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Summary. In “Geometrie der Gewebe” by BLASCHKE and BoL 1) the
necessary and sufficient condition is given, which has to be satisfied in
order that a 3-web be hexagonal. But this condition is ony usable when
the three vector fields of the tangent vectors of the curves are known. This
paper deals with the case that the 3-web is given by a cubic differential
form, which coefficients are functions of the coordinates, and gives the
condition which has to be satisfied by these coefficients in order that the
3-web involved be hexagonal.

A 3-web in a two-dimensional space is defined as a triple infinite system
of curves with the property that through every point of a definite region
passes one curve of each system. Let the curves through an arbitrarily
chosen point P of the region belonging to the first, second and third system
be denoted by C;, C, and Cj3 respectively. Consider a point A of C;. Let
B be the point of intersection of the (3)-curve through A and C,, C the
point of intersection of the (1)-curve through B and Cj3, D the point of
intersection of the (2)-curve through C and C; and so on till we get the
points A, B, C, D, E, F and G, where G lies just as A on Cj. If this point G
coincides with A for every choice of P and A the 3-web is called a
hexagonal 3-web.

In the following we consider the 3-web given by the null directions of a
cubic differential form

prijdy*dy'dy!/, (hi,...=12) . . . . . (1)
which is supposed to have in each point of a certain region three different
real null directions. The purpose of this paper is to derive the conditions
which has to be satisfied by the psi; (y1, y2) in order that this 3-web be
hexagonal.

We shall arrive at the following result:
The (symmetrical) tensor psi; determines a tensor g" up to a multi-
plicative factor by the equation

ph,-,-g’"'zo. L S T T (2)
We choose one of the solutions of this equation (different from the zero
solution), which has always the rank two. Therefore there exists a covariant
tensor gni defined by

A =0, hFi

4 jh — 5
gij g'" = Ai —l R (3)

1) Springer, Berlin 1938, par. 17.
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The g"' and gi» are used for the raising and lowering of indices. Then a
covariant derivative can be defined by the equation .

Vighi=pjni « « « « « « « « . (@

If the curvature affinor of this covariant derivative is denoted by N}{j,ﬁ,
we may write

Nji=Niji'=nnpli +ngji, . . . . . . (5

which equation determines the coefficients nx and n uniquely.
A hexagonal 3-web is characterised by the relation

a, n2—62n1=0 T T T (6)

which means that ni has to be a gradient.

In order to prove this theorem we choose the coordinate system so that
the curves y! = constant and y2 = constant form two of the three systems.
Then the directions (1.0) and (0.1) satisfy the equation

. prijdy"dyidy/ =0, . . . . . . . . (7)
from which it follows py1; = p2o2 = 0. As pyy2 5% 0, because the three

null directions are supposed to be different, and the 3-web only depends
on the ratio of the components psi;, we may take

Pin = pn2=0 piz=1 py=—pBF0 . . . (8
From this we see that the vector (g, 1) is a tangent vector of the curve of
the third system. Now a 3-web is hexagonal if the third system has an
equation of the form

ey)=v@)+C. . . . . . . . .09

where C is a parameter of the system 2). If (8, 1) is the ta;lgent vector of
this system we have
P
_v ) (10)
4 o ') " '
In this case f§ is the product of a function of y! and a function of y2 and
therefore :

ddlogh=0. . . . . . . . (1)

Conversely if g satisfies the equation (11) it can be written in the form
(10) from which (9) follows by integration. Thus (11) is a necessary and
sufficient condition that the 3-web be hexagonal. .

From (2) and (8) we obtain the ratio of the components of the tensor g*’.
We choose

gi=2 g =5 =5 oL (12

2) See f.i. W. BLASCHKE und G. BoL, lc. pag. 17.



77

from which it follows

2 1 2
ang,gn:——gﬂ,gn:§ﬁz. B § )]

The parameters H}'i of the covariant derivative are on account of (4)

h 1 h
h
i = = s wow ow oz w s (4
mi={ - 3ee )
where %’f_éare the CHRISTOFFEL symbols belonging to the tensor g and
ji

phi=g"pju. . . . . . . . . . (15

With respect to the chosen coordinate system p# has the following
components

1 1
pilzﬁ'p}zz_l' p:lzz Zﬂ P“ ﬂpp]z B' sz:‘—lv (16)

whereas the components of ph! are

3 3 3 3
Pl=g =g PP =0p'=0p7=—4.pf=—5% . (7
The II’.’. computed from (14) are
18 1 2 1 4
My=—35 =25 To=3h—5 M =—3hF+5E:=04) "
112 2131 1 2 4/31 1 172 ﬂZ 2 1
11 _3;33—‘32' Hn—"jﬁ'*_—ﬁ? 22—/3 3/31+§

Then the Nji can be found from
Nji =0 I}, — 0, IT}, + 1T}, II}I. ——-II}'I al, . . . (19)
‘This leads to

_ 45 28 2,3,3 B i 31
M==3% sptip tp P 2P
N12:§ﬂ11+%%_%%—%%_%+%%=NZI . (20)
Nn:—%ﬁ”ﬂ—gﬂn-l——gﬁl—g"—%%-}—2,6,—%.
From
pi'ph,=1A% =2 ... ... (21)
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and (5) it follows
1 ,
n,-.:TNr,,-p:U e e e e e e e e (22)
This equation enables us to compute the components of ni;. They are

1
n,—=—09, logﬂ;nzzidzlogﬂ e e e . (23

from which it follows

W

6=0,n,—0;n,=>0,0logp. . . . . . (29

2
And as we have seen is a hexagonal 3-web exactly characterised by the
vanishing of this expression. But with these considerations the proof is not
yet complete. It is true that the result is independent of the special choice
of the coordinate system, the left hand side of the equation (24) being an
affinor, but we still have to show that 6 remains unaltered when psi; and
gi; are multiplied by arbitrary factors, for only the ratio of the components
of these tensors are determined by the 3-web.
If gi; is multiplied by ¢2 and p}; by 4, the I1%, will change into

II’},—»II}‘.—I—TS!,. e e e e e e e . (25)
with
1
Th=Ahe;+ Aloj—gijo" — 3 @—1)p%.(@i=0ilogo). (26}
As a consequence we have
Nij=»Nij+ e T8 —v,; Th+ T3 T, —TH T, . . (27)
For the calculation of this expression the following relations are useful:
Vight=—pl . . . . . . . . (28
Vi Pj =" Vi Pjjim = P Pjrim = 9" Vi V j1 Gim —
k 1, km 29)
_P[km Pj”m = 5 g m (Nkjlm + Nkjmi) — Plk pj]im
from which
vhp?‘.:—ZNji+Cgij e e e e e (30)-

where the coefficient ¢ need not be indicated more precisely. It turns
out that

Nji=ANji+pt, (—Aon—3 %A +Cgpi -« - . B
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Consequently

ni—)n,-—ai—%bh]ogl, .. (32

which shows that the new n; is obtained from the first one by addition of a
gradient. So the expression

0261 nz'—a n; L Y (33)

is invariant and our special choice of gri and pri; has had no influence upon
the result:
6 = 0 characterises a hexagonal 3-web.



