
Mathematics. - Generalisations of CARLEMAN's Inequality. By J. G. 
VAN DER CORPUT. 

(Communicated at the meeting of September 26. 1936) . 

In this Dote I assume that the numbers al' a2 • ... are =- O. but not 
all zero. that PI' P2 • •.. are positive and I write PI + P2 + ... + Pn = On . 

Theorem 1: 

(1) 

provided that the second series converges. 
If Cl. C2 • ••• are positive. the theorem of the arithmetic and geometrie 

means gives 
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unless a m = !l. If am =.!l wh ere q > O. then the left side of the stated 
Cm Cm 

inequality is 

q i (C~I ... c~n) 
n=1 

and the right side 

This completes the proof of the theorem. 

Theorem 2: If k> -1 and 

(n = 1. 2 .... ).. . (3) 

then 
I I 

00 --00 

~ ( ~ ~ )~n < k+ I ~ ~ all ... a n
n e ~an.' . . . . . . (4) 

n=1 n=1 

provided that the last $eries converges. 
Under the additional condition that 

lirn (an + 1 _~) = _1_ 
n~oo fJn+1 fJn k + 1 

. . (5) 

I a --
and that an and fJ: tend to in{inity. the constant ek + I is the best possible. 

From (3) it follows 

an+ I fJn -== 1 + _1_ A hence an+ I fJn < e;;:j:"l. ( )
Tn I 

an fJn + I - k + 1 an • an fJn + I 

so that theorem 1 includes inequality (4). 

If I write an = ~ (n = 1. 2 ....• N). where Cn is defined by (2). and 
Cn 

aN + 1= aN + 1=' •• = O. th en the two sides of (4) teduce to 

S - ~ fJn+1 d S' _ k~1 ~ (an + 1 fJ n )- (',. A 
N- ~ an N-e ~ . 

n=1 an+1 n=1 anfJn+1 On 

On account of an ~ 00 the series fJl + fJ2 + . .. diverges. and so does 

~ + h + ... ; by (5) we obtain 
al a2 
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and therefore 

I · SN 1 Im -S =. 
N-+oo N 

I 

Hence it follows that the constant ek+1 is the best possible. 

Remark. The special case (3n= 1. k=O affords CARLEMAN' s inequality. 1) 
The argument above is only a generalisation of PÓLYA's proof of CAR~ 
LEMAN's inequality. 

Inequality (4) holds. wh en (3n= r~(~k) or {3n= (n~~~I) where 

k > - 1. for then 

Gn n + k Gn + I Gn 1 
Rn = k + 1 and -R- - R - k + 1 . 
t' t'n + I t'n 

Lemma. Suppose that k > - 1 and write 

n (n = 1. 2 •... ). 

1. I{{3n+l<fJn. Yn+I=-Yn(n=1.2 •... ) and inequality (3) holds {or 
n = 1. then it is true {or any positive in teger n. 

2. I{ fJn+ I> fJn. Yn+1 -=:: Yn and inequality (3) holds {or n = 1. then 
it is valid {or any positive integer n. 

From Yn + I =- Yn I deduce 

_ kfJn+ I {3n+2 
fJn + 2 - {3n + , 

~ 
(n= 1. 2 .... ) ~. 

(6) 
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If Pn+ 1< Pn and inequality (3) holds for n = 1. th en P2 :::O- Ik + 1) PI' 
henee 

k PI P2 (k + 1) PI -== P p' . . . . . . . (7) 
2- I 

By addition of (6) and (7) 1 obtain 

henee 

If Pn+ I> Pn. Yn+ I -=:: Yn and (3) holds for n = 1. then I find similarly 

eonsequently 

Theorem 3: If k:::O- 1 or - 1 < k -=:: O. and furthermore Pn = nk
• th en 

I 

(4) is valid and ek+i is the best possible constant. 
The special eases k = 0 and k = 1 follow immediately from theorem 2. 

F 1 I (3) d h l'd I' 1 -== ] or n = inequa ity re uees to t e va 1 re abon 2k = k+ 1 . 

Aeeording to the lemma it is therefore sufficient to verify that 

(v> t) 

is monotonie inereasing if - 1 < k < 0 and deereasing if k> 1. We have 

, k2 (V+t)k-I (V-i-)k-I 
lJl (v) = I (v+~-)k _ (V-iY!2 - 1. 

If x:::O- 0 and 0 -== p -== 1 or p > 1. the inequality 

affords 
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Therefore if P = k > 1 

(v + t)k - (v - i-)k::=- k (V2_±)1(k-l). 

hence "P' (v) -== O. If 0 < p = - k < 1. we obtain 

-k-I 

(v + t)- k_(V-t)-k -== -k (v2 - ±) 2 

Multiplication by (v + t)k (v - t)k affords 
k-I 

(v-il - (v + tY -==-k (V2_±)-2 • 

accordingly "P' (v)::=- O. This completes the proof of the theorem. 
The case k> 1 may be treated also in the following way. If f(u)=u k

• 

then 
f" (u) _ k-l 
f' (u) - -u- (u> 0) 

is monotonie decreasing; in the intervals v > tand 0 -=:: W -=:: t we have 

hence 

log f' (v + w) + log f' (v- w) -log f' (v + t)-log f' (v-t) 

1 -J(f" (v - u) _ f" (v + u)) ::=-- f' (v - u) f' (v + u) du = O. 
w 

t (f' (v + w) + f' (v-w)) ::=- V f' (v + w) f' (v-w) ::=- V f' (v + t) f' (v-t)· 

By integration we obtain 

f(v + t)-f(v-t)::=- Vf' (v + t) f' (v-i), 

hence "P' (v) -=:: O. 
The case k = - 1 leads us to the following two theorems. 

Theorem 4. If p is arbitrary. and fln = J.-. there are positive num~ 
n 

bers al' a2 . ... such that 

. (8) 

If an = !L (n = 1. 2 •...• N). wh ere Cn is defined by (2). and aN + I = 
Cn 

= aN+2 = ... = O. the two sides of (8) are 

"n 

S - ~ fln+1 d S' _ ~ (On+1 fJn)- Pn fln 
N - .:;, -- an N - P .:;, fJ 

n=1 On+1 n=1 On n+1 On 
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We have 

by 

S' 
and consequently S: ~ O. if N tends to infinity. 

1 Theorem 5: If {Jn = - and C is EULER's constant, then 
n 

1 

.i (af t ... a~nrn < e l + C .i (n + 1) an • 
n=1 n=1 

. (9) 

provided that the second series converges ; the constant el + C is the best 
possible. 

On account of 
n+1 

(on-log (n + 1))-(on_I-log n) =.f du (~ - ~) > 0 
n 

On -log (n + 1) is increasing; On - log (n + 1) ~ C implies therefore 
on-log (n + 1) < C. hence 

On I (0,,+1 (Jn) _ I (1 + On + 1) - og -nOn og ---
{Jn On {Jn + I nOn 

< On + 1 < 1 + C + log (n + 1). 

and (9) follows from (1). 

If 1 take a n = !L (n = 1. 2 •..• N). wh ere Cn is defined by (2). and 
C" 

aN + 1 = aN + 2 = ... = O. th en the two sides of (9) are 

S' 
and S: ~ 1; consequently el + C is the best possible constant. 


