
Chemistry. - Osmosis in systems in which also liquids with constant 
composition . V . By F. A. H. SCHREINEMAKERS . 

(Communicated at the meeting of June 27, 1931.) 

In Comm. IV we have seen : when there is still only a very small 
difference ($ and .1]) between the variabIe liquid z of the osmotic system: 

L (z) I inv. L (i) . (1) 

and the composition (x and y) of the invariant liquid i . we can represent 
a , fJ and y (viz. the quantities of X. Y and W . dHfusing per second) and 
the total quantity p. (p.=a + p+ y) by : 

a=A$+A'1J 
y=C$+C'17 

fJ = B $ + B'17 ( 

P. = p. $ + p.'1J ~ 
(2) 

The path along which the variabIe liquid proceeds, is then determined in 
the vicinity of the invariant point i by: 

in which : 

d1J _ m$ + n 17 
d$- p$+q1J 

(3) 

m=B- y D; n=B'- yD'; p=A -xD; q=A'-xD' (4) 

All paths of the bundIe are determined th en in the vicinity of point i by : 

(f] - UI $)qu,+p = K (1} - U2 $)qu,+p 

in which UI and U2 are the roots of the equation : 

q u2 + (p-n) u - m = 0 

(5) 

(6) 

This bun dIe has two axes, the direction of which is determined by u} and 
U2; an infinite number of paths touches the principal axis, only two paths 
touch the secondary axis . We now shall discuss some special cases. 

1. First we take the osmotic system : 

L (z) I inv. (water) (7) 

in which the invariant liquid consists of pure water only. 50 that it is 
represented in lig . 5 (Comm. 111) by point W; 50 we now have to put in 
(4) x=O and y=O. 

We now begin by supposing the variabIe liquid z in a point r on side 
W X ; then we have 1J = 0 while $ has a positive value. We nO'~T imagine 
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this point r in the immediate vicinity of W so that f3 (viz . the diffusing 
quantity of Y) is now defined by f3 = B~, as follows from (2) . As, however , 
the two liquids contain water and X only, so that no Y can diffuse, f3 must 
be = 0 ; from this follows B = O. 

If we imagine the va riabIe liquid in a point s on side WY so that no 
X can diffuse now, we find in a corresponding way Af = O. 

In the specia l case tha t the invaria nt liquid consists of water only we 
have, therefore: 

x=O; y = O; A'=O; B = O . (8) 

It now follows from (4) : 

m = 0 ; n = B' ; p = A ; q = 0 (9) 

Instead of (3) we now have : 

(10) 

in which n and pare determined by (9). From this follows: 

(11 ) 

in which , as we have seen previously, the two exponents must have the 
same sign. It now follows from (11) that the lines 1) = 0 and I; = 0 (viz. the 
sides WX and WY) are the a xes of this bundIe. We now can distinguish 
th ree cases 

a. p > I . Now we write (11) in the form : 
n 

(12) 

so that the exponent of TJ is greater than 1. Then all paths are parabolical 
in the vicinity of point W and touch the line I; = 0 viz. side WY, as has 
been drawn in fig . 5 (Comm . 111). This appears besides among other things 
also in the following way ; from (12) namely follows : 

(13) 

As the exponent of 'I') is positive here , it follows that ~; becomes 

infinitely large for small values of 17 ; so the paths touch WY, as has 
been said already before. Consequently th is side WY is the principal axis 
of the bundIe, whereas W X is the secondary axis . 

In this special case there is no path touching the secondary axis , but 
th is secondary axis WX is a path itself. 
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b. e < I . Now we write (11) in the form: 
n 

(1 i) 

so that now the exponent of ~ is greater than 1. We now find that all 
paths touch the line 17= 0 viz. side WX. Now si de WX is the principal 
a xis and WY the secondary axis. 

c. e = I . In this very special case. which will occur only accidentally 
n 

and which represents the transition from a towards b. (11) passes into : 

(15) 

In th is very special case all paths now are in the vicinity of point W 
straight lines. meeting in point W . 

Before we have seen that the shape of the paths in the vicinity of the 

invariant point W is determined by the valu~ of pI . In order to deduce 
n 

this value we suppose the variabie liquid z in point r of fig. 5 (Comm . 111) ; 
when th is point is situa ted in the immediate vicinity of W . the diffusing 
quantity of X is determined by a = A,~. From (9) now also follows a = p~ . 

If we imagine the variabIe liquid in point r, we find {3 = B'17= nlj. 

If we now put ~ = 17 viz . the X-amount of the liquid r equal to the 
Y-a mount of the liquid s . th en follows: 

E-- ~ 
n {3 

(16) 

We now may say : when a > {3 viz . when towards the end of the osmosis 
X diffuses more quickly than Y, then all paths touch the Y-axis ; when 

a < {3 viz. when the substance X diffuses more slowly than Y. th en all 

paths touch the X-a xis ; in the transition-case a = {3 viz . when the two 
substances diffuse with the same rapidity. then all paths are straight lines. 
meeting from all directions in point W . 

2. We now take the osmotic system : 

L (z ) I inv. L (i2) [water + Y] (17) 

in which the invariant liquid consists of water and the substance Y only; 
we imagine this liquid represented in fig . 4 (Comm. 111) by point ;2' 

If we now suppose the variable liquid on si de WY in the vicinity of 
point ;:,1. we find in a similar way as in 1. that A' must be = O. As in poin t 
;2 x = 0 also. it follows from (4) q = 0 also. Equation (3) now passes 
into : 

(18) 
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If here we put 'YJ = u ~. we find af ter conversion : 

d~ + pdu -0 
t (n-p) u + m - . 

(19) 

from which we find by integration : 

- p-

~ = K [(n - p) u + m]n - p (20) 

If here we again put u = 'YJ : ~. we find : 

p 

t = K [(n - p) '7 + m t] -;;- (21) 

by which the paths of the bundie in the vicinity of point ;2 are defined. 
From (21) it follows that line t = 0 (viz. side WY) and the line : 

(n - p) 1] + m ~ + 0 . (22) 

which has been indicated in fig . 4 (Comm. 111) by ;2 h, are the axes of this 
bundie. 

Of course it depends again upon the value of e which of these two axes 
n 

is the principal axis and which the secondary axis ; if we take e > 1. th en 
n 

it follows from (21) that an infinite number of paths touches line t = 0 ; 
iine ;2 h then is touched by one pa th only. which has been represented in 
fig. 4 by f;2' Then side WY is the principal axis and line ;2 h the secondary 
axis of th is bundie. 

3. In the osmotic system : 

L (z) I inv. L (i l ) [water + X] (23) 

the invariable Iiquid consists of we"er and X only; we imagine this Iiquid 
represented in fig. 4 (Comm. 111 ) >,y poin : ij . 

We now find B = 0 and becatl~e in p nint i 1 also y = O. it now follows 
from (4) : m = O. Equation (3) llcJW passes into : 

. (24) 

If we again put 'YJ = u ~ her~ , we Eind after conversion : 

dt du du 
(p - n) - +q - -nq =0. 

t u su+r-n 
(25) 

If we integrate th is equation and iI we then again put u = 'YJ : t . we find: 

(26) 
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by which the paths of the bundIe are determined in the vicinity of point i1• 

From this it foIIows that line 1] = 0 (viz . side WX) and line : 

q 1) + (p - n) ~ = 0 . (27) 

which has been indicated by i 1 k in fig . 4 (Comm . lIl) , are the axes of this 
bundIe. 

Here again it will depend once more upon the value of e which of these 
n 

axes is the principal axis and which the secondary axis. If we again take 

e > I, then it foIIows from (26) that an infinite number of paths touches the 
n 
line, determined by (27) ; so the line i 1 k is the principal axis of the bundIe 
and the si de WX the secondary axis . In this special case th ere is no path 
touching the secondary axis ; this secondary axis WX, however, consists 
of the two straight-lineal paths Wil and Xi1. 

We now take the osmotic system : 

M, M, 

inv. L (iJ) I L (z) I inv. L (i2) (28) 

in which a variabIe liquid z between the two invariant liquids i 1 and i2 . 

During the osmosis, in which the substances W, X and Y will run through 
the two membranes with different velocities and in different directions, the 
variabIe liquid z changes its composition, until at last a stationary state 
sets in , which we represent by : 

M, M, 

inv. L (id I stat. L (u) I inv. L (i2) (29) 

As we have seen in the Comm . 11 and 111. the osmosis is not done in 
this state, but W, X and Y wiII go on diffusing continuously through the 
two membranes ; then , however , the stationary liquid u does not change 
its composition any more, but it does change its quantity. 

We now represent the composition of the variabIe liquid z at a moment 
t by: 

x' mol X + y' mol Y + (l-x'-y') mol W . (30) 

and its quantity by n. If as in the preceding Comm. we now represent the . 
quantity , taken in per second by the variabIe liquid, by: 

a mol X + fJ mol Y + r mol W . (31) 

then the changes dx' and dg' of its X- and Y-amount and the change dn 
of its quantity in the time dt, are determined by : 

, 
a-xp. 

dx'=--- .dt; 
n 

dy' =fJ-y'edt·, . d dt n=p. . 
n 

(32) 
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in which, just as previously, !-I = (l + IJ + )'. It appears from (32) thar the 
variabIe liquid does not change its composition any more, when 

a - x' 11 = 0 and /3 - y' ,L1 = o. (33) 

Then the osmotic system (28) has passed into the stationary state (29) . 
We can also find (33) easily in the following way. When namely the 

composition of the variabIe liquid z does not change any more, then a, IJ 
and )' (viz. the quantities of X , Y and W , taken in or given off) must be 
proportionate to the concentrations x', y' and I-x' -y' of the liquid z; th en 
we must have: 

a _ /3 _ Y _ a + /3 + Y _ It 
x'- y' - l - x'-y'---l -- I (34) 

in which the 4t hand St h term followat on ce from the three first terms. 
With the aid of the first and the last term and the second and the last term 
we Eind (33) at once. 

In order to define these results more precisely, we imagine that per second 
in system (28) 

al mol X + /31 mol Y + YI mol W (35) 

diffuse through I cM:! of the membrane M j towards the left, namely from 
the variabIe liquid z towards the invariant liquid i l . [So in (35) al is 
positive, when th e substance X runs towards the left and negative when 
this substance runs towa rds the right ; the same obtains for /31 and ytJ. 

Further we imagine that in (28) per second : 

a2 mol X + /12 mol Y + Y2 mol W (36) 

diffuse towards the left through 1 cM2 of the membrane. If we represent 
the surfaces of the two membranes by W land w2' then we have, therefore : 

a = - W I al + W2 a2 
Y = - W I YI + W2 Y2 

IJ = - (VI /31 + W2 /12 ~ 

,L1=-WI,L1I+ W 2!tl ~ 
(37) 

If we now represent the composition of the stationary liquid u by x and 
y, so that in (33) we must put x' = x and y' = y, then follows from (33) 
and (37) : 

(38) 

by which , as we shall see further on , the composition of the stationary 
liquid u has been determined . 

The quantities al and a2 [viz. the quantities of X, diffusing towards the 
left in system (28) per second through I cM2 of the membrane M 1 and 
M 2] are determined by : 

al = flJ l (x' y') and a2 = flJ2 (x' y') . (39) 
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in which x' and y' indicate the composition of the variabIe liquid z. The 
function cp, however , contains besides the composition of the invariant liquid 
i land the magnitudes, determining the nature of the membrane. The same 
obtains for CP2 with respect to the invariant Iiquid iz and the membrane M z . 

Of course corresponding functions obtain for {31' {32 ' Y1 and )'2' When 
the variabIe Iiquid z of system (28) passes into the stationary Iiquid u of 
(29). then in (39) we must put x' = x and y' = y. We now see that we 
may write the two equations (38) in the form: 

F wl 
I (xy) =

w2 
and (40) 

so that x and y and the ratio wI: Wz must satisfy two equations. From this 
it appears that the composition (xy) of the stationary liquid u depends 
up on : 

a . the composition of the two invariant Iiquids i l and iz. 
b. the nature of the two membranes and the ratio of their surfaces. 
So with every definite ratio wl : w 2 the stationary Iiquid u has a definite 

composition , which is determined by (40) . 

We now imagine the invariant Iiquids i l and iz and the stationaÎ Iiquid u 
of the systems (28) and (29) in fig. 1 (Comm. 11) represented by the points 
I, 2 and u. If we now imagine a variabIe Iiquid in the point a (b, c or d), 
then this proceeds along the path au (bu , cu or du); so we have a bun dIe 
of paths, all meeting and terminating in point u. The direction of the 
tangent to an arbitrary point of a path, is determined by: 

(41 ) 

as follows from (32). 

If we now imagine the variabIe Iiquid z in the vicinity of the stationary 
point u , then we may put: 

x' = x + ~ and y' = y + 1') • 

in which ~ and 7J are very smal\. Instead of (41) we th en may write : 

d1J _ {3 - (y + 1J) fL 
d~ - a - (x + ~) fL . 

(42) 

(43) 

Wh en x' and y' approach x and y, then as the osmosis in the stationary 
point still continues all the time, al=CPl (x'y') and a2 =CP2 (x'y') will 

not approach zero, but definite values, which we shaH call al.O and a2.0. 

For small values of ~ and 1] we then have: 
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In a corresponding way we have: 

{J == -WI {JLO +W2{J2.0+(-W I BI +W2 B 2)e + (-WI B'I + W2B'2) 17 

11-=- W I 11-1.0 + (0211-20+ (- W I DI + W2 D 2) e + (- W I D'I + W2 D'2) 17 
~ (45) 

If we substitute these values in (43) and if we take into consideration th at 

all magnitudes with the index 0 (viz . aLO. a2.0 etc. ) now must satisfy (38), 
we find: 

d17 -~3 + n1] 
de p t + q 17 

in which terms of high er order have been omitted . Herein is : 

m = - W I (BI - yDI) + W2 (B2 - yD2) 

n = - WI (B'I - yD'.) + W2 (B'2- yD'2) - 11-

p = - W I (AI - xDI) + W2 (A 2- xD2) - 11-

q = - W I (A'I- xD'I) + W2 (A'2-xD'2) 

In whicn ,u represents the total quantity : 

per second taken in or given oH by the stationary Iiquid u. 

(46) 

(47) 

(48) 

In a corresponding way as in Comm. IV it now appears from (46) that 
the bun die of all paths. meeting in a stationary point, has two axes ; namely 
a principal axis, touched by an infinite number of paths, and a secondary 
axis. touched only by two paths. The position of these axes depends upon: 

a. the composition of the two invariant Iiquids ;1 and ;2' 
b. the nature of the two membranes and the ratio of their surfaces. 
Although, as appears fr om (47) . n and p contain the term ,u. the position 

of the axes of the bun die is yet dependent on p . The position namely is 
determined by the roots of equation (6) . which contains. however. only thc 
difference p-n, so that in th is equation ft does not occur ; so the term 
ft will only influence the shape of the paths at some distance from the sta~ 
tionary point. 

In an other discussion of experimental determinations in some of these 
systems and in considerations on membranes. I shall refer to th is once more. 

(To be cantinued.) 
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