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§ 1. Definition of the function G;: ~ ( z ) . 

Suppose that m, n, pand q are integers with 

q =- 1. 0 -== n -== p -== q and 0 -== m -== q ; 

suppose further that the number z satisfies the inequalities 

z -=j=. 0 and I z I < 1 if q = p. 
z -=j=. 0 if q > p; 

moreover that the numbers al' " ', an and bI' " ', bm fulfil the condition 

(j=l ..... n; h=l •.... m). 

Then the function G;; ~ (z) is defined as follows 1) 

(1) 

G m,n I····· P _ _ j=1 j=1 sd (2) ( I 
a a ) 1 f II r(bj-s) IÎ r(l-aj + s) 

p, q Z b b - 2' q p Z S. 

I· •.•• q ;tz j=Ifz+t(1-br + s) j!!+1 r(a}-s) 

c 

The contour C runs from co - i i to co + i i Cr is a positive number) 
and encloses all the poles 

b}.b j +1.b}+2 ... . 

but none of · the poles 

(j= 1. ...• m). (3) 

a}-I.aj-2.a}-3 •... u= 1 •...• n) . (4) 

of the integrand 2). 
It follows from the asymptotic expansion of the Gamma function that the 

integral (2) is convergent and independent of i . 

IE m = 0, the integrand in (2) is analytic inside C. Hence we Eind 

O.n ( lal ..... ap)-
Gp ,q Z b b - O. 

t ••.• t q 
. (5) 

More generally: Suppose m :;:;: 0 and 

(j= 1. ...• m; h = 1. ...• m;j-=j=. hl; (6) 

th en the in~egrand has simple poles at the points (3) and the value of the 
integral (2) is equal to minus the sum of the residu es of the integrand at 
these poles. By evaluating these residues we obtain 3) 

1) If p = O. the function G is denoted by G ;"g (z I bI • . ..• b q ) . 

2) Such a contour C can always be drawn, since, because of (1), none of the poles (3) 
coincides with O:1e of the poles (4) . 

3) We employ the usual notation for the generalized hypergeometric function: 

P 
<Xl Zh IJ laj (aj + 1) . • . (a} + h-l)j 

pFq (a
l 
••••• ap;{3I ..... {3q;z)=.L: _J<-.-·=_q'---I _________ _ 

h =0 h! IJ 1,8} (f3} + 1) ... ({3 } + h-l)1 
}=I 
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(7) 

XpFq-dl+bh-al ..... I+bh-ap; l+bh-bl ....... I+bh-bq;(-I)p-m-n z); 

the asterisk denotes that the number 1 + bh - bh is to be omitted in the 
sequence 1 + h - blo ...• 1 + bh - b q• This expansion holds. provided 
that aj and b j satisfy not only (1) but also the additional condition (6) 4). 

I may remark here that in my former papers 5) the function G;: ~ (z) 
has been defined by means of (7). 

Prom (7) it is apparent that G;; ~(z) is a many~valued function of z 
with a branch~point at z = O. 

The function G;"~ (z) is a symmetrie function of al • . ..• an, of 
an+lo .. .• apo of b1 , "', bm and of bm+1 , •••• bq; this follows immediately 
from the definition (2) . 

When there is no risk of ambiguity. we shall in our notation omit the 
parameters al, "', ap and blo "', bq. The function G defined by (2) will 

then be denoted by G;;~ (z). Wh en the parameters are not explicitly 
mentioned, it will always be supposed that they are al' •.• , ap and b1 • ••. , bq• 

Por instanee by the symbols G~:~ (z) and G~: ~ (z) we shall denote the 
functions 

GZ' ~ (z I al' ...• ap
). respect. G;:~ (z I ab

l 
• .... abP) . 

, bI •...• bq I' ...• q 

4) The generalized hypergeometric function pFq(al, ... ,ap;flt, .. . ,Pq;z) is meaning­
less if P j = 0, -1. -2, ... (1 -:;;;, j ~ q). The function 

q pFq (a l, ... ,ap;f3I, ...• f3q;z) 
11 r(f3J) 

j=s+1 
is only meaningless when P j = 0, -1, -2, ... (1 ~ j ~ 5). If one or more of the numbers 
P j (5 + 1 ~ j ~ q) is equal to zero or a negative integer, the last function is in the usual 
·way defined as follows: 

q pFq (al' ... , ap; f31' ...• f3q; z) 
IJ r(f3J) 

J=S+I 
p 

Ol) Zh IJ laJ (aJ + I) ... (aJ + h-l)1 
~ j=1 • 

L.J sq · ' 
h=O hl IJ, If3J (f3J + I) ... (f3J + h-I)I IJ r(f3j + h) 

J=I J=s+1 
wh en b j = 0, -1. -2, ... (5 + 1 ~ i ~ q), then some initial terms of the series on the 
right-hand side of this relation vanish. 

6) MEIJER, [18]- [2S]. 
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Now let 

q ==-- 1. 0 -== 1- 1 -== n -== p -== q and 0 -== k -== q ; 
we consider 

In th is function we change the order of the parameters al • .... ap in a 
special way; we replace the sequence 

al' ..•• ap by an-I+2 • ...• apo al' .•.• an-I+I' 

Then we obtain 

k.l-I ( I an-I+2' .•. , apo al' .•• , an-I+I) 
Gp q Z b b . 

, 1 •••• t q 

This function we wilt briefly, denote by G~;~-I,n (z). 

We now suppose 

I-==I-==n-==p-==q, I-==t-==n-I+ 1. O-==k-==q 

and consider 

• (8) 

In th is function we change the order of the parameters al, ...• ap in the 
following way: we replace the sequence 

al • ...• ap by at. an-I+2 • ...• apo al • .•.• 8t-J, at+l • •..• an-I+I. 

Then we get 

k,l ( I at. an-I+2 •. ..• apo 81" ••• at-I. at+l • . ..• an- I+I ) 
Gp q Z • 

, bI.' ..• bq 

This function shall be denoted by G~;~n (zllat). 

Since G~;~(z) is a symmetrie function of a1+1o " ', ap, the functions 
and (9) are independent of n if 1 = 1. Hence we find 

(9) 

(8) 

kOn kO al.···.ap kO 
( 

I ) 
Gp:ti (z) = Gp;q Z I b b = Gp;q (z) . (10) 

- J •••• , q 

and 

The function 

k,1 ( I at. al' ...• at-J, at+J, ••. ,ap) 
Gp•q Z b 

I ••••• bq 
(1 -== t -== p) 

shall henceforth be denoted by G~;~ (zllat). Sa we obtain 

G~;~n (z 11 at) = G~:~ (z 11 at). • • (11) 
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§ 2. Asymptotic expansions of BARNES • type for G;: ~ (z) (q > p). 

In some cases an asymptotic expansion of G;:~ (z) (q > p) for large 
values of Izl can be deduced by means of the methods of BA'RNES 6). I will 
communicate here the results. First I give two definitions. 

Definition 1. Suppose that p, q and t are integers with 1 :s; t ::;:;; p < q: 
suppose further that the numbers at and bl •. ". b q satisfy the condition 

at-bj =j=.1.2.3 •... (j=1. ... q). (12) 

Then. for brevity. we formally 7) write 

00 

Ep,q(zllat)=z-I+at }; 

h=O 

p 

hl II r(1 + aj-at + h) 
j=1 
j*t 

. (13) 

ff the divergent series on the right~hand side of (13) is written by means 
of the hypergeometric notation. the formal expansion (13) takes ihe form 

q 
z-l+at II [ (1 + b j-at) 

j=1 F (1 + bi-at . ...• 1 + bq-at:) (ti) 
p q p-I . . •. 

IJ r(1 +aj-at) l+al-at •....• I+ap-at;-Z-1 
j=1 
j*t 

the asterisk denoting that the number 1 + at - a t is to be omitted in the 
sequence 1 + al - at, .. . . 1 + ap - at. 

From this definition it follows 

Ep,q(ze2yni Ilat)=e2priat Ep,q(zllat) (y=O.± 1.±2 .... ). (15) 
Definition 2. Suppose that m. n, q and t are integers with 

1 -= t -= n and 0 -= m -= q ; 

suppose further that the numbers al .... , an satisfy the condition 

aj-at =j=. O. ± 1. ± 2. . . . (j = 1. ...• n; j =j=. t). 

T hen the coefficient D m, ~ (t) is defined as follows: 
q 
IJ sin (b j-at) n 

6m,~(t)=nm+n-q-1 j=mn+1 . (16) 
IJ sin (aj-at) n 

J~/t 
This coefficient mayalso be written in the form 8) 

n 
III r(at-aj) r(l + aj-at)! 

1=1 
6m,n (t) = {_I)m+n-q-1 ,*t . (17) 

q q 
II Ir{at-b j)r{1 +bj-at)l 

j=m+1 
6) BARNES, (3). Some of BARNES' formulae are a1so proved by WINKLER, (34) and 

MACRoBERT (14). 

7) The seriês on the right-hand side of (13) is divergent because of q > p. 
8) (17) follows from (16) by means of 

n . = - r{-z) r(1 + z). 
SlO zn 
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The results obtained by BARNES can now be stated as follows 9): 

Theorem A. The function G~:~ (z llat) with 1 -;;. t -;;. p < q admits for 
large values of I z I with I arg z I < (! q - ! p + 1) n the asymptotic 
expansion 10) 

(18) 

More generally 11 ) : 

Theorem B. Suppose that m, n, pand q are integers with 

suppose further that the numbers al •...• an and bI' .... bm satisfy the 
conditions 

Bt-b j =f 1. 2. 3 •... 't= 1. ... , n:j= 1. ... , m). (19) 

Bj-at =f 0, ± 1. ± 2, ... (j = 1. .... n: t = 1. .... n: j =f t). (20) 

Then for large values of Izl with largzl«m+n-!p-!q)n 
the following asymptotic expansion holds 12) 

n 
G;:~ (z) V) E e(m +n-q-I)niat ~m, ~ (t) Ep. q (z e(q-m-n + I)"j I1 at) (21) 

t=1 

9) BARNES. [2].295-296 and [3]. 65. The formulae of BARN ES are written in another 

notation. The symbols C;; ~. Ep. q and 6 m. ~ do not occur i:1 his papers. 
10) In (18) it is of course supposed that the numbers at and ÓJ. ..... bq satisfy the 

con dit ion (12). . 
Formula (18) is not true uniformly for I arg z 1< (t q - t p + 1 )n; it is true uniformly 

only for I arg z I -;;. (t q - t p + 1) n----a for, every ,,> O. A similar remark holds with ' 
regard to the asymptotic expansions (21) and (22) . 

11) BARNES. [3]. 70. The formulae (21) and (18) are proved by evaluating the 
residues of the integrand in (2) at the poles outside the contour C. 

The result ot' BARoNES with regard to formula (21) is not entirely complete; he seems to 
consider, only the case with m ;;;;: q - p. 

12) The expansion of the term 

e(m + n-q-I)"i at 6 m. ~ (t) Ep. q (z e(q-m-n + I)"i 11 at) 

can according to (17) and (13) be written in the form 

The coeff:icients in this divergent series are significant. jf the numbers al . , ,,. an and 
bI. , .. . b m satisfy the conditions (19) and (20). 
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BARN ES has also investigated the behaviour of G~: ~(z) for I z I tending 
to infinity, His result runs as follows 13): 

The function G~:~ (z) possesses Eor large values of I z I an asymptotic 
expansion of the form 

where 

{} = _1_ ~t (p-q + I) + I bh-.É a) , , 
q~p ( h=l h=l ~ 

, (23) 

This expansion holds for I arg z I < (q - p + ê) n; herein is 

e = t iE q = p + I, e = 1 if q ~ p + 2" , ., (24) 

The coefficients MI' M2' .. , do not depend on z, but are complicated 
functions of the parameters al' .. " ap and bI' .. " b q which I will not 
record here 14), 

In what follows we shall, for brevity, formally write 

Hp,q (z) = [exp ((p_q) zq~p)] z{} (2 n)-2- + ~l + ~2 +". , 
l 

q-p-l ! 
V q-p zq-p zq-p 

(25) 

where {} is defined by (23). 
The results contained in (22) and (23) can then be formulated as 

follows: 

Theorem C. The function GZ:~ (z) possesses for large V'alues of I z I 
with I arg z I < (q - p + e) n the asymptotic expansion 

Gg:~ (z) C/) Hp,q (z). . (26) 

It appears from (25) and (23) that the forma I function Hp,q(z) 
satisfies the relation 

(_l)P-q+l exp ~ 2ni ( htl bh-h~ áh) ~ Hp,q (ze(2P-2
q
)ni) = Hp,q (z). (27) 

§ 3, The analytic continuation of the function G;"; (z) (simple cases). 

The function G;";(z) has been defined in § 1 only for I z 1< 1. The 
analytic continuation oE this function when I z I ~ 1 will be denoted too · 

by the symbol G;";(z). 

13) BARN ES, [2]. 296-297; [3].80 and 108-110, 
The proof of (22) is much more difficult than that of (18) and (21), 
14) The reader. is referred to BARNES' paper [3]. 
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Now it is well~known 15) that the generaliz~d hypergeometric function 
pF p- 1 (al • •. .• ap; {31 •. .. • {3P-1;'Z) has a branch~point at z = 1. and that. 
if across~cut is made along the real axis of the z~plane from 1 to co . then 
the function is analytic and o,ne~valued throughout the cut plane. 

Considering the function G~'; (z ). which can by (7) he written as a 
linear combination of functions of the type zÀ pF p_d(-l)p-m-nz). we 
shall make a cross~cut in th~ z~plane along the real axis from (-1) m+n-p 

to co . (-1) m+n_p; we may expect that G~';(z) is analytic (not one~ 
valued in general) in the cut plane. 

1 will now shew that a somewhat more general result holds when 
m + n ~ p + 2. 

For this purpose I consider the integral 

1 f fi r(bj-s) !i r(l-aj + s) 
J=1 J=1 sd 

2 ni p p z s •. 
n r(l-bj + s) II r(aj-s) 

j=m+l j=n+l 

. (28) 

L 

where 1 -== m -== p. 1 -== n -== p . m + n =- p + '1 and Bj-bh =f L 2. 3 .. .. 
(j = 1. . . .. n; h = 1. . . .. m). 

The contour L runs from - co i + a to co i + a (a is an arbitrary rea I 
number) and is curved. if necessary. so that the points 

b j. b j + 1. b j + 2 .. . . (j = 1. . . .. m) 

He on the right and the points 

aj-1. aj-2. aj-3, . .. (j = 1. ... , n) 

He on the left of the contour. 
The integral (28) is a function of z which is analytic for each value of 

z whether I z I is greater than. equal tO, or less than unity. provided that 
z ~ 0 and I arg z I < (m, + n - p) Jl 16 ) . 

IE I z I < 1. we may 17) . without altering the value of the int~gral. bend 
round the contour L so as to coincide with the contour C defined in § 1. 
We therefore get in view of (2) . 

Theorem D. The function G~';(z) with m + n ~ p + 1 is an 
analgtic function of z in the sector I arg z I < (m + n - p) Jl; this 
function mag be represented bg the integral (28). 

Now. when m + n ~ p + 2. the point (-1) m +R-P lies in the interior of 

15 ) POCHHAMMER. (26) ; WINKLER. (33) ; MACRoBERT. • . (16) , Comp. aIso 
MACROBER"r. [17] . 

16) The reader may compare BAIL'EY. [1). 5-6 or WHITTAKER and WATSON. [32]. 
286-288. where a proof for a special case is elaborated. The proof of the general case 
runs along the same Hnes. . 

17 ) Comp. BAILEY. Ioc. cito or WHITrAKER and WATSON. Ioc. cit~ . 
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the sedor I arg z I < (m + n - p ).n. So, if we restrict ourselves to values 

of z for which I arg z I < (m + n - p).n, the function G~'; (z) with 
.",m + n ;;;;' p + 2 has no singularity at z = (-1) m+n-p. 

Hence, if m + n;;;;' p + 2 and at the same time larg z I < (m + n-p).n, 
the cross-cut from (-1) m + n - p to 00 • (-1) m + n - p is superfluous. 

In all other cases, in continuing the function G~'; (z) outside the circle 
I z I = I, we will make a cross-cut along the real axis from (-1) m + n - p to 
00 • (-1) m+n_p. 

Replacing s by -s in (28) we get 

1 J~ .n r(l-aj-s).ll r(b j +s) (1)5 
J=I J=I _ ds. 

2.ni p p z 
. IJ r(aj + s) IJ r(I-bj-s) 
J=n+1 j=m+1 

L 

On comparing this integral with (28) we find in virtue of theorem D 
that it is equal to 

n,m.(~ I I-bi' ... , I-bp ) 
G~p . 

z I-al, ... , I-ap 

So we obtain 

Theorem E. The function G';,'; (z) with m + n ;;;;, p + 1 possesses in 
the sector I arg z I < (m + n - p ).n the following analytic continuation 
outside the circle I z I = 1 

m,n ( I al' ... ,ap ) _ n,m (~ I I-bi' ... , I-bp ) 
G p, p z b b - Gp, PI· . I' ... , p z I-al, ...• -ap 

. (29) 

liD order to obtain a convenient notation for the continuation of the 

function G~:~ (z ll at) I .give still another definition. 

Definition 3. (Comp. Definition 1.) If pand · t are integers with 
1 :s; t :s; pand if the numbers at and bI' ... , b p satisfy the condition 

(j= 1 • .. .• p). 

then the function Ep, p (z 11 at) is defined as foUows: 

lp ( 1 I I-bi .. . .. I-bp ) 
Ep,p (z 11 at) = Gp,p - . (30) 

z I-at. I-al, . .. ,I-at-I. l-at+1, . . .• l-ap 

This function may because of (7) also be written (comp. (14)) 

(31) 
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the asterisk denotes, as usual, that the number 1 + at - a t is to be omitted 
in the sequence 1+ al-at , " ', 1 + ap-at 18). 

Now it follows from (7) . (17) and (3I), if the numbers al • . ..• an and 
bI ..... bm satisfy the conditions (19) and (20). 

n. m (J... \ I-bI' .. . . I-bp ) 
Gp•P I I z -al ... . • -ap 

n = ~ e(m+n-p-l)nlat [:::.m. n (t) E p•p (ze(P-m-n+l) nlll at). 
t=1 p 

Theorem E may therefore be stated in another way. namely 

Theorem E*. (Comp. Theorem B.) ff m + n ;;;: p + 1 and the numbers 
al •. .. • an and bI ' ... . b m satisfy the conditions (19) and (20). then the 

function G';.·;(z) possesses in the sector largz l«m+n-p)n an 
analytic continuation outside the unit-circle which can be expressed in the 
form 

n 
6;'; (z) = L: e(m+n-p-I)nlat [:::.m.~ (t) Ep•p (ze(p-m-n+1) n l ll at) . (32) 

t=1 

The particular case with m = pand n = 1 of formula (29) (which is . 
of course. also the corresponding particular case of (32)) is worth while to 
mention it separately; because of theorem E and (30) we obtain: 

Theorem F. (Comp. Theorem A.) The function G~:~ (z 11 at) 
possesses in the sector 1 arg z 1 < n the following analytic continuation 
outside the unit-circle 

G~:1 (z 11 at) = Ep•p (z 11 at). (33) 

This formula and the particular case with m = 1 and n -:- p of (32) are 
well-known. For p = 2 the formulae are proved by GAUSS. KUMMER. 
GOURSAT. BARNES and VAN DER CORPUT 19). Tlhe general case has been 
treated by THOMAE. WINKLER. MACRoBERT and F . C. SMITH 20 ) . 

18 ) Comp. footnote 4) . 

19 ) GAUSS. [10]. 220; KUMMER. [13]. 60; GoURSAT. [11J . 29; BARN ES. [5J. 
146-152; VAN DER CORPUT. [.6J . Comp. also: FOR9YTH. [8J . Chapter VI; KLEIN. [12J . 
§ 10; WHITTAKER and WATSON. (32). § 14. 51. VAN DER CORPUT and WHITTAKER and 

WATSON give the formula in question with some misprints. 

20) THOMAE. [29J; WINKLER, [33J; MAcRoBERT. [15J; SMITH. [27J . Comp. also 

MEIJER. [19J. formula (40) . 


