‘ZCAF ayu = 2}'23),‘ ACiu
» v

we obtain

M(AC, AUC) = 2 ZM(AC,ACk) . ain

3 SUCLCi4+CisCrar.{ 1400S )
= N3 i el ( »Tc
76
— ¢°€2 (CjUCin+ Con U?Chj+ Cpj UCir + (76)
/l
+ Ci) Uzc,uj) aA,ug
Putting
>2U(CinCijary =T, §2U(C,:,\C,‘j)a;p. =T, T=T,+T,
Ao »
Z3CPCirain =V,, ZZCpull*Cijain=V,,
A p Ap (77)
%‘zclujUZCil&}p = V;, §2Cil Uzc,uja),u = Vp
. #
V=V +V,+V,+V,
we have
uz:C
M(ACi;,AUC) = ?fngT. (1+% _lf)_% v $ .. (78)

The expression T; may be transformed as follows:

T]—ZZU(C:/LC)J Qi =— U{ ZZ(CL]CR/A —C. C‘LJ ),u) a),u; =

A on

= U (C;;UC—CUC;)) = G;;u*C—C . U*C;j = C;;Uu>C.
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Likewise :
T,=22U(CiCujla, = U{ 2 3(CijCu — C . Cij, war} = C;;UC,
Aop Lo
whence
T:2CU UZC Ce e e e e e (79)

In reducing the expression V, we observe, that

S Cipan=2 Ciplc,p=U(Z Cipcsp)—ZUCip. cop =0:: UC—Z UC;p . Cipss

~ P ® ® u
thus

SUCpa:=U(Z Cipar)=0s;I*C—ZUCin . cip — SUCip . arp,
/4 /t » ®
or
2 zuci,,u.a)l‘u: (5i).U2C—Z Uzci,u « Cipae
P ®
Hence
23UCiparn=UQRZ UC;ipa))=0,U3C—ZU3Cip.cin— SUCip . asp,
Iz P © ®
or
33U Cipain=296;, UC— 3 UCip.cop.

So we find for V;:

V = ZZC)]U CL,ua),u— (ZCA] Ou uCc— EZC/]C)/J.U CL,u)

A &
=3 (C;UC—C. 26, U3Ciy)
’l
=4 (G; U3 C—-C.U3GC;)),

or by C=0,
V,.=3G;;U3C.
Likewise
V2:V3= V4:%—CL] UJC
and

=4C;u*C . . . . . . . . (80

Thus the formula (78) may be written in the form:
C
M(ACi; AUQ) = 182 CijLiiC. (1 + UC) $mCylC.

or

i 2
M(ACi; AUC) :21‘(’7;{3;13 uc. (1+% %—g) —tplPCl. @81

Finally we calculate M{(A UC)?}:
M{(AUC)?}= )ZZM(AC;.,;. .AUC) aip,
»
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or, by (81),
M{(AUC)Q:—({EC},@,#) \tec (l—l—% uc)’*%u’ci
thus:
2, LIC L
ey ="REE e (1 g ) —too’Cl. . @2
or

M{(AUC)} = Nli"—n {UC . UC + @ (UPCP? — 3 9 UC UPCY (82))

By means of these results we are now able to compute the mean
squares and products of the errors of py, ps ..., pn

We must first normalize these direction-parameters. This may be done
in several ways, but in any case we must divide the parameter p; by a
homogeneous function of the p,,p; ...,p. of degree unity. As this
divisor may not be zero, it must take the form of the (2»)* root of a
positive-definite form of degree 2v.

We shall confine ourselves to the simplest case, that the divisor is
the square root of a positive-definite quadratic form:

e= 3 Ze),tpxp# A T |

=1 r=1

Then, denoting the normalized parameter by ri, we have

2 PI‘Z _ 1 1 C,'l
ric—=—— : = ‘/C_C__ e L
© 33 BB 33, tECm sye, O
A u Dpi 2 op Cii A p
or, putting
22 e)p. C).,u = VC, L (84)
Lop
Cu
REga e e (89)
Hence 7
VC B A C,',' — C.‘,‘ 22 €ium A C);t
2r A ri — (VC)ZA = ’
likewise
VC.A Ckk_Ckk 22 eFaA C‘o'x
zrkAtk: (Vc)z.r ,
so that

4!'1‘”: (ArlArk) (VC 4 ! (VC)2 M(AC[: ACkk) —_—
— VC . Ckk 22 €os (AC",' ACPU) -_ VC s C,'i 22 el M (ACkk AC).,M) ‘I"
p o A up
+ Cﬁ Ckk 2222 € €ps M(AC),M ACpa) ; ’

A opopoe
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or

B 1
M(AriAfk) - 4 V'C—"C—kk'(vc)a

— VC. Ckk 22 €pa M(AC" ACP'I) —
p e
— VC. C.'i %'Z (973 M(ACkk AC;//) +
o~
+ Cil Ckk 2222 e e‘aa' M(AC)/L ACPG) };

A uwpoe

{(VC)2 M(ACy ACii) —

(86) [i.k]

in particular,
o
M(A )= g pep  (VCP . M(AC) —
—2VC. Ci,' 22 €iu M(ACH AC).,U.) —+ (86) [l, l]
+ szx %‘222 €.y €p7 M(AC),U ACpa) 2
mp o

In order to compute the uncertainty of the corresponding parameter

ro:l%, we observe, that from

n

fr=—23 nx
A:]
follows:
Ary=—23nAx —XnAn.. . . .. (87)
A=l A=l
whence

MAnAny=—SoM(AxAr)—ZaMOnAr) . (88)
=1 A=1

The uncertainty of r: :% is exclusively due to that of the quantities
bei(k,1=1,...n); thus
Ari =233 rt;00 A bps
P L g

and
MAn Ax)=3Zr,00 M(Dbps Axi) . . . . (89)
From T
SO O
ensues
Ax, = [Ax;]  Aby [ Aup ] —|— [up Aus ]'
whence

M (AbpAx) = ITlﬁiM([u« D 1[Ax]) + M ([up Aus ] [Axi])1-
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Since Ax;, and consequently Au, Aus are independent of u, us, we
have

M ([ 2 1{A% 1) = M [us 1. M (e [Ax; 1),
or, by [us] =0 ((21)),
M ([u: Aup | [Axj ]1)=0; likewise: M ([up, Aus 1[Axj])=0,

whence

M(Ab‘aa A;j ): 0 . . . . . . . . (90)
and, by (89),
M(Ari Axj)=0. . . . . . . . (91)
So (88) reduces to
M (Arg A1y ) =— A% o MAo Ar) . . . . (92
=1

Finally we derive from (87)
M(Ato2): - Zn‘ Tu M(Afo A.;,u )'— Zn' .-x'luM(Aro Ar//. )r
#=1 w=1

or

M (Aryd) =+ 23nre M (AxsN\xu)+23 ZerxuM(\rp Ax) +
iop Apu

- - (93)
+ 2 Zx0x. M (AnAry).
Ao
We have now
M(Aw Dxa) =B D),
or, by (45),
- ~y—_Po .
M (Ax: Ax#)_N_naA,u. N (* X))
Thus the equation (93) may, by (91) and (94), be reduced to
M (Ar?) = N.%— S3ntean+ S3x xe M (An Aru),
—n)oa Jop
or, since
l/——)} u . aj I .
. —_%'#2 CnCyu a.,;_%'FZa., C, _uc
el VC ~—— Ve " vC
uc — —
M(Arﬁ):qun.V—é—i—AZ%'x)x,uM(AnAr,.l) . . (95

In case p: is normalized to the direction-cosine, denoted by s;, we
have ey, =d:u(=1 for u=141, and =0 for uF# 1, whence VC passes
into

2Cu=V,C . . . . . . . . (9

A=l



319

So the formula (86) takes the form:

1
M A i A f— =
B )= e Cwe. (V,C)

— V4 €. Cu PZ M (ACy ACp) —V, C. Cu ? M (ACu AC») +
+ Cy Ck_,. 2z M (ACu ACp)}.

or, by (75) [ii, kk]. F

M (As; Asi)=

{(VI C? M (AC: ACw) —

1 4(])0 VC(,' Ckk ( UZC)
= e V. —————= 1 uc,;
4V Ci C . (V, CP (( = N—n 3 T ac "

P, 2
_(Pouzc,'k —VIC.CkkN4¢° ZVCﬁ CPP_ 3( 1 +(Po ‘%“g) UCip_q7oU2CiF 2_

UZ
— V,C.Cy A‘;_(ff SV CuCn, 3(1-{—%—%) UC, — o, UCh g +

uzxC
+ Cli Ckk Nf‘on Z;ZF‘ C)p3 (l‘l‘(]]o‘tfé) UC).F"—(PO u:z C)«p g)

M(As As) =20 (140, 2\ (v, 1. UC,—
A=y vrep (e )1 O UG
e V,C . ch‘n UC{P—VIC . 2 C(} UCkA + C;kZ'Z' C)P UC),yl—'
P » AP
—@ {(ViCPU*Co— V, C. 3 C, U Cyp —
P

= V]C.%‘Cu\ UzCkA+C:k %‘2 C}P UZC)F; )
P

or
- Po —
M (Dsi D) = =i C),((1+% uc) g(v, ). UC,
Cu {
—-Vv,Cc.xuCsC —ZZ‘UC,
1 . ( ) Ak) + 2 ( /"') S (97) [i, k]
— oo (V, CP.U*Cy— V, C. 2 Ci U2Cp —
-~V C.2CaUCu+Ca 22 G U? C),;}).
A A u
and, in particular,
Po uc
M(AS) m((l-‘*(}% UC) 3(‘/1 C)2 . UCu ==
—ViC.ZUC+G 52 U(ny)g 97 [i.i]

—tpof(VlC)Z.UzCﬁ == 2V1C. 2CMU2C.').+C.]' ZEC}[L UZC}F%)
A A n



320

The movability of the points S in the different directions is expressed
by the coefficients a;;. So it may sometimes be preferable to normalize
the p; by dividing them by

Va=V'3San. p:pu.

Doing so, we obtain the parameter

e /G . (98
. T va Y Uuc %)
Instead of substituting ai. for ei. in the equations (86), we may
directly calculate the uncertainty of the ¢, (i=1,..., n) making use of
(81) and (82).
From (98) follows
_uc.NC,—C; AUC _UcC.ACuw—CuAUC
2t; Aty= (UICY v 26 ANty = (LICY '
whence

at, t, M (At At ((UC)2 M(AC: ACw) —

(UC)
—UC.CuM (AC: AUC)—UC .Ci M (ACAUC)+C CkkMi(AUC)zz),

or

M (At At) = 1

4V C, Cw.(UC)
—_— UC . Ckk M(AC" AUC) — UC . C,iM(ACkkAUC) +

4 Cu Cue M{(ALICY z).

((uc:)z M (ACy ACw) —

Applying (75) [ii, kk], (81) and (82), we obtain
___1 4‘,’00Cik uz=:C
M (At A )= g (U—C);((UC) LS 3(1+ o Uc)uc,k ~goll2Cie{—

2¢, Cii u=C
—uc. Ckk %ﬁg(l—(})om) uc — %(POU3C€—

2¢,C uc
—UCCu ]q\)]()+"?$(l+ Po UC>U2C_‘§“P0U3C’ +

Z%UC ( uc

+CuCkk N 1+ OUC)UZC——%—(]JOLPC‘),

or

M(At At)= uc

Po
N=n) (UC)2=(1+"’° c
— § Cu LI2C)— g (UC . U?Ciu— 4 Cue U2C)i

) (UC . UCw—
(99) [i, k]
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and, in particular,

M(Atz ) — UC 3(1+¢P0 UucC ) (UC UC" __L C. UC—
(99)[i.i]
— o (UC . UC— § Cy UPC) t
Moreover (95) passes into: /
M(Ag= N +33xxM(AtAte) . . . (100)
—n A M
The parameters ¢ are distinguished by a particular property.
From
UcC.AC; —C; AUC .
2t ANty = (LI i=12,...,n
follows:
26, M(At Agy)= UC.M(ACy Apy)— Ci M(AUC . Agy) i=1.2,.n.
acy
By (58) and (59) we obtain
9202 []2
uc. 28 8E ¢, .. FBwc
2t M (At Agpy) = oy =0
i=1,2,.:ent
or
M (At Agpy)=0. i=1,2...,n.. . . . (101)
Since
h=—23tx
+=1
we have
Aty=—3t Ao, — 3 x At
and

MLty Mg =— 3t M (Dxi D o) — Zx: M (Ats Ag) . (102)

The uncertainty of ¢, being merely due to that of the by, so that
Apy= 33 @o.c bz, we have, on account of (90),
P g

M (Dx; . Apo) = 2 Z@oies M(Ax; Abe) =0; . . (103)
P g

so we obtain for (102), by (101) and (103),
M(Aty Apg)=0. . . . . . . . (109

Thus the variability of all the ¢, (=0, 1,2,...,n) is independent of
that of ¢,.

The normalisation of the parameters p; to the parameters f; may be
interpreted as follows:
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From
Di
l/a szal,upltp,u
and
Di . . .
S =S s; = direction-cosine
V' Zpi? ( l )
X
ensues
N . S (105)
! 1/2 2 aiy S Sp
2opm

The hyperellipsoids f= 33 fix & &. — const. are homothetic with the
A
standard-hyperellipsoid ‘
EZfA,U Xi x,u=l e e e e e e e s (106)
Aop
The tangent hyperplane of the point R’(x/) is represented by
2 (2 f)./x x/.u.)x). =1 . . . . . .. (107)
-

In order that this tangent hyperplane be parallel to 7z, the conditions
S fiexXv=Hs (k=1,...,n)
.

must be satisfied. Hence
S Fi s
3

X =

Since R’(x/) lies on the standard-hyperellipsoid (106), we have
ZZf,oa x"p xla' = 1.
P g

or
H H?

ZZﬁp— HZF/‘.,S/ 5 FZFU.'ISU — FZZZ 6/-FM;SA Sy —

sopog

H? F‘/‘ 2 § s —
=H*ZZ F sisp=H?*3Xausisu=1,

I./U. A :“

whence

(108)

2 aus sp=33 -
e [ ol H:?
The distance of the origin O from this tangent hyperplane being
denoted by d, we have, by (107),

I

VI (SEad)? HVZs? H
Y

or, by (108),
d:V_EZ S Su, « « « . . « . (109)
Aop
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Hence

(110)

.
T d

Thus we obtain the parameter t, by dividing the direction-cosine
s; by the distance d of the centre O of the standard-hyperellipsoid (106)
from its tangent hyperplane parallel to z.

RECAPITULATION.
Being given N points S(m) (m=1,..., N), with coordinates x;(m)
(f=1,....,n) in a linear n-dimensional space, to determine the hyper-

plane 7: py+p;x; + ...+ p. x, =0, which is best fitted to the given
N points.
The displacements (£;) are supposed to follow the probability-law

- 2
dW:(a—nf) e_efdfl---dgn' R

n

where f= 33 £, 6., F=|f.|(5). 6 an as yet unknown constant factor.
ion

§ 1. Determination of the parameters pg, Pi+- .. Pn-
Putting f#:aq (19), the principle of adjustment may be enunciated

by the postulate:
To minimize the function

l n
_N‘[(Po +2po )]

P="33 23 D1 PR ( []=sum over the N points) . (20
Y

by disposing con:reniently of the parameters py, pi, ..., Pn

Introducing x; = []—35;1. u, = x; — x; (21), and putting % [ui u; ] = by
(22), bi; — pai;=ci; (29), the problem is solved by

C=lax|=0 . . . . . . . . (31
é‘lcx.- p. =0, (i=1,....n) . . . . . (30
Po +)~§; px=0 . . . . . . . . (26

The smallest of the n real positive roots of the equation (31), of the
nt degree in ¢, is the required minimum-value ¢, of ¢. The solution-
value ¢, of @ being known, also the quantities c;; are determined.

Then the ratios of the p;(i=1,....n) are given by

Py Pz =B .. 3
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Finally (26) furnishes the corresponding value of p,.

The factor 8 turns out to be 6:2—1— (44).

Po
§ 2. Uncertainty of the normalized parameters.
The uncertainty of the different quantities x:, xi,, bi;, ¢ij, Cij, @p is
characterized by the mean value of the squares and products of their

errors.
Introducing UP =33 a, ab:ﬁ (thus: UC= 3 3 a;, Cip, UC =
Aop A b

= 33375 anapCiups etc., (36), UC;;= 3 3 a».Cij, ». etc.), we obtain
Au

A u pa
M (Ax: Axi) = Nlin voax . M(Ox Axi)= I_Vljn @oaix, (46)
M (Abij Abu) = (awbjy + ajy b+ au by +ax ba), . . (47)

ﬁ
49

MO =1 . (5 o Elp)=pale . (56

M(A'C.-j ACH) = (T_ng(bik a; + bjI ax + bu ay + bkj ai ) -

N.
4 4 —
_ __l‘:"}oca"f 2z Cia agt ak, — E’g"’ 22 Crragjaict 490 ayau ;
uzcC
M(AC;; ACu)= N— U (Cu Cy + Ci Cy)| 1490 UC)
(75)

— 90(Cy U2 Cy + Cy U Cy+ Cy U? s + C U2, )g
with the main particular cases

M(ACy ACw) = 33@ i

uc,. H—(po UC — o U? kat . (75)ii, kk]

M(AC?,)—‘}% g

(1+% UC) LC, | 75 G
M(AC, AUC)=22eC §u2c (1+% UC) mwcg, )

uzC

M {(AUCP} = 2""°”C¥wc (1+% UC) § g0 U°C (82)

As a rule the p; are normalized by dividing them by the square root
of a positive-definite quadratic function of p;, ..., pn:

n

AZ Zex,;pA ps- . . (83) Putting 2} TenCu=V(C), . (84
=1 p= »
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the parameter p; is normalized to r;, = gi(i: (85), whence
M(De: D) = 1 |(VCF M(AC. ACw) —

41V C; Ci.(VC)
— VC . Ckk 22 eFo‘M(ACﬁ ACFc) —

P e (86) [, k]
—VC. C{i %'2 €)u M(ACkk AC)./A) +

+ Cli Ckk 22 D €u g3 M (AC}.,U. AC‘D’}') ; ’

A p p e
in particular:

1
M (Ar;?) = IC (VO (VC)?: M(ACiid)—
—2 VC . Cii, ZZe;.,r‘ M (ACiiACAu) + (86) [i.l]
“‘I" Cii 222222}// €zc M(AC)/J, ACFG’) N
For ry,— l% we have
M(ArAr)= =2z M(As Ae). . . . . (92)
M(Aroz)—-NLp(’— U—C+ 2‘ Zx; x. M (A Ary). . . (95)

Specialisations of e;;:

I. eijzélj (au: 1, 6,~,~:0forj:,t i), &= 2" p}z, VC=3Cu= VIC,
A=1 A
o P :V Cii
l VZpAZ 2Cu
Py

_ P _
M (Asi Asy )= (-I\f—T)E’V]—CP((l—'—% UC)% (ViC)2UCix

ant 2197 ZU(C,)CJIJ‘{’_&Z/:%‘U(C )g

—V,C . ZC‘AkUZC,') —V,C . ECM UZC).k'f‘C.‘k ZZCA;/.UZC).#}),S
A A Aop /

—@ol(V,C)2. UPCy— \ (97) [i.k]

2) — s u:c 2 R
Miba= B ((1+% uc) 3 (V,CP. UC,
— ViC. 2U(Cx?) + C; %2 u(cs )§ —go {(VLC)?. U?Cii — » (97) [i.1]

—2 V‘C ZC{AUZCM‘{" Cn ZZCA;A UzC;p})
A Aop

22
Proceedings Royal Acad. Amsterdam, Vol. XXXIII, 1930.
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1T i Cii
II. ej—a;, ¢=—a VC=UC, ti:l—ﬁz: uc -« - (98)

_ o u=C .
M(Ati At )= W—_nm?g (1+(Po UC) ac.ucCy

(99) [i.k]
— 3 Ci UC) — g, (UC. UZC.;‘-—-}C,;,U3C)§
N __ Po U C .
M(Ati )—(TV—_W 3(1—{—(])0 c (uc.uc; —C, u? C)
(99) [i. 1]
— @ (UC . UZC,',' - % Ci,' U3C) ’.
M (At 2)— —i—ZZ'xA x,uM(AtA Nte), . . . (100)
MMt Ag)=0. (i=0.1,....n) . . (101),(104)

t; = (d =distance of O from the tangent hyperplane of (110)
)

(
d
2 2 fan x5 xu=1 parallel to z).
Ap





