Mathematics. — Generalisations of CARLEMAN's Inequality. By ]. G
VAN DER CORPUT.

(Communicated at the meeting of September 26, 1936).

In this note I assume that the numbers a,, a,, are =0, but not
all zero, that Sy, B, .

. are positive and I write 8, + B, + ...+ B.=0..
Theorem 1:
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provided that the second series converges.
If ¢, ¢y ... are positive, the theorem of the arithmetic and geometric
means gives
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unless a, = L. If a,,.:ci where q >0, then the left side of the stated
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inequality is
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This completes the proof of the theorem.

Theorem 2: If k>—1 and
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provided that the last series converges.
Under the additional condition that
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and that ¢, and ;" tend to infinity, the constant ek*! is the best possible.

From (3) it follows
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so that theorem 1 includes inequality (4).

q (n=1,2,...,N), where c, is defined by (2), and
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ay,,=ay,;=...=0, then the two sides of (4) reduce to
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and therefore
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Hence it follows that the constant e*+! is the best possible.

Remark. The special case 8,—1, k=0 affords CARLEMAN's inequality.?)
The argument above is only a generalisation of P6LYA's proof of CAR-
LEMAN's inequality.

Inequality (4) holds, when ﬂ":M or f,— (n+k—l> where
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Lemma. Suppose that k> — 1 and write
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L. If Bas1 <PBaw Pa+1=7.(n=1,2,...) and inequality (3) holds for
n=1, then it is true for any positive integer n.

2. If Basy1>Bns Ya+1 =7y. and inequality (3) holds for n=1, then
it is valid for any positive integer n.

From y,+1 =7y, I deduce
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If B.+1<B. and inequality (3) holds for n=1, then p,=(k 4 1),
hence
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Theorem 3: If k=1 or —1<k=0, and furthermore f,==n*, then
1

(4) is valid and e**! is the best possible constant.
The special cases k=0 and k—1 follow immediately from theorem 2.
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For n =1 inequality (3) reduces to the valid relation > SErT

According to the lemma it is therefore sufficient to verify that
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is monotonic increasing if —1< k<0 and decreasing if k>1. We have
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Therefore if p—=k > 1
(0 + B — (0 — =k (2= 3160,
hence v’ (V) =0. If 0<p=—k <1, we obtain
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Multiplication by (v 4 1)* (v — 1)* affords
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accordingly v’ (v) = 0. This completes the proof of the theorem.
The case k>>1 may be treated also in the following way. If f(u)=u*,
then
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is monotonic decreasing; in the intervals v >4 and 0 =w =} we have
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hence v’ (v) =0.
The case k—=—1 leads us to the following two theorems.
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We have
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Theorem 5: If /3,.:% and C is EULER's constant, then
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provided that the second series converges; the constant e'*C is the best
possible.
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and (9) follows from (1).
If I take a, = 1 (n=1,2,..,N), where c, is defined by (2), and
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