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Introduction . About ten years ago Professor J. G . VAN DER CORPUT 
considered the question whether the distribution of an infinite sequence 
of points over an interval might be of a nature which he described by the 
terme just, and which is .much more regular than that requiroo of what is 
called a uniform '<i:istribution. An infinite sequence ~ of points in an interval 
is said to be justly distributed over th is interval if tJhere exists a constant C 
such that for any pair of sub-interva!s a, {J of equal length and all n 

IAn (a)-An (IJ) I ~ C. 
Here An (a) and An (IJ) denote the numbers of points of ~ with indices 
not exceeding n which belong to a and {J res.pectively. 

After some attempts to construct such a sequence, Professor VAN DER 
CORPUT was led to the conjecture that a just distribuion does not exist. In 
what follows it will be proved th at this conjecture is right . 

Notations. Greek letters will denote intervals (which may be either 
closed, or open, or half-open, or consist of one point only). I a I denotes 

the length of a , a C IJ means that a is contained in {J. 
H ~ is a fini te system of (not necessarily mutually different) points, 

th en AU.) denotes the number of points of ~ contained in J. . IE al ' a2' ... 

is a sequence of points, then An ().) willdenote the number of points of the 
initial fragment al ' a2 ... an belonging to L 

Theorem. To every natural number x th ere correspond a natural num
ber N(x) and a positive number u(x) with the following property: if , is 
an interval of length I, I > 0, th en any finite sequence of N (x) points 
al' a2 .. . aN(x) in , has an initial fragment al ' a2 ... an (n <: N(x)) such 
that t contains two intervals a and T for which 

Irl = la l + 1,1 u (x) and An (a) ~ An (r) + x . 

From th is theorem it follows immediately that a just distribution does 
not exist, for the interval T mentioned jn the theorem contains an interval T' 

of length I T' I = I a I, and we have An(a) :> An(l) + x . 

Proof of the theorem. Without loss of generality we suppose I t I = 1. 
N (1) = I and u ( I) = t have the required property; for if the sequence 

consists of one point only, there is a (closed) sub-interval of t of leng th 0 
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containing one 'Point of the sequence. and there is an (open) sub-interval 
of leng th ! containing no point of the sequen<:e. 

Suppose th at for some particular x the existence of N = N(x) and 
u = u(x) has been established. We have to ~how the existence of 
N(x + 1) and u(x + 1). 

Let T be an even positive integer such that u ::> T-l. We shall prove that 
the integer Mand the positive number w, which are determined by the 
recursive relations 

ql.O= 1. ti = F log (5 Xqi.O)] + 1 (i= 1. ... x) 

qi.k+t=(2qi.k+I)T (i=l, ... x; k=O.1.···fi- l ) 

q/+t,O = qi.fi + 2 (i = I, ... x) 

M = 2qX+I,o(N + 6 x), 
1 d 

d= qX+l.o' w= (x+ 1)(5x+ 1) 

have the properties required of N(x + 1) and u(x + 1). 
Suppose [ tS a sequence of M points in t such that each initial fragment 

Ir' of [ has the property that 

C' (1) ::::; C' Cu) + x . . (I) 

wh en I/u I = I ).1 + w, ,l. C t, ft C t. We :have to show that th is is absurd. 
We begin by deducing some properties of[. . 
Put M" 2xqx+I,o + 1. Let ~ be the system of th!': first M' points of [ 

and let 58 be the sequence which is the remaining fragment of [ . 

Property 1. Each sub-interval of t of length d contains at most 5x 
points of ~ and at least 1 point of ~ and N points of 58. 

Proof. ~ 'is an initial fragment of [. Hence it follows from (1): if th ere 
were a sub-interval of t of length d containing more than 5x points of ~, 
then each sub-interval of length d + w. and a fortiori (since w < d) each 
sub-interval of length d + d = 2d. would contain at least 5x + 1 - x = 
4x + 1 points of ~. Since t qX+l. 0 is au integer (which f()llows from the 
given formulae and from the fact that T is even). the interval t. being of 
leng th 1 = t qX+I,o .2d, would contain at least 

t qx+l.o (4 x+ I) = 2 X q .Ht,O + t qx+I,o 

points of ~. which is more than 

M' = 2 X qx+I.O + 1. since t qX+I,O > 1. 

H. on the other hand, there were a sub-interval of t of length d containdng 
no point of ~ (or less than N points of 58 and therefore less than 
N + 5x points of ~ + 58 = Ir). it follows from (1). since ~ and [ are 
both initial fragments of [. that each sub-interval of length d-w, and a 
fortiori (since w < t d) each sub-interval of length d - t d = ! d. would 
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contain at most 0 + x = x points of 2{ (or less than N + 5x + 
+ x = N + 6x points of Q:). Hence the interval t, being of length 
J = 2 q"+I,o, t d, would contaiI: at most 2 x qx+ 1,0 = M'-) points of ~ 
(or less than 2qx+I,o (N + 6x) = M points of Q:). Either is impossible. 
and so property ) is proved. 

In wh at follows we shall denote by {l)r (t' = O. I .... x) a sub-interval 
of I of length q .. _ r +1. 0 d with the property that 

A (i..) ::s;; A Cu) -I- x- r . (2) 

whenever i ,ll i = 1;·1 + (r + 1)w, J, C Wr,ft C Wr. 

By e~ (r = 0, J, ... x-I; k = 0, I, ... f x_,) we shall denote an interval 
of length qx_ r, k d which is contained in an (Ur, and which ha:; a distance 
not less than d from the end-points of t.his w,. 

Property 2. Each!!~ contains 2" intervals of length qx _ r,O d for which 

A (À) :~ A C/t) -i- x- r - I 

when~ver I ,ti I = i Î. I + (r + 2) wand Î. is contained in one of these 2" 
sub-intervals while ,u is contained in another of these intervals. 

Proof. This is obvious for k = O. Suppose that property 2 has been 
verified for a particular k (0 :::: k <: [., _ r - I ). We shall veri fy it for 
k + 1 instead of k. 

Consider aD interval 0 which is a /)k+ I. 1/ is contained in aa Wr, to the end-'.;; ... r ..... 
poin.ts of which it has a distance not less than d. This UJr we call w. 

Since I (! I = qx_ r, k + 1 d> d, the interval [J contains, by property J , at 
least N points of ~. Since it was supposed that N = N(x) ana I{= u(x) 
satisfy the requirements of the theorem, the sequence ~ has ,m initia! 
fragment ~' such that (J contains two intervals a and T for which 

B' (0) ,;;;; B' (r) + x and ; T, = : o ! + qx- r,k+1 d u. 

Without loss of generality we assume that a ana T do not overlap, and that 
(j lies to the left of r . Since u ?: T - I, there wi\l exist a sub-interval r' 
of T of length 

T' ; = i o l + T-I qx -. r,k+1 d 

We have 

B' (0) ~ B' (T') + x. 

By taking away from -,:' on both sides intervals u and p of length 

lal = IPI =t I T-I qx- r."" 1 d-dj = qx-r.k d 

we obtain an interval l' of length 

11'1 = 'T' , -(T-I qx-r.k+1 d-d)= la l + d. 

separating a and p. 

(3) 

(-t) 
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First we shall prove that 

A (j • .) --S A (/t.) + x - r - I 

wheneuer i ,11\ I = . i' l ! + (r + 2)w and either 

i., C a. ,/tl C fJ 
or 

1.\ C (J. ,11, Ca. 

Let " be the interyal which separates i' l and IJ l' Put i.'2 = i' l + " and 
.//2 = I II + ". Then ( ~ ) means the same thing as 

We have 

112: = i j'2 , -, (r -f- 2) 11' • 

Since )'2 contains ". and ,. contains :', we have 

(5) 

(6) 

The interval a is containecl in (!; (! is contained in wand has to its end
points a drstance not less than d. Therefore a is contained in wand has to 
its end-points a distance not less than d. Since. by property 1. each sub
interval of I of length d con ta ins at least 1 ·point of ~. there is a point a 
of 2( belonging to w which is situated to the left of a. and whose distance 
from a is smaller than d . 

Now consider the open interval % which has irs left-hand end-point in a 
and for which 

(7) 
By (5) we have 

(8) 

If % is the closed interval with the same end-points as % , we have 

A (x) :'( A (i!) - I . (9) 

since % is open, and since at least one point of ~( coincides with an enct
point of %. 

The interval a is contained in x, for , by (6) and (7) . we have 
% I > i a I + d, and the left-hand end-point a of % , which is situated to the 

left of a. has a distance to it . which is 'smaller than d. Therefore we have 
by (4) , observing that /1 '2 in contained in T' , 

B' (%) .:::::- B' (0) .~ B' (T') + x :-:-..; B' (112) + x (10) 

The left-hand end-point a of x belongs to wand is situated to the left 
of a and a fortiori to the left of T' , which was supposed to be situated to the 
right of a; the length of % is. by (8), smaller thall the length of ·l. sincc 
.'t~ is contained in T' ; since T' is contained in 0), it follows that the right
hand end-point of x belongs also to ( ' I . Hence the interval x is contai·ned 
in w. 
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Since " and ).2 are r.ontained in w, whieh is an W r, it follows from (2) 
and (7) that 

. • . (11) 

Since x and fl2 are eonta'ined in l , and sinee ~ + 5B' is an initial fragment 
of <f, it follows Erom (1) and (8) that 

A (x) + B' (x) ~ A (,u2) + B' (,u2) + x. . (12) 

From (9), (10). (11) and (12) follows ("*), and so (*) is proved. 

Eaeh of the intervals a and P is a e~; for 

lal = IPI = qx-r,k d 

and a and pare contained in (!, and hence they are containt:d in w, which 
is an Wr, and have to its end-points a distanee not smaller than d. Since 
we supposed that property 2 had been verified for our particular value oE 
k, it follows that a eontains 2k intervals aj (j = I, ... 2k) and P eontains 

2 k intervals P j (j = I , ... 2k) sueh that I aj I = I P j I = qx-r,o d , and that 

A (l) ~ A (ft) + x-r-l. . (13) 

whenever I ftl = 121 + (r + 2)w and either 

l eaj,. ft C ah.j. =t-h 
or 

À. C Pj,. ,u C pj •• h =t-h· 
From (*) it follows that (13) holds also whenever I pi = 121 + (r + 2)w 

and ei th er 

or 

À. C Pj,.,u eaj •. 

Henee the 2k+1 sub-intervals al' a2 ... a2k, PI ' P2 ... P2k of (! satisfy the 
requirements. Thus property 2 is verified for k + 1 instead of k. 

Property 3. For eaeh of the values r = 0, I, ... x there exists an Wr. 
Proof. This is obvious for r = O. sinee l itself is an Wo. Therefore we 

suppose that there exists an Wr for a partieular value of r (0 <: r <: x-I). 
This Wr we eall w. We have to show that there exists an Wr+l ' 

The interval (! whieh we obtain by taking away from W on both sides 

intervals of length d, has the length qx-r+1.0 d-2d = qx-r.fx_ r d. 

Henee (! is a (!~x - r. From property 2 with k = f x- r it follows that (! 

eontains 2fx - r sub-intervals aj (j = I, ... 2fx-r) of length I aj 1= qx-r,od 
su eh that 

A (l) ~ A (,u) + x- r- 1 . . . . (14) 
whenever 
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We shall prove that among these 2fx-r intervals Uj. being of length 

qx-r,O d. there is at least oneinterval which is an Wr+!' 

IE this were not true. each interval Uj would contain two intervals Oj 

and Tj for which ITj I = I Oj 1+ (r + 2)w and A(oj) > A(Tj) + x-r-l. 
We have A(oj) > A(Tj), since x-r-I > 0. By property 1 each sub~ 
interval of t of length d contains at most 5x points of ~, and therefore p-ach 
Uj, being of length qx-r,od, contains at most 5x.qx-r.o points of~. 
Therefore 5xqx_r,o > A(oj) >A(Tj) > 0. and so A(oj) can take only 
the 5x q x_ "0 values I, 2, .. . 5x qx_ r.o. On the other hand, it follows from 

fx-r = [210g (5xqx_r . o)] + I that 2fx-r> 5xqx-r.o and hence the 
number of intervals Uj is greater than 5x qx- r.o. 

Therefore th ere are two different intervals Uj1 and Uj2 UI =j:- j2) such that 
A(Ojl) = A(Oj2)' Without loss ofgenerality we suppose that I oj21 > 10ili 
and hence ITj21 > I Ojll + (r + 2)w while A(ojd = A(Oj2) > A(Tj2) + 
+ x-r-l. The intervalTj2 contains an interval T'. of length 

12 

Itj.1 = 10i.1 + (r + 2) w 
and we have 

A (oi.) > A (tj.) + x-r-l. 0i. C Ui •• tj, CUj"j. =t-h. 
This contradicts (14) . 

It follows that among the intervals Uj there is at least one which is an 
Wr+l' and thus property 3 is proved. 

From property 3 with r = x it follows that there exists a sub~interval 
W of t which is an Wx . From the definition cf Wx it follows that W has the 
length q], 0 d = daad further that 

A (A) ~ A (,u) . . (15) 

whenever l,u I = I AI + (x + 1) w, AC w, ,u C w. 
This is absurd since w, heing of length ' d, contains by property I at least 

1 and at most 5x points of ~; it will therefore contain a (c1osed) interval A 
of length ° to which belongs at least 1 point of ~, and an (open) interval ,u 

of leng th 5X~ 1 = (x + 1) w containing no point of ~; hence 

A(A»A(,u),I,uI=IAI+(x+l)w. 

which contradicts (15). 
Therefore the sequence {[ does not exist, and so the theorem is proved. 


