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If the action of the operator @ — (a2l) is described by means of the
two-point operator-function 2 (q, q’):

->

(@—@) F@=/2(q)F(g)

q

(24) can also be written in the form

H’:qf‘{IP(q’,q).Q(q,q’). N 7.5

where P (q’, q) is obtained from (22) by putting ¢ and ¢’ equal to zero.
The H' in (24) or (25) corresponds to the prescription of the DIRAC-
HEISENBERG hole-theory; expressed in the a; and b; it contains on one
hand the terms
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Quv=[@i(P—(aN)) px

which commute with N, and on the other hand the terms

e . .
2 5 (-Q;,I/ + 'Q;,Z') (al b;, + b, a}.)
(27)
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The terms (27) do not commute with N; they correspond to pair-
formation (a* b*) and to pair-annihilation (b a).
If the potentials of the external field are time-independent, the operator
- >

H=H°+4e(®—(a)) will have eigenfunctions x. and corresponding
eigenvalues E.. The question arises if, and in what way, they correspond
to stationary states of the one-electron problem in the field in question.
It seems very difficult to give any definite answer at all to this question

if no specification of the -Q)I, @ field is given. This difficulty is related to
the unsatisfactory and preliminary character of the hole-theory in its
present condition.

In the particular case, where the external field is due to a positive
electric charge, smaller than 137 |e|, fixed at some point in space
(hydrogen-like atom), the x. and E. can be naturally divided into two
groups. The first of these corresponds to positive values of E., which
we will denote by E, (eigenfunctions z,). For the second group the
E.’s are negative; we denote them by —E, (eigenfunctions z%). From

comparison with the non-relativistic treatment, we expect that if e is
taken to be negative, the first group corresponds to one negative electron
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in the field of the nucleus (ordinary hydrogen atom), whereas the second
group corresponds to one positive electron in this field. When the
nuclear charge continuously decreases to zero, the set of y.-functions
merges continuously into the set of @:-functions defined by (14), whereas
the set of xL-functions merges into the @l -functions. In this case we

are therefore led to introduce the following representation of ¥ and ¥ L:

Y=ScCntm+ Zdazt 2
W= Sd.2a+ S, 2k N V2]
chCm+cCmen=1, d:d,.—l—dnd::ls

(all other pairs anticommute).

Comparing (28) with (16), we see that the c. and d’ can be expressed
in terms of the a1 and b}, and reversely.
The energy operator wil now be given by

H=4%/(W'Hy + ¢pL* H: ¢ (29)
—=3E,chen+ 3 E,d'd,—4 (3 En+ 3 E,)

The total charge is given by

e—e(Z cne,— = d.d,).

Looking apart form the zero-point energy in (29), all stationary states
have positive energy. Their SCHRODINGER-functions, in the m, n repre-
sentation, are given by functions

A(..N,...; ...N,..)), (Nmy N.=1o0r0). . . (30)

which are zero for all N,, N, combinations with the exception of one

particular combination NG, N9, for which A equals 1. Every one of
these states can also be interpreted in terms of “free electrons”, but it

appears not to be quite easy to determine how the A(...N,...:...N,...)-

description is transformed into the A (...Ni...;...Ni...)-description,
which would refer to free electrons.
One of the ordinary discrete states, say state m,, of the hydrogen-

like atom with one electron would correspond to A(...Nn...;...N,...)
being different from zero only for that particular No, N. combination
for which all the N are zero, and for which also all N5, are zero with
the exception of N?,.o. In the description in terms of free electrons, the
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number of electrons in this state is of course not well-defined, there being
a probability of finding only one (negative) electron, a probability of
finding three electrons (two negative, one positive), and so on.

Now, the electrons have up to this point been considered as independent,
whereas in reality they act on each other through the medium of the
electromagnetic field. It is of course possible to describe this interaction
in a formal way, by introducing a quantized E, H-field by the methods
of quantum-electrodynamics. In view of the unsatisfactory nature of these
methods we might, as an approximation, try to introduce directly the
CoULOMB interaction between the electrons, in order to improve our
scheme of calculating stationary states.

Now, in non-relativistic quantum mechanics, this COULOMB interaction
would be represented by a matrix-operator:

H’:%zf f ¥ (q) ¢* (q’)%w(q’)w(q) =[tl@—r@) . (1)

The simplest but perhaps not correct way of generalizing this formalism
in the hole theory would be:

Hz=%2 f f gw‘ (q) w* (q’)%w(qﬁw(q)+w“(q)w”(q’>%w‘(q’W(q) (52)

For large atomic number this ¢nergy might be considered as a perturbation.
Its influence on the energy of the stationary states would be given by its
expectancy value; this value does not vanish automatically in the case
of the hydrogen-like atom (with one electron), in contrast to the result
of applying (31) to such a state in non-relativistic quantum-mechanics.
One might say this is due to the fact that, in the hole theory, it can
no longer be said that precisely one electron is present in the stationary
states in question. As a result we expect that a correction must be applied
to the energy values of the stationary states of the hydrogen atom, as
given by the DIRAC theory of 1928.

In a later paper we will discuss more closely the possibility of actually
computing this correction.



