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Introduction. 

In three papers. one of which is publisbed I). and tbe otber two of 
wbicb will appear sbortly. I proved tbe foUowing results: Tbe densities of 
the sets of integers p2 + q2 - 1'2 (p. q. r. odd primes) and p2 - q2 + 21 are 
positive. In the introduction of I. I stated tbe foUowing conjecture: Tbe 
density of the integers of the form p2 + q2 + 1'2 is positive. Now I have 
succeeded in proving tbis con jee tu re and tbe present paper will contain 
proofs of the foUowing i theorems 2) : 

1. The number of integers not exceeding n. of the form p2 + q2 is 
n 

greater tban Cl (log n)2' 

2. There exists an infinity of integers m such that the equation 
m = p2 + q2 has one and only one solution. 

3. The density of the integers of tbe form p2 + q2 + 1'2 is positive. 
i. The density of the integers of the form p2 + q2 + 21, + 21. is posi

tive. It is c1ear that 1. follows from i. Nevertheless we give an inde
pendent proof of 1. partly because it will help to make c1ear the method 
and partly because we sb aU be able to deduce 2. from it. From 3. and 
a weU known result of SCHNIRELMANN we immediately deduce that a 
constant C2 exists such that every integer is the sum of C2 or less positive 
squares of primes. The chief importance of i. lies in the fact that tbe 
number of integers of the form p2 + q2 + 21, + 21, not exceeding n does 
not exceed C3 n. 

Throughout tbis paper n denotes a sufficiently large integer. Cl' C2 .... 

and y positive absolute constants. l' wiU be used only as an exponent of n. 

§ 1. 
We require the foUowing 
Lem ma 1. Let el.e2 ..... ek; fl. f2." .• 6:be integers with lei I. lijl <nc<o 

and for no i and j ei = ej. f; = fJ at the same time. then the number A 
of pairs of positive integers x and y. not exceeding n. for which 

el x + fl y. e2 x + f2 y • ...• ek x + 6 y (1) 
n 2 (log log n)k + I 

are all primes. is less than C5 (log n)k 

I) On the easler WARING problem for powers of primes. Proc. Cambridge Ph i!. Soc. 33. 
6-12 (1937). 1 shall refer 10 thls paper as I. 

2) In connection with all these problems. see VINOGRADOV. Comptes Rendus de I'Acad. 
des Sciences de I'U. S. S. R .. 16. 131-132 (19371 . 
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Pro of. We Brst estimate for Bxed y the number A y of x not exceeding 
n, for whïch all the integers (1) are primes. We may eVidently suppose 
(ei' f;) = I, i = I, 2, ... k. Let p be any prime not exceeding nY with 
p t el el ... ek and I ei x + f; y I > nY (i = I, 2, , .. , k), then 

x:t=. - fl y, _ f2 Y , .•• , - fk y (mod p), 
el e2 ek 

since ei x + f; y are all primes. 
These k residues are all different if p t f(y), wh ere 

We may suppose f(y) ~ 0 for eVidently ei î - ej f; ~ 0). 
Thus, by Lemma 2. of land by the fact that there are at most 2 k n Y, 

values of x for which one of the inequalities I ei x+ f; y I > nY (i= 1, 2 ... k) 
is not true, we obtain 

A y < C6 n II (1 -~) + 2 k nY • 
p<nY P 

. . . (2) 

ptf(y) 

By applying the inequality 

1«I_~)(I+k;l} p>k(k+1) 

for the primes p> k (k + 1) dividing f (y) we obtain from (2) 

Ay<c6n II (1-~) n (1 +k+ 1) +2knY<csn(loglog~)k+1 (3) 
k(k+I)<p<nY p plf(y) p (log n) 

since 

II (1-~) < C7 
k(k+I)<p<nY p . (log n)k 

and 

II 1 + -- < Cs (log log f (y) )k+ I < C9 (log log n)k+ I. ( 
k + 1) 

plf(y) P 

Thus, from (3), 

n n 2 (log log n)k+ I 

A = I A y < Cs (1 )k ' y=1 og n 

whïch proves the lemma. 
Th eo rem I. The number B of integers m. not exceeding n, of the 

t:. 2+ 2' h n lorm p q tS greater t en Cl (log n)2' 

We prove a more general result containing at the same time Theorem 11. 
namely: 
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The number B' of integers m not exceeding n for which the equation 

m = p2 + q2 with p ;::: q 

has one and only one solution is greater than CIO 
(log n)2' 

n 

Pro 0 f. Denote by rp (m) the number of solutions of the equation 

m = p2 + q2 with p ;::: q; 

we then have 

n n 

B' = ~ rp (m)- ~ rp (m);::: ~ lP (m)- ~ ([rp (m))2- rp (m)). (i) 
m = l m = l m=l m =-- l 

r(m) ?: 2 

Evidently 

Next we prove 
n n 

2,' ([ rp (m)F-rp (m)) < (-~l ~)r'I,' • • . . . (6) 
m = 1 og n -

Denote by C the number of solutions of 

then 
n 

2,' ([ rp (m) F - rp (m) ) = 2 C. 
m = 1 

so that it will suffice to estimate C. 
We write (7) in the form 

. . . . . . . (8) 

and put 

r-p = 2a, q-s=2b . . . . . . (9) 

EVidently a, b < n'/.. We may suppose a> b> O. 
By (8) and (9), 

or 

_ b (s + b) 
p- -a. 

a 

Put (a, b) = d. ~ = a', ! = b', th en 

_ b' (s + b' d) , 
p - , - ad . . . . . . . (10) 

a 
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From (10) we obtain 

s _ - b' d(mod a'), 

which means 

s= - b' d+ a' x 

From (11), (10) and (9) we have 

p = - a' d + b' xl 
r = a' d + b' x . 

q = b' d+a' x 

(11) 

. . . . . . . (12) 

Denote now by D the number of solutions of (11) and (12) with 

1 ~ a' d~ n'l" 1 ::S af x ~ n'/" (a' > b' > 0) . . . (13) 

then evidently 

(for if a', d, x do not satisfy (13) then at least one of the primes p, q, r, S 

is greater than n'/_). 
Hence it will be sufficient to estimate D. 
Now we write 

D=D' +D", 

where D' denotes the number of solutions of (11) and (12) with d~ n'/-, 
and Dil the number of solutions of (11) and (12) with n'/. < d ~ n'/,. 

First we estimate D'. Denote by Dd, x the number of solutions in 
a', b' of (11), and (12) for fixed d and x. 

From Lemma 1. by putting 

n'/. 
and replacing n by (d)' we obtain max x, 

D ' < Ct2 n (log log np f :<: ' I ( ) 
d, x [max (x, d)]2 (log n)4 or x --..:::. n ' • • . • 14 

For x> n'l. we eVidently have 

D ' n 
d, x <-2 

X 
. . . . . . . . . (15) 
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Prom (14) and (15) we obtain 

n'/, d n"/. n'/, 
D~= 2 D~,%= 2 D~, x + I D~,x+ I D~, x 

%= 1 x = 1 x > d x= ":1/1'l I 
< CI2 n (logJ og -")5 + Cu nJ/og log n)5 + 2 n'/, ( . 

d (log n)" d (Log n)" ) 

• (16) 

Finally from (16) 

D' = n~' D
d
' < Cli n (log log n)5 + 2 n'/. < Cl '!J/0fl._log n)5 (17 

d:1 (log n)3 5 (log n)3 .,. ) 

Now we estimate D". Denote by D:",b', d the number of solutions in 
x of (11) and (12) for fixed a', b', d. 
By putting 

-b'd={IY' -a'd={2Y' a'd={3Y' b'd={1Y' el=e1=a', e2=e3=b', 

and replacing n by :;' (a' :S; n~' < n'/) we obtain from (3) 

D
" < n'/, (log log n)5 
.',b',d CI6 , (I )" a ogn 

Now 
a' '/ .. (I I )5 

D " - " D" < n - og og n 
a',d - ~ a',b',d Cl6 (I )" ' 

b' = l og n 

and 

Thus finally 

n'/, (I I )5 
D" = 2- D~ < CI7 n (alg -Og)3 n . . . . . . (18) 

d> n'/. og n 

From (17) and (18) we obtain 

_'" n (log log n)5 n 
D - D + D < (c15 +C17) - (log n-p- < (logn) -'/" 

whïch proves (6). 
From (4), (5) and (6) we obtain 

B' n n n > Cu (-I --)2 - (-1- )"/ > CID (-/ -)2' ogn ogn ., ogn 

Hence the result. 

(Ta be continued). 




