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We may now calculate M(6.C j 6.Chz). 

M (6. C J 6. C h/) = M (I I Cpp. 6. CJ,u, . I I Ck/.plT 6. CPIT) = 
J. lJ. P ~ 

= ~ I I I C j) " Ck/.plT M (6. Cj,!' 6. CPIT)' 
), I" P .. 

or. by (60'). 

M(6.Cj 6.Ckt}=-N-T.~- I I I I Cjpu, Ck/.p~ (Cjp a,u~ + CI'IT ajp + 
-n ).. f-L P tI' 

Putting: 

+ CM apl' + CPI" aj, .. ) 
2 CP02 + NnI I I I Cp!" Ck1.,o~ (ajp al'~ + aj,~ a,o,, ) 

J. f-L P rr 

PI = I I I I CIPI" Ck1.plT Cl,P a!'... P 2 = I I I I Cip!' Ck/.,olT cp. .. 8).,0' 
).!'p" À/'P" 

P 3 = I I I I Clj),u, Ck/.plT Ci~ a,op,. P" = ~ I I I Cij.J'1" Ck/.plT cp,u. ai IT. 
J, ft. P rr I . iJ. P ([' 

R = ~ I I I Cij), ... Ck /.p .. aJ,,1J. ap .. 
). !' P IT 

Q2 = I I I I Cij),v, Ck1.p .. al .. ap!'. 
J. tJ. P If' 

SI = I I II I I Cij)1" Ck/.plT Cf" a)1" a;-IT apr,. 
). I" P IT ç 'r, 

S2 = I I I I I I Cp!, Ck/.plT Cf" aplT af!' Bl,,, . S = SI + S2 
Àp.p .. ç'r, 

we may write (61) in the abbreviated form: 

(61) 

M (,6. Cij ,6. Ck/) = ;0 n ~ P + 2 CPo ( Q + 2 R - Jc S ) ~ (63) 
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Applying the relations (50) and (53). and bearing in mind. that we 
may not put C = 0 before the final result. we find: 

= Cj.I I I CJp" Ckl.plT a". - I I.I Cl" CJpj Ckl.plT a". 
p p IT ~ P IT 

= Ci}.I .I Ckl.,,1T al'-a - .I I CII'- Ckl.jlT al'-' 
I'- IT " IT 

UC = U (Ci ) Ckd - c (Cji Ckl - Cjl Ck;) - U (Cjl Ck;) + Cki UCjl 

= U (Cji Ckl - Cjl Ckd - UC. Cji.kl + Ck UCIj 

= U (C . Cjl./d) - UC . Cji.kl + Ctk UCIj 

= C UCji.kl + Cik UCIj 

or. since C = o. 

P2 = I I I I Cj.i,~ Ckl.plT Cl'-' alp. 
A I'- ,0 rr 

By interchanging À and fl on the one hand. e and (J on the other 
hand. we obtain: 

P2 = I I.I.I CIj.~À Ckl.lTp Cjp a,UIT =.I.I.I.I Cji)~ Clk.plT C'p a" •• 
~ 1. IT P 1. ~ P IT 

Comparing th is expression with that of PI. we observe. that P2 results 
from PI only by interchanging i and j on the one hand. k and 1 on 
the other hand. 

50 we find for P2 : 
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By interchanging e and a we obtain: 

P3 = ~ I I I Cipp. Ck/,ap Ci.p aap. = I I I I Clpp. Clk,pa Cip a,v. •. 
A p. a p J, fL P a 

Comparing this expression with that of Pl' it appears. that only k 
and I are i~terchanged. 50 that we find: 

Likewise: 

Pi = I I ~ ~ Cij),p. Ckl,pa Cpp. ai .• = ~ ~ I I Cij,p.i. Ckl,pa cp'" ap.. = 
À p. P fT ,u. J. p a 

= ~ I ~ I Cji.ÀfL Ckl,pa Cip ap.a. 
A p. P a 

So Pi derives from P l by interchanging i and j. whence: 

Pi = Cjk UCli = C kj UC iI (64i) 

Summing Up these results. we obtain: 

P = P l + P2 + P 3 + Pi = Cik UClj + Clj UClk + Ca UCkj + C kj UCi/ • 
or 

P= U(C iI C j + CkClj) 

In reducing Ql we have: 

- Cij~ ~ ~ ~ Cak CtpCi.,u. aip a.p. + ~ ~ I IC,,, C"j C ak Clpaip a.p). 
"p.pa }'fLpa 

Putting: 

(65) 

~ I ~ ~ C"'p. C'f aip aa,IJ. = QI1' 
A P. P a 

~ ~ ~ ~ CifL Ci,j Cap aip a.,v = Q12. 
i. p. P a 

~ ~ ~ ~ Cak Clp Ci,v aip aa," = Q]3. 
J, fL P a 

~~~~ CI"Ci} CakC lp aipa7p.=Q]i' 
,\ fL P a 

we may write: 

Now: 

QI1 = ~ ~ I I (Cp Cp. - C. Cp,.p.) ai,p aap. = (UC)2 - C. U2 C; (67 11) 
i, p. p a 

Ql2 = ~ ~ ~ ~ Ci" (Caj Ci,p - C . Cap,p) BJ.p a.p. = 
A P. P a 

= UC. ~ ~ Cip. Caj a.p. - C. ~ ~ Clp. UCaja.f' 
p. a I' a 

= UC . ~ ~ (CjCp. - C. Cu,ap.) aap. - C . ~ I Cip. UCajaap. 
fL ~ IJ. fT 

= (UC)2 CIj- C . UC_. UClj - C . ~ ~ Clp. UCaja.p.. 
p. a 

21 
Proceedings Royal Acad. Amsterdam. Vol. XXXIII. 1930. 
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By interchanging i and j. .ï.. and 11-. e and a. the first member and the 
first two terms of the second member of this equation remain unaltered. 
the last term passing into - C. 2: 2: Cj). UCpiapJ' 

J p 

IE. in this lat ter expression. we replace }.. by a. e by 11-. it becomes 
-C. 2: 2: Cj~UC,vial"=- C. 2: 2: C~j Uc,·,,,. a~p.. We have therefore. as 

a p ~ 7 

a second expression for Q12: 

Q12 = (UC)2 C j - C . UC . UCij - C . 2:.2: C .. j UCp. aap.. 

whence: 

2: 2:C,v. UC .. j a~,v = t 2: 2:. (Cp. UC .. j + C"j UCi,v) a~p' = t 2: 2: U(Cp. C.'j) aap. 
,v. fT fl fI p. f1' 

or 

= t U 1.2: 2: (C j Cp. - C . C j , .. ,,) a.,v.! = 
= t U (Cj • uc - C . UC1j ) 

2: 2: C,v UC .. j aOfJ = t (C j • U2 C - C. U2 C j ). . . (68) 

So we find for Q12: 

Q12 = (UC)2 Cij - C . UC, UCij- t C . U2 C . C j + t C2 . U2 C j (6712) 

The expres sion Q13 derives from Q12 by replacing i by k. j by I (and 
also a by 11-. e by .ï..). 

So we find for Q13: 

Q13 = (UC)2 Ckl - C . UC. UCkl - t C . U2 C. Ckl + 1 C2. U2 Ckl (67 13) 

The expression Q14 may be reduced as follows: 

QH = 2: 2: 2:.2: CIP. C .. k Clp C).j a.p. a Jo. ,0 = 
I. ,f). P fT • 

= ~ 2: 2: 2: (Cik C,v. - C . Ck, .. p.) (Clj Cp - C . C,p,,) aop' a,p 
I . IJ. P rr 

= (Ck UC - c. UCk) (C,j . UC - C. UClj). 
or 

Q14 = (UC)2 CikClj - C. UC. U(CkClj ) + C2. UCik . UClj (67 11) 

So the equation (66)\ may. by (67h\. (67)12' (67)\3' (67)14' be reduced to 

Q\ = ~21 (UC)2. CljCkl - C. U2 C. CljCkl -

- (UC)2. CljCkl+C. UC .CkIUCj+ t C. U2C.C,jCkl-tC2.CkIU2Cij 
- (UC)2. CklCj +C. UC. CjUCkl + t C. U2C.CkICjj-tC2.CijU2Ckl 

+ (UC)2. CikClj - C. UC. U (Cik Clj) + C2. UCk. UClj! 

Q\ = ~21- (UC)2. (CijCkl - CkClj) + C. UC. U (CijCkl - CikClj) + 
+ C2 UCk. UClj - t C2. Ckl U2 Cij- t C2. C jU2 Ckl ! 

= ~21- (UC)2. C. Clj,lk + C. UC. U(C. Cj,lk) + C2. UCk. UClj­

- t C2. Ckl U2 Cij- t C2. Cij U2 Ckl ! 
or 
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In the expression (62) for Q2 we interchange a and e. and so obtain : 

O2 = ~ I I I C lp,,,, Ckl.ap ajp a~p' = ~ ~ I ~ Cip!'_ Clk.p~ aJ_p a~p.. 
}.p.~p ).lJ.p~ 

which expression derives from 01 hy interchanging k and 1. So we find : 

O2 = UC . UCij. kl + U C il • UCkj - t (Ckl U2Cij + Cij U2Ckl ). (692 ) 

For Q we find: 

Q=UC. (UCj.kl + UCij.lk) + UC ii • UCkj + UCik . UCIj - ~ . . (70) 
- Ckl U2Cij - CijU2Ckl . ~ 

The expression (62) for R may at on ce he reduced to 

R=UCj.UCkl . ....... (71) 

The expression (62) for SI may he transformed in the following way: 

SI = UCij. ~ ~;~~ Ckl.p~ Cf"aç-~ap-" = 
p ~ ç or, 

~
Ckl = UCij -C ~ I I I (Cp"Cç-. - C . Cpr,.;~ ) aç-. ap .. -

pa, or, 

- Cl ~~ I2,' Cl;. (Cn Cp'/) - C . Cn. p,,) aÇ-a apr, ~ 
p • , Yi } 

~ Ckl UC = UCj (C[(UC)2 - C. U2C] - C ";fCk. C,ta,a + 

+ I I C/.-. UC, I as. ~ . , ) 

Making use of the formula (68). which. in this case. takes the form: 

2,' ~ Ch' UCn as~ = t (Ck! U2C - C . U2Ckt), . ; 
we find: 

j(UC)2 UC 
SI = UCIj . t ----c- Ckl - U2C . Cki- c':; f (CklC;,- C. ChH~)as. + 

or 

+ t U2C . Ckl - t C . U2 Cht ~ 
_ ~ (UC)2 2 (UC)2 
- UCj ( -C C I - U C . Ckl - ----c- Ckl + UC . UG;t + 

+ t U2C . Ch{ - t C . U2 CkL~. 

SI = - t UCij . (U2C . Ck~ - 2 UC . UC/.l + C . U2Ckl) . (721) 

21* 
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The expression (62) for 8 2 becomes. by interchanging). and (!. ft and o. 

82 = ~ ~ I I I I Ci.i,p~ CId.)p. a),/,- ar. ap"; 
p • } /'- r 'r, 

so it derives from 8 1 by interchanging i and k. j and 1. 
Hence 

82 = - t UCkl. (U2C. Cij - 2 UC. UCij + C. U2Cj). (722) 

Summing up these latter results. we find. putting C = O. 

8= 8 1 + 8 2 = - t U2C. U (Cij Chl) + 2 UC. UGii. UCkt. (73) 

The factor of 2cpo in the equation (63) now takes. by (70). (71) and 
(73). the value: 

2 
Q + 2R - UC 8 = UC. (UCij.kl + UCi.i.lk) + UCil . UCkj + 

From 

+UCik. UClj-CklU2Cij-GijU2Ckl+2UGij. UC/;l+ 

U2C 
+ UC . U (Gij Ckl) - 4: UCij . UCkl 

= UC. (UCij.kl+UCi.i.lk)+ UCil. UCkj + UCk. UCli -

- 2 UCi.J . UCkl - CM U2Cij - Cij U2Chl + 

U2C + UC' U (Gij Ck/). 

UC. UCj.kl = U(C. UGi,j.lrI) - C. U2Gij,J.l= U I U(C. Ci,j.kl)­
-UC. Cij.ktj-O 

= U2 (Cj Ckl - Cit Ckj) - U2C . Cj, kt - UC . UGij. kl 

ensues: 

or 

UC. UCj,kl=t (Ck1 U2 C j + C jU2 Ckl - Ckj U2 Ct/- Cil U2 Ckj + 

+ 2 UCj. UCkl - 2 UCi/. UCkj - U2 C. Cij,kl)' 

Likewise: 

UC. UCij,lk=t (Clk U2 Cij + Cij U2 C1k - e j U2 Cik - Cik U2 Cij + 
+ 2 UCij . UClk - 2 UCik . UCIj - U2 C. C'j,lk). 

whence: 

UC . (UCij,kl + UC'j,lk) = Ckl U2 C j + C j U2 CH -

- t (Ckj U2 Cil + Ca U2 Ckj + Cij U2 Cik + Cik U2 CIj) + 

+ 2 UCij . UCkl - UC il • UCkj - UCik . UClj - t U2 C . (Cj,kl+ Cij Ik). 
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So we obtain: 

Q + 2R- JCS=-t(CkjU2Cil +CiI U2Ckj+CljU2Cik+CkU2CIj)+ 

U2C 
+ UC 1 U(CijCkl)-t UC . (Cij.kl + eij.lk) I. 

or. by 

UC . (Cij.kl + Cj.lk) = U (C . Cj.kl + C . Cij.lk) - C . U (Cj.kl + Clj,lk) 

= U(Cij Ckl - Cl Ckj + Cij Ckl - Cik CIj)= 

= 2 U(Cj Ckd - U(CII Ckj + Ck CIj). 

Q+2R- JcS=-t(CkjU2Cil+Ca U2Ckj+CIj U2Ck+CkU2Clj )+ ~ 
U2C (74) 

+ 2 UC . U (CII Ckj + Cik CIj). 

Thus the equation (63) may. by (65) and (74). be brought into the 
following form: 

M (6 CJ~, Ckd = JO n [U(Cii Ckj + CkCIj) + 

or 

+ fPo 1- (Ckj U2 Cil + Ca U2 Ckj + Clj U2 ek + Ck U2 CIj) + 
U2C 

+ UC . U (Cil Ckj + Ck Cd I ] . 

M (6 C j 6 Ckl ) = JO ~ U(Cil Ckj + Ck CIj) . (1 + fPo C;;g) - . (' 
n (75) 

- fPo (Ckj U2 Cil + Cil U2Ckj + CIj U2Clk + C ik U2CIj) ~ 

In case two or more of the 'subscripts i, j. k. 1 are equal. we obtain : 

I j M(6Clj6Ckj)=NfP~ ~U(CjCkj+ClkCjj). (l+fPO UU
2

C
C
)- ~ 

n ~ (75)[ij.kj] 

- fPo (Ckj U2 C j + Clj U2 Ckl + Cjj U2 Clk + Ck U2 Clj ) ~ 

;=i M(6Cii 6Ck/)=N
2 

fPo ~ U(CkCa). (1 + fPo UU
2

C
C

) - ~ 
n ? (75) [ii. kl] 

- fPo (Cil U2 Clk + Cik U2 Cil ) ~ 



314 

j=i.l k M(6.Cii 6.Ckk) = ~ /P~ ~ U(C~k){l+/PO ~~) -l 
(75)[ii.kk] 

- 2 /Po Cik U2 Ck ~ = ~OC~k ~ UCk. ( 1 + /Po ~~) - /Po U2 eik ~ 

j=i.l i M(6.Cii 6.Ck)=N
2

/PO ~U(Ctt Cid.(l+/PO Uu
2
cC)-! . 

n ( (75)[ii. ik] 

- 'Po (Cii U2 Ctlc + Cik U2 CiI ) ~ 

n ( (75) [ii. ii] 
j=k=l=i M(6.C~)=4N/PoCii ~UCii.(1+/poUU2CC)- \ 

- /Po U2 Cii ~ 

We will moreover calculate M(6.Cij6.UC) and MI(6.UC)2j. 
From 

6.UC = 6.I IGl,,,. al" = I Ia)". 6.CI" 
I " I p 

we obtain 

M (6.C j 6.UC) = I IM (6. Cij 6. C,,) . aA" 
J, " 

/Po ~ ( U2C ) =N n?7-';U(Cp-Cj+CiJ,C"j)aJ". l+/p0UC -

- /Po I I (Cj U2Ci" + Cip. U2CI} + C"j U2CiI + 
I " 

Putting 

I I U (Ci!,CJ,j)8l.p. = TI. 
I " 

I ICAjU2Cip.a).,u. = VI' 
l P-

I ICp.jU2ClaJ,p = V 3• 
). p. 

we have 

I I U(CuC"j)aJ.p. = T2• 
J " 

I ICi,,,U2C.jaA,, = V 2• 
A " 

I ICil U2C"}al,, = V 4• 

l " 

(76) 

(77) 

M(6. C;.j6. UC) = JO n ~ T. (1 +/Po c:;g) - /Po V ~ . . (78) 

The expression TI may be transformed as follows: 

TI=I I U(C"Clj)aJ,,, = UI I I(CijCl" - C. Cij. l,,) a).p.j = 
l I' l .u. 
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Likewise: 

T2 = I I U(C1Cp.j)aip = UI I I(CjCp.i - C . Cj. /J.Î)aJ/, I = CjU2C. 
À 1'. À P. 

whence 

. . . . . . (79) 

In reducing the expression VI we ohserve. that 

I Cp.aip.=I Cip.UcJI'.=U(I Cp.CJ/,)-I UCp. . C~p. =dj, UC- I UCi" . Clp.. 

" P. "" " 
thus 

IUC"alp.=U(IC,u.alp)=diiU2C-IU2C". Cjp. - IUCp.. alp.. 

" " " " or 

2 IUCp.al,,=diJU2C-IU2Cip.. Cjp.. 

" " Hence 

2IU2Ci"a)/J ' U(2IUC"alp.)=d l lU3C-IU3C".ci.,,- IU2C" . al". 
p. " 1" " 

or 

3 I U2 Cip. alp. = dij, U3C - I U 3Cp.. C)/" 

SO we find for VI: 

VI = I ICljU2Ci"aJp.=t(ICjdti. U3C - I ICjCl/.U3Cp.) = 
1/. 1 i. " 

= t (Ci,j U3 C - C . Idj,u. U3 Ci, ... ) 

=t (CjU3C-C. U3 Cij). 

or hy C=O. 

Likewise 

and 

V=tCijU3 C ... 

Thus the formula (78) may he written in the form: 

or 

" 

. . . . (80) 

M(6Cj6UC) = 2~oC~j ~ U2C. (1+/PO ~~) - t /PoU3C ~. (81) 

Finally we calculate MI (6 UC)2!: 

MI(6UC)21= IIM(6C" . . 6UC)alp.. 
J. " 
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or, by (81), 

MI(6UCFI= ~({!O n Cf ~Cl,.aiP)' ~U2C. (l+({!O C:;~)-t({!OU3C~, 
thus: 

or 

By means of these results we are now able to compute the mean 
squares and products of the errors of PI' P2' •.. , pn. 

We must flrst normalize these direction-parameters. This may be do ne 
in several ways, but in any case we must divide the parameter Pi by a 
homogeneous function of the PI' P2' •• . ,pn of degree unity. As this 
divisor may not be zero, it must take the form of the (2v)th root of a 
positive-deflnite farm of degree 2v. 

We shall conflne ourselves to the simplest case, that the divisor is 
the square root of a positive-deflnite quadratic farm: 

e = I I elp pl p,. . 
).=1 p.=1 

Then, denoting the normalized parameter by Ti, we have 
2 

Ti 2 = l!!- = ____ _ 

or, putting 

Hence 

likewise 

50 that 

e 

I Ie),.,. CJ,.,. = VC, 
i p. 

2_ Cii 
T{-VC 

VC . 6 Ckk - Cu ~ ~ epa 6 Cp~ 
2Tk 6 t"k = (Vq2 .. 

i TiTk M(6Ti6Tk) = (V~)i I (Vq2. M(6Cu 6Ckk)-

. . (83) 

(84) 

(85) 

- VC . Ckk I I epa M (6Cii 6Cpa) - VC. Cii I ~ e l ,. M (6Ckk 60p) + 
p .. À ~ 

+ Cii Cu I I I I ejp epa M (6C.,.,. 6Cp.) I ' 
J. p. P .. 
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or 

M (I::;, rJ::::' rk) = V 1 3 1 (VC)2. M(6Cii 6Cu)-
-4 Cii Ckk.(VC) 

in particular • 

- VC . Cu I I epu M (I::;,Cii 6Cpa) -
p " 

- VC. Cii I I elp. M(6Ckk 1::;,0p.) + 
l p. 

+ Ca Ckk ~ I I I el,.,. epu M (1::;,0p. 6C,oa) I: 
; I-' P " 

(86) [i.k] 

M (I::;, r7) = -4 Cii ;VC)3 1 (VC)2 . M (I::;,C~) -
- 2 VC. Cii I I e;.p. M (6Cii 60}l.) + (86) [i. i] 

i. I-' 

+ C:i I I I I e;" epu M (I::;,O}l 6Cpa) I 
) p. P " 

In order to compute the uncertainty of the corresponding parameter 

ro = :;E' we ob serve. that from 

follows: 

whence 

n _ 

ro=- I nx) 
)=1 

I::;, ro = - I n 6 X) - Î ; ) I::;, n •. . . . . (87) 
i.=1 '=1 

M (I::;, ro I::;, ri) = - Î n M (I::;, Xi I::;, d - Î x). M (I::;, n I::;, ri) . (88) 
).=1 1.=1 

The uncertainty of ri = (;f is exclusively due to that of the quantities 

bk dk. 1= 1, ... n): thus 

and 

From 

ensues 

whence 

I::;, ri = I I ri; pIT I::;, bpa 
p .. 

M (6 r, 6. Xj) = I I ri; pIT M (I::;, bpa I::;, Xj) . . . • (89) 
p " 
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Sin ce ~Xj, and consequently ~up, ~U7 are independent of Uf' u., we 
have 

M ([u. ~p ] [~Xj ]) = M [ Ua ] • M (~Uf [~Xj ]), 

or, by [u.]=0((21)), 

M( [u. ~up] [~Xj])= 0; likewise: M([up ~Ua] [~X:j]) = 0, 

wh en ce 

and, by (89), 

So (88) reduces to 

(90) 

(91) 

M (~ro ~ri ) = - i X) M(~n ~ri) . . . . (92) 
l=1 

Finally we derive from (87) 

M (~ro2) = - i rp' M (~ro ~Xp. ) - ; Xp. M (~ro ~r" ), 
p.-=I 1'=1 

or 

M(~ro2) = + ~ ~rirp. M (~Xl~~p)+2.2' .2'nxpM(~rp. ~~)) + ~ 
J. P. ) p. (93) 

+ ~ ~ X)~p. M (~riDrp.). 
) p. 

We have now 

M ( A - A - ) _ M (~X) DXI'.) 
u,.X) uXp. - N ' 

or, by (45), 

- - IPo 
M(~Xl ~xP.)=-N a)p........ (94) 

l -n 

Thus the equation (93) may, by (91) and (94), be reduced to 

M (~ro2) = NIPO .2'.2'n rp' a)1' + .2' ~~i. X,U M (~n 6rp.), 
-nlp. i." 

or, since 

~ ~V CiCp.,u. . a).p. 

f";n rp.alp. = ) I' VC VC -vC 

(
A 2) IPo U C - - ( A A 

M u ro = N-n' VC + ! -; Xl Xp. M un u rp.) . . (95) 

In case Pi is normalized to the direction~cosine, denoted by Si, we 
have el.,,- = /hp. (= 1 for !l- = J., and = 0 for !l- =I- J., whence VC passes 
into 

" ~ C.i. = V1C . . . . . . . . (96) 
J.=I 
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So the formula (86) takes the form: 

1 
M (6 Si 6s,,) = V I (VI C)2 M (6Cii 6C"k)-

'4 Cil C"". (VI C)3 
- VI C. C"" I M (6CiI 6Cpp) - VI C . C;i I M (6C"k 6Cu) + 

P J 

+ CII Ck" I I M (6Cv. 6Cpp) I. 

or. by (75) [ii. kk]. 

M (.6.SI .6.5k) = 

l\ P 

= 1 ((VIC)2. '4lPoV~ ~(l+lPO U2C ) UCik -
'4 VCII Ckk . (VI Cp N-n ~ UC 

-lPOU2C;,,~-VI C ,C"k ~lPO n f V Cii Cpp. Kl +lPo cç;g) UCp-lPoU2C;p (-

- VI C . Cii ~lPOn f V C"kCn . Kl +lPo cç;g) UCk) - lPo U CIc ) ~ + 

+ C;i C lek ~lPO n f ~ Clp ~ ( 1 +lPo C:;~) UCJp - lPo U2 Clp ~) 

M (6s1 .6.Sk) = (N-n)( VI C)3 ( ( 1 +lPo ~~) I (VI CF . UCik -

- VIC. IC"p UClp-VIC. I CtlUCk~+ ClkII Clp UCJ.,I-
p ). l\ P 

- lPo I (VI C)2 U2 Clk - VI C . I Ckp U2 C;p -
P 

- VI C . I Cl;" U2 Cic). + C IIc I I Clp U2 Cjp 1 ) 
l l P 

or 

M (.6.Si 6slc) = (N- n)( VI C)3 ( ( 1 +lPo c:;g) f( V, C)2 . UCilc -

- VI C. ~ U(Ctl C),Ic) + C
2

/1c ~ I U (d,u) ~-
J, J, fJ ~ (97) [i.k] 

- lPo I (VI C)2. U2 CIc- VI C. I Cl\1c U2 C l -
l\ 

- VI C . I Cil U2 Cl\1c + CIIc I I C ),,u U2 0 .,.,.1 ) . 
l\ l\ ,u 

and. in particular. 

M (.6.S:) = (N- n)(V, Cp ( (1 +lPo ~~) ~(V, C)2. U Cil -

- V 1C. I U (CIl\)2+ ~I ~~ U(d,u)~ - (97) [i. i] 

-lPo I (VIC)2.U2C/i - 2VI C. ICo.U2C;J+ Cii I Ic',u U2C,,u I) 
l\ l\ ,u 
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The movability of the points S in the different directions is expressed 
by the coefficients aij. So it may sometimes be preferabIe to normalize 
the Pi by dividing them by 

Va = V.E .Ea)". pJ. PI" 

Doing so, we obtain the parameter 

(98) 

Instead of substituting aJ.p. for eJ.p. in the equations (86). we may 
directly calculate the uncertainty of the ti (i = 1 •...• n) making use of 
(81) and (82). 

Prom (98) follows 

2 /\ - UC. DCjj - CjjDUC 2 /\ UC. DCkk - CaDUC 
ti uti - (UC)2 . tk U.tk = (UC)2 . 

whence 

4ti tk M (Dti Dtd = (U~4 ((UC)2 M(DCii 6Ckk)-

-UC. CkkM (DCii DUC)-UC . Cjj M (6CkkDUC)+Cii CkkMI(DUC)2!). 

or 

M (DtiDtk) = V 1 3 ((UC)2 M (DCa 6Ckk) -
4 Ci Ckk . (UC) 

- UC . Ckk M (DC ti DUC) - UC. Cu M (DCkkDUC) + 

+ CiiCkkMI(DUC)2!} 

Applying (75) [ii. k kJ. (81) and (82). we obtain 

M (Dti Dtk)= 4Cik/UC)3((UC)2 ~oC:~ . (I+ IPO c.ç;~) UCik-IPoU2Ck~-

- UC Ckk 2IPo Cii ~ (I-lP U2C) U2C - t IPoU3C ~ -. N-n? 0 UC ~ 

- UC . Cii 2J.;~~ ~ ( 1 +IPo C:;~) U2C-tIPoU3C I + 

+ Cii Ckk . 2J.;U~ I ( 1 +IPo c.ç;~) U2C - t IPo U3 ct), 
or 
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and, in particular, 

M(6t?) =(N-~(uC)21(1+/poC:;~) (UC. UCii -t Cu U2C-

(99)[i.i] 

- /Po (UC . U2Cii - t Cii U3C) I 
Moreover (95) passes into: 

M (6 fa) = N/Po + I I .x; ~I' M (6 ti. 6 tI' ) 
-n }. I' 

The parameters ti are distinguished by a particular property. 
From 

2 t." - UC. 6Cii - Cii 6UC 
I wti - (UC)2 i= 1. 2 •.... n 

follows: 

. (100) 

2t· M("t·" )_UC.M(6Cii6/Po)-Ci/M(6UC.6/Po) ·=12 
I w I w/Po - (UC)2 I • ••••• n. 

By (58) and (59) we obtain 

-2tpö U2C -2/p~ 2 
UC. N-n· UC .Ci-Ci/·N n UC 

2 ti M (6 tl 6/pO) = (UC)2 = 0 

or 

Since 

we have 

and 

i= 1. 2, ...• n. 

" -
to=-ItiXj 

i .=1 

6 to = - I ti. 6 ;; - I ;; 6 6, 
J. j, 

i= 1,2, ... ,n 

. . . (101) 

The uncertainty of /Po being merely due to that of the bk1 • so that 
6/po = I I /po;pfT 6bpfT, we have. on account of (90). 

p fT 

P fT 

so we obtain for (102). by (101) and (103). 

M (6to 6/po) = O. . . . . . . . (104) 

Thus the variability of all the ti (i = O. 1, 2 •.... n) is independent of 
that of /po. 

The normalisation of the parameters Pi to the parameters ti may be 
interpreted as follows: 
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From 

and 
Pi 

Si =-----= 
VXpj2 

(Si = direction-cosine) 

l 

ensues 

. . . (105) 

J. /'-

The hyperellipsoids (_ I I f;.,u. ~) ~,u = con st. are bomothetic with the 
Jo fL 

s tandard-h yperelli psoid 

I I f;p Xj. Xp. = 1. . . . .. (106) 
) /'-

The tangent hyperplane of the point R'(x/} is represented by 

I (I (J IJ. X,v.) Xj = 1 (107) 
J. 1'. 

In order that this tangent hyperplane be parallel to 1'. the conditions 

I 6,u. x'/'-= H Sk (k = 1. ...• n) 
1'. 

must be satisfied. Hence 

Since R'(x/) lies on the standard-hyperellipsoid (106). we have 

II {paX'p X'a = 1. 
p a 

or 
H H H2 

I I{p •. F ~F;p sj, . F IFp.7 S,U = F I I I eh. Fp.a Sj. Sp. = 
pa J. /J.. J. pr7 

whence 

. . . . (l08) 

The distance of the origin 0 from tbis tangent hyperplane being 
denoted by d. we have. by (107). 

or. by (108). 

1 1 
d=V I (If;.p.Xp.)2- HV IS)2- 11 

;. /'-

d = V I I alp. SJ. Sp.. 
j, P. 

. • (109) 
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Si 
ti =d . . (110) 

Thus we obtain the parameter ti by dividing the direction~cosine 

Si by the di stance d of the centre 0 of the standard-hyperellipsoid (106) 
from its tangent hyperplane parallel to T. 

RECAPITULATION. 

Being given N points S (m) (m = 1 •...• N). with coordinates Xi (m) 
(i = 1 •..•• n) in a linear n~dimensional space. to determine the hyper~ 
plane T: Po + PI XI + ... + pn X n = O. which is best fitted to the given 
N points. 

The displacements (~i) are supposed to follow the probability~law 

(
8 n F)'/' dW = ----;;;;- e-9j d~1 ... d~n. . . . • . • (6) 

where f - I I 6 1J. ~A fu. F = \ 6/,,\ (5). 8 an as yet unknown constant factor. 
) I' 

§ 1. Determination of the parameters Po. PI' ...• pn. 

Putting ; = Bij (19). the principle of adjustment may be enunciated 

by the postulate: 
T 0 minimize the function 

1 n 

N [(Po + 1.:1 P). XI. )2] 
cp = ( [ ] = sum over the N points) . (20) 

I I alp P) PI' 
A I' 

by disposing conveniently of the parameters Po. PI' ...• pn. 

- [x] - 1 
Introducing Xi = N' Ui = Xi - Xi (21). and putting N [Ui Uj] = bij 

(22). b i j - cp Bij= Cij (29). the problem is solved by 

C= I Cll' I =0. 

I Cli pj. = O. (i = 1. ...• n) 
).=1 

n 

Po + I Pj, Xl = 0 . . . 
j .=1 

(31) 

(30) 

(26) 

The smallest of the n real positive roots of the equation (31). of the 
nih degree in cp . is the required minimum~value CPa of cp. The solution~ 
value CPo of cp being known. also the quantities Cjj are determined. 

Then the ratios of the Pi (i = 1 •.... n) are given by 

PI _ P2 _ pn 
VC

l1
- VC

22 
- •••• - VC

nn 
• 

. . . (34) 
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Finally (26) furnishes the corresponding value of Po. 
I 

The factor (j turns out to be (j = -2 (44). 
fPo 

§ 2. Uncertainty of the normalized parameters. 

The uncertainty of the different quantities Xi> Xi" biJ' Clj. C ij • fPo is 
characterized by the mean value of the squares and products of their 
errors. 

a<p 
Introducing U<P = I I a,.p. -::1>- (thus: UC = I I alp. Clp., U2C = 

l ,u. u Clp. i. f' 
= I I I I alf'ap~C"p.,p~. etc .• (36). UCj= I Ia"f'C j • Àf' etc.). we obtain 

À f' P ~ À f' 

(46) 

(56) 

n? ~~ 
M(6Cij6Ckd= JO ~U(C{/ C kj + Ck C/J)(I+fPO ~g) - ! 

- fPo (Ckj U2 Cil + Ci! U2 C kj + C lj U2 Cik + Ck U2 C lj ) ~ 
with the main particular cases 

M(6Cii 6Ckk) = 4~o C~k I UCk. (l+fPO ~g) - fPo U2 Ck t. (75)(ii.kk] 

M(6C~i) = 4~o ~i ~ UCii .(I+fPO C;;g) - fPo U2Cii I; (75) [ii.ii] 

M(6Cij6UC)=2~_~j~ U2C.( l+fPo C;;g) - t fPo U3C~, . . (81) 

M I (6 U C)21 = 2 ~~C I U2C . ( I +fPo ~g) - t fPo U3C I. . . (82) 

As a rule the Pi are normalized by dividing them by the square root 
of a positive-definite quadratic function of Pl' ...• Pft : 

ft ft 
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the parameter Pi is normalized to ri = -V ~ë (85). wh en ce 

1 
M(6ri 6 rk) = V 3!(VC)2M(6Cii6Ckk)-

in particular : 

4 CiiCkk.(VC) 

- VC. Ckk ~I ep~ M(6Cii 6 Cp7)-
p " 

- VC . C/i I ~ e )p. M (6Ckk 6C",) + 
À '" 

+ C/i eH ~ I ~ ~ e ;"u ep' M (6C,v. 6 Cp7) I. 
~ '" p " 

M (6ri2) = 4C;)VC)3~ (VC)2 M(6C;i 2)_ 

(86)[i. k] 

- 2 VC .C;i ~~e;I,M(6Cii6C,.u.)+ (86) [U] 

+ C" T:';--i : .. e.x M (liC ," liCF ) l, 
Por ro = (;Ye we have 

M(6 ro 6 rl) = - Î x; M(6 r; 6 ri)' (92) 
i.=l 

(95) 

Specialisations of eij: 
ft 

I. eij = dij (c5 ii = 1. c5 ij= 0 forj~ i). e= I p/ . VC= IC.À = VIC, 
"=1 " 

Pi 1/ C;i 
Si=V IpÀ2 = V ~C-:": 

À À 

M(6si 6 sk. ) = (N-nr(V
1 
C){ (I+CPO r:;~) ~ (VI C)2. UC;k-

- V1C. ~U(C ~C k) + ~k f ;;U(C;",)~ - CPOH V IC)2. U2Ck- (97) [i.k] 

- VI C. ~CkU2Ci>,-VI C . ~Ci~ U2C,k+Ck ~ ~C,v.U2C",u.I). 
À À All- I 

M(6si 2) = (N-n}(V
I
C)3 ( (I+CPO C:;~) ~ (VIC)2. UC Ii -

- V1C . ~U(Co.2) + ~i :-;; U (C;,,J~ -CPo I (VIC)2 . U2Cii - (97) [i . i] 

- 2 VIC. ~C"U2CÀ+ Cu ~ ~CÀ", U2C",I ) 
" À '" 

22 
Proceedings Royal Acad. Amsterdam, Vol. XXXIII, 1930. 
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- -~-l/~ 11. elj:::::::8ij. e= a. VC= UC. ti -Va- r UC . . (98) 

_ q;o ~ ( U2C ) 
M (6ti 6tk) - (N-n) (UCV? 1 +q;o UC (UC. UClk -

(99) [i.k] 

- t Cik U2C) - q;o (UC . U2Ck - t Ck U3C) ~. 

M (6ti 2) = (N_~O(UC)2 Kl +q;o rz;~)uc. uCii -iCli U2C)-l 
(99) [i. i] 

- q;o (UC. U2C iI - t Cu U3C) 1. 
q;o - -

M(6to2)=-N + ~IXl xI'-M(6ö6tl'-)' .. (100) 
-n 1 I'-

M (6ti 6q;o) = O. (i = O. 1. .... n). (101). (104) 

ti = ~ (d = distance of 0 from the tangent hyperplane of !(110) 
~ ~ 61'- x" xl'- = 1 parallel to r). 

" I'-




