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(Communicated at the meeting of April 27. 1946.) 

§ 10. Second expansion formula. 

Theorem 2. A s s U m p t io n s: k, 1, m, n, pand q are integers with 

q ===- 1, 0 -c:: I-I -c:: n -c:: p -c:: q and 0 -c:: m -c:: k -c:: q: . (111) 

the numbers al' ... , an and bi' ... , bk fulfil the conditions (1). (99) and 
(100); r is an arbitrary integer which satisfies the inequality 

r ===- Max (0. k + I-m-n) (112) 

Assertion: 

Pro 0 f. We may distinguish three cases: 

First case: 

Formula (I 13) can be established by induction. If r = O. th en (113) 
reduces to (102) with À = O. We may therefore suppose r :2: 1 and assume 
that (113) with r - 1 instead of r has yet been proved. 

Now we have by (58) 

G~: ~ n (ze(k + l-m- n-2r +2)"; 11 at) = e2"; at G~: ~ n (z e(k+ l-m-n-2r),,11 1 at) 

-2:ni e"iat G~: ~-I. n (ze(k + l-m-n-2r+ 1):<1). 

If th is is substituted on the right-hand side of (113) with r - 1 instead 
n-l+1 

of r. the sum }; not only gives the corresponding sum in (113) but also 
t=1 

n-l+1 
- 2 :n i G~:~-I.n (z e(k+l-m-n-2t:+1),,;) :E e(m+n-k-l +2r-l)nia t D" m.n-k+ 1 (t) 

t=1 

and this expression may by means of (59) be reduced to 

A m.n-l+1 nm.n-l+1 ( 1) Gk•1- I •n ( (k+l-m-n-2r+l)n/) 
k ~~ k r- P. q ze. 

since J:;,m. n -1 + 1 (k + I-m-n-r) = O. because of k + l-m-n-r -=: - 1. 
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r - 2 

It follows therefore th at the sum }; on the right-hand side of (113) 
S"-' O 

r-l 
with r - 1 instead of r reduces to the sum }; in (113) . Thus the first case 

s=o 
is finished . 

Second case: 

1 -=:: I-=:: n -=:: p -=:: q. 0 -=: m -=: k + 1- n. r 0=- k + 1- m - n. 

This case mayalso be proved by induction. Owing to the first case 
formula (113) is true if m = k + 1- n. We may therefore suppose 
o :s; m :s; k + 1- n - 1 and assume that (113) with m + 1 instead of m 
has yet been proved. 

Now it follows from (113) with m + 1 instead of m. z e-"i instead of z . 
r - 1 instead of rand s replaced by s - 1 

r - l 
crib G m+1,n( -lli)- "ib AnI+l,n- l+l ~ Qm+l,n- l+l( 1) G k,I-I,n( (k+l-m - n-2S-1)"i) e' m+1 p,q ze ' - e- m+l k..... k s- p,q ze -

S=1 

n-l+l + 1: eltn+n-k-I+2r)"iat e"i(h m+1-at) ~ m+l,n-r/+I (t) G~: ~n (ze(k+I - m-n-2r):ri 11 at). 
t = 1 

We further have by (113) with m + 1 instead of mand z e"i instead of z 

r-l 

e-:ri bm+l G m+1,n ( "i) - -tri b +1 A m+l ,n-I+l ~ Qm+l,n-I+l ( ) G k, I-I , n ( (k+l - m-n-2s- l) .-'i) p, q ze - e nI k..... k S p, q z e 
s=o 

n- I+l + L: e(nI+n-k-I+2r).-,i at e"i(at-bm+l) ~ m+l,n-f+1 (t) G~:~n (z e(k+I- m-n-2r)"i 11 at). 
t = 1 

From these two relations and (55) it appears 

Gm,n ( ) _ e-:r
i
bm+1 A m+l ,n-I+l Qm+l,n-I+l (0) Gk,l-I,n ( (k+l - m-n-I)"'i) 

p,q Z - - 2~ k k p,q ze 

1 n-I+l + - L: e(m+n-k-I+2r)ll ia t sin (b m+1 - at) n . ~ m+l,n-I+1 (t) G~:~n (ze(k+l-m-n-2r):r, 11 at). 
n 1=1 

Now it is obvious on account of the definition of the coefficients A 

e-:ribm +1 
A m+l,n-I+1 _ Am,n-l+1 

-2~ k - k· 

Moreover we find without difficuIty in view of the definition of the 
coefficients Q 
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"m+l,n - I+1 ( ) 2" ib "m+l,n-I+1 ( 1) _ "m,n-I+I ( ) 
~~ k S - e m+1 ~~ k S- - ~~ k S . 

Finally it follows from the definition of the coefficients D. that 

~ . (b -) 1\ m+l,n-I+1 (t)- 1\ m,n-I+I (t) sm m+1 at:n . u k - Uk. 
:n 

Formula (114) is therefore equivalent to (113). So the second case is 
also finished. 

Th i r dca s e: 

From the definition of the function G we easily deduce 

(115) 

herein is a an arbitrary number. 

To the function G;+\q+dz) on the right-hand side of this relation we 
may apply (113) with n = l . k + 1 instead of k. p + 1 instead of pand 
q + 1 insh~ad of q. Now it is clear. on account of the definitions of the 
coefficients A. Q and D. and the function G. that in the particular 
case under consideration (a . al • .. .• a p instead of al' a 2' ... • ap+1 and 
bi' .... bk . a . bk + I ••..• bq instead of bl' .... bq + J ) 

and 

A m,l Am,o "nI ,I () "m,O ( ) 
k+1 = k • ~~ k+1 S = ~~ k S. 

G k+l, I-I , I (~) _ Gk, I-I, I-I (~) 
p+l,q+1 ,,- p,q " 

6. m'i+1 (1) = O. 

We therefore get (113) with n=l-1 wh en we apply (113) to the 
l'ight-hand side of (115) . 

With th is the theorem has been completely proved. 

§ 11. Third expansion formula. 

Theorem 3. A s s u mp t ion s: k. t m, n, pand q are integers with 

q =- 1. 0 -=: I-I .< n """" p -=: q, 0 -=: m -=: k -=: q and m + n """" k + I; 
the numbers al' .. "an and b l .. .. , bk lullil the conditions (I). (99) and 
( 100); r is an arbitrary integer which satislies the inequality 

0"""" r-=: k + I-m-n . 
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Assertion: 

r-1 
G';,'qn (z) = A m,n-L+1 I Qm,n-L+1 (s) GZ:~- I,n (ze(k+l-m-n-25-I):ri) 

5=0 

(116) 

n-l+1 + :2: e(m+n-k-l+2r):r ia t [':, m,n-L+1 (t) G~:~n (z e(k+l - m-n-2r):ti 11 at). 
t=1 

Pro 0 f. The theorem ean be established by induetion. The formula is 
true if r = k + l- m - n, sinee (116) with r = k + l- m - n is equi~ 
valent to (113) with r = k + l- m - n. We may therefore suppose 
(1 ;;;;; r ;;;;; k +- l- m - n - 1 and assume that (116) with r + 1 instead of r 
has yet been proved . Now it follows from (57), if n :2: l, 

Gz:~n (ze(k+l-m-n-2r-2):ri 11 at) = e - 2.'I ia t G~:~n (ze(k+l-m-n - 2r)"i 11 ad 

+ 2 II i e-niat G~:~-I,n (z e(k+l-m-n-2r-I)"/). 

If this is substituted on the right~hand si de of (116) with r + 1 instead 
n-l+1 n-l+1 

of r, the sum }; not only yields the sum :2: in (116) but besides 
t = 1 t=1 

n-l+1 
2 lli G~: ~-I,n (z e(k+ l-m-n-2r-lI n i) :2: e(m + n-k-l+2r+1):r i at [':, m,n-L+1 (t) 36) 

t=1 

and this expression is by (59) equal to 

_G~:~-I, n (z elk + l-m-n-2r-1):ri) I A m,n-L+1 Qm,n-L+1 (r) 

A m,n-l+1 -Qm,n-l+1 (k + 1 1) I - k k -m-n-r-. 

r k+l-m-n-r-2 
The sums 2,' and I on the right~hand side of (116) with 

5=0 ~=o 

r - 1 k+l-m-n-r-1 
r + 1 instead of r reduce therefore to the sums I , respect. :2: 

5=0 ~=o 

In (116). So the theorem is established. 

§ 12. Extension of theorem 3. 

In the same manner as formula (113) we may prove the formula eon~ 
jugate to (113) 

r-1 
G;:'gn (z) = A m,n-l+ 1 :2: Qm,n-L+1 (s) G~:~-I,n (ze(m+n-k-l+2s+1):ti) 

5=0 

n-l+1 + :2: e(k+l-m - n- 2r) nia t [':, m,n-L+1 (t) G~:~n (ze(m+n-k - l+2r,,,i 11 at). 
t=1 

:10) This is still true if n = I - I, since the sums 
n-l+1 .... 

t=1 
then vanish. 

(117) 

41 
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This relation holds, provided that the conditions (111), (112), (1), (99) 
and (100) are satisfied. 

We now replace l' by k + 1- m - n - l' and s by 'r. Then formula (117) 
reduces to 

herein is l' an arbitrary integer which satisfies the inequality 

l' -=::: Min (0, k + I-m-n). 

We may now show that formula (116) holds under conditions which are 
much more general than those of theorem 3. lndeed, I will prove: 

Theorem 4. Suppose that k, Z, m, n, pand q are integers which satisfy 
the conditions (111); further that the numbers aL' ... ' an and b l , ... , bk 
flllfil the conditions (1), (99) and (100); finally that l' is an arbitrary 
integer (positiue, negative or zero). 

Then fonnula (116) is valid. 

ProoL Observing that .QnI,n-L+I(s) and Sim,n-k+l(s) vanish for 

s = -1. - 2, -3, . '" we may distinguish six cases 37): 

F i r s t cas e: m + n ~ k + l, l' ~ O. Formula (116) reduces to (113). 
Sec 0 n dca se: m + n ~ k + Z, k + 1- m - n S; r S; O. Formula 

(I16) reduces to (102) with Je = - r. 
Third case: m+n~k+Z, rS;k+Z-m-n. Formula (116) 

reduces to (118). 
F 0 u r t h cas e: m + n S; k + I, l' ~ k + Z- m - n. Formula (I 16) 

reduces to (113). 
F i f t h cas e: m + n S; k + Z, 0 S; l' S; k + l- m - n. This is the 

Ci-!se of theorem 3. 
S i x t h cas e: m + n S; k + Z, l' S; O. Formula (116) reduces to (118). 

§ 13. Some more lemmas. 

Lemma 19. Suppose that k, I. p. q. x and vare integers with 

1:=0- 1. q >- 1. x >- 1. 0 """" v -=::: k """" q and I + v-I -=: p -== q; 

suppose further that the numbers al' ...• a'+"-l and b l • ...• bk satisfy the 
cenditions 

Bj - bh =f 1. 2, 3 •... (j = v + 1. ... ,I + v-I; h = 1. .... kl. (119) 

aj-at =f O. ± 1. ± 2 .... (j= 1. .... v; t= 1. .... v;j=f t). (120) 

37) Comp. also definition 4. 
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Then the fol/owing formuia holds 3H) : 

G~:~- I,l+ l'-I (C) = - ; Sl'{ (h) G~:~- I,I+.--I (C e- 2h:ri) 
k-o+ z- I ~' 

h- I (121) 

- --- ;'e1k - >,+V-I):t ia 7 6 °,,- (0) Gk,l,I+'--1 (C e l2>--2k - 2z +I):t i 11 a-).) 
A o ,_ "" k p,q , 

'k 0 = 1 . 

Proo f. If we put m = 0, n = I + J' - I, r = k - y + Y. and 
z = C el,--k) :r i in (113) and suppose th at I' ~ k. then we find (121), because 
of (5) and (50). 

Lemma 20. 511ppose that k. I. p. q. %. À and y are integers with 

I =- 1. q =- 1. 1 -=. J. -=. Y., 0 -=. )' -=. k -=. q and l + v-I -=. p -=. q; 

slIppose further that the mlmbers al ' ... • a/+ ,-_I and bi' . .. . bk satisfy the 
conditions (119) and (120) . 

Then the following formuia holds: 

k - )'+z-). 

G~:~- 1,1+0- 1 (C) = ~ (/>~ .. 2 (h; i.) G~:~-I,l+'- - I (C el- 2h-2J.+2)ni ) ) 
,. = 1 ( 

. - (122) 
1 1.-1 k'- kIl ( - -o~- }; (/>,} (1; T) }; e1k - ,- + 2z-27-1).7 iao 6 o~ (0) Gp:ci + .- - 1 (C e I2 ..-2k-2z+I)" i Ij ao ). , 

A 'k 7 = 0 0=1 

P r a 0 f. Fram (74) (with J, = 1) and (73) (with Î. = 0) it follows 

(/>~:2 (h; 1) = - QO,;; (h) . (123) 

We further have by (74) if J. o::j:- 1 - h 

1.-2 

(/>~:2 (h; À) = - I (/>~:2(l; T) si'; (h+},-r.-l)-(/>~:2(1; },-1) QO,; (h); 
7 = 0 

in view of (74) we find therefare if À o::j:- 1 - h 

(/>~:2 (h; i,) = (/>~:2 (h + 1; },-1) - (/>~:2 (1; À-I) QO,; (h). (124) 

Fram (123) and (73) (with). = 0) it appears that (122) with Î. = 1 
reduces ta (121). Hence we may suppose 2 ~ }. ~ % and assume that (122) 
with J. - 1 instead of }, has already been proved. 

Now formula (122) with À-I instead of }. may be written in the 
following way 

G~:~-I,I+'- - I (C) = (/>~:2 (1; À-I) G~:~- I,I+.--I (C el- 2i.+2):ti) 

k- ,-+ z- I. + }; (/>~:Z(h + 1; À-I) G~:~-I.I+ '- - I (Cel-2h-21.+2):ri) 
h= 1 

1 1.-2 ,-
- ---0; }; (/>~:2 (1; T) I e1k -,-+2z- 27-1):riao 6°'{ (0) G~:~ 1+,--1 (C eI2 ,--2k-2z+I):ri 11 a.). 

A'kT=o . = 1 

as) The products f:.. °';;(a)G~:~/+'- - 1 (w ilaa) on the right of (121) must be defined 
by a Iimiting process when a.- bh = 1,2, 3, . .. (I ~ h ~ kj; camp. the Remark at the 
end of § 9. 

(125) 
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The first term on the right~hand si de of th is relation is because of (121) 
with Ce(-2I.+2)ni instead of C and ,,-À. + 1 instead of "equal to 

ep~:Z (1; À-I) G~:~-I,I+1'-! (C e(-2i.+2)ni) 

epk,o(I'À_I) ,. 
_ .,k , Y' e(k - ,·+2x-2).+I)nia.,. t:, 0," (a) Gk'/'/+"-I (r e(2" - 2k-2z +I)"i 11 a ) 

A o v kJ k p,q ~ a • 
'k ~=I 

If this is substituted on the right~hand side of (125), then (125) reduces 
In virtue of (124) to (122), so that the lemma has been proved. 

Lemma 21. Suppose that k, l, p, q, rand vare integers with 

I ~ 1, q~ 1, r~ 1, 0 -== V -== k -=== q and l + v-I -== p -== q; 

suppose further that the numbers al' ... , alp-l and bl , ... , bk satisfy the 
conditions (119) and (120). 

Then the following formula hoZds: 

G~:~-I, /+,'-1 (C) = kj/ ep~:Z (h; r) G~:~-I, 1+"-1 (C e(-2h-2r+2)ni) l 
h=1 

(126) _ + Z e(k-"+I)"i aa e~'o (a; r-l) t:,0,~ (a) G~:~ /+v-I (C e(2v-2k-2r+I)"i 11 a.,.). 
A 'k a=1 

Proo f. From (80) it follows 

r-I . kOk 0 I e(2r-2T-2)", a.,. ep":k (1 ; r) = e.. (a; r-l). 
T=O 

We therefore find (126) if we put" = ), = r in (122). 

Rem ark. Formula (122) is also valid if the following conditions are 
satisfied: k, Z, p, q, " , À and vare integers with 

I ~ 1, q ~ 1. 0 -== k -== q, v~O, 1+ v-I -==p-===q, À -==0 and ,,~ 1 + v-k; 

the numbers aV+1' ... , alp-l and bl , ... , bk fulfil the condition (119). 
k-,·+z-i. 

For, if À:S; 0, the sum I on the right~hand side of (122) is because 
h=1 

of (73) and (75) equal to G~:~-I,I+.-I (Cl; sin ce tJ>~:~ (l;d=O Eor 
À-I 

! < 0, the sum I is zero for À :s; 0 (comp. definition 4). 
T=O 

Similarly formula (126) is also true under the following conditions: 
Jc. I, p, q, rand vare integers with 

I ~ 1, 1 -== 1 + v -=:: k -== q, 1 + v - k -== r -== 0 and I + v-I -== p -=:: q ; 

the numbers aV+1' ... , a/ P-l and b l , ... , bk fulfil the condition (119). 
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Lemma 22. Suppose that k, I, m, n, p, q and y are integers with 

[ =- 1. q -=- 1. O-==-m-==-k-==-q. O-==-n-l+ I-==-v-==-k and l+v-I-==-p-==-q; 

fl1rther that}o is an arbitrary integer; [inally that the numbers al' ...• a1+"-1 
and bI' .. " bk satis[y the conditions (119) and (120). 

Then the [ollowing [ormula holds: 

k-,' = ]; I <p7.:~ - 1+1 (h; À) - Qm,n -~+l (h +}o --I) I G~:~-I , I+" - 1 (w e(-2h - 2Á+2)"i) (127) 
h=1 

Pro 0 f. We first suppose Jo;;; O. Then the Ie ft-hand si de of (127) 
. h . Qm n-1+1 () 0 f < 0 B f ,T m n-1+1 ( ) 0 vams es smce 'k S = or s . ecause 0 cp ,.: k 1; r = 

if r < 0, it appears from (71) 

We further have by (54) 

Hence formula (127) is certainly true if J. :;;; O. 
We now consider the case with Jo> O. Because of (77) we have 

},-I 

]; Qm,n-l+' (s) <p~: 2 (h; ).-s) = <p:,,;/-1+1 (h ; À)- Qm , I/-~+1 (h -+ À-I);. (128) 
s = o 

besides it follows from (79) 

},- I 

2,' Qm , n-~+ I(s) e~ , o(a; À-s-I)= e::"n - 1+1 (a; },-I) (129) 
s= O 

IE we replace in (126) 1:; by we- 2s:ri and r by }, -s and use (128) and 
(129). we easily find (127). 

Lemma 23. Suppose that k , l. m, n, p, q, f t and y are integers with 

I =- 1. q =- 1. 0 -==- m -==- k -==- q, 

o -=: n-I + 1 -=: J', 0 -==- ft -=: k-v and 1 + 1,-1 -=: p -==- q; 

[urther that}, is an arbitrary integer; [inally that the numbers al' ... , a1 +' _ 1 
aTld bi ' .. . , bk satis[y the conditions (119) and (120). 
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Then the following formula holds: 

k-v-f' = A m,n-I+I L: I cp,,::~- I+I (h; J.) - Qm,n-I+I (h + À-I) I G~:~-I,I+I'-I (w e(-2h-2H2)1l i 

h=1 

_ ft 

_ Ao,l' Bm,n-I+I ~ tpm,n-I+I ( • ') Gk,I-I ,I+Y-1 ( (2Y- 2k-2J.+2z):ri) 
k I ' ..;., " , k ~ • 11 p,q W e 

'= 1 

- B~·n-I+I 1: e(k - v - 2/t +I)"iaG e~,n-I+I (0; J.-l) 6.0'~ (0) G~y+" _· 1 (we(2"-2k-2),+2/t +I):ri 11 a.) . 
• =1 

Pro of. From the definitions 5 and 6 it follows 

A m,n-kl+1 
_~~ = B~ ,n - 1+1 

AO,; (131) 

Formula (130) with ft = 0 is therefore equivalent to (127). Hence we 
may suppose 1 :::;:; ft :::;:; k - 'J! and assume that (130) with ft - 1 instead of ft 
has already been proved. 

N ow it follows from (57). if 'J! ;;;;: 1. 

If this is substituted on the right-hand si de of (130) with ft - 1 instead 

f h ' B m n-I+I 1 ld h d o ft, t e expressIOn - y' 1: not on y yie s t e correspon ing 

expres sion in (130) but besides 

_ 2 . Bm,n-I+I Gk. 1-1. 1+"-1 ( (2 Y -2k-2).+2/1)" i) X 
7C 1 I' p,q we 

X 1: e(k-.' - 2,It+2):ri aa e~,n-1+1 (0; À-I) 6. o ,~ (0) 39) 
.=1 

and this expression is by virtue of (80) equal to 

2 . Bm,n-I+I Gk,I-I,I+I'- 1 ( (2)'-2k-2),+2r<)''i) X 
- 7C 1 v p,q we 

). - 1 .' 
X L: cp~y-I+I (1; T) :1: e(k-,'+2i. - 2/t-27) n ia. 6.0'~ (0) 

7= 0 .=1 

),-1 

- G k , 1-1 , 1+.'-1 ( (21'-2k-2). +2u.)1l i) "" n-,m ,n-I+I (1' ) X 
- p, q we ' ...:;., 'P",k • l' 

7=0 

X I AO,~ B~, n-I+ I .!l'~ (k-v+À-/l-l)-Ao,; B~,n-1+1 gO,;; (~+l-J.)I 

. ' 
all) This is still true for ,. = 0, since the sums :E then vanish . 

• =1 

(af ter (59) ) . 

(130) 
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The right~hand si de of this relation is on account of (131). (71) (with 
h = k - v - f t + 1) and (81) equal to 

G k •I - I •I + ,'- 1 (w e(2"-2k - 21.+2.H ):< i) X 
P.q 

X [A nl ,II - [ +1 I Qnl.II-[+1 (k -1' + }' -Il) - cfJ"::Z-I+1 (k -I' - tt + 1; À) I 
_ AD.,· 8 111 •11 - 1+1 ITJnl.n-I+1 ( .;) 1 

k I' ~. )',k jU, n. • 

k- I' - ,II+1 11-1 

It appears therefore that the sums 2: and ' 2: on the right~hand 
,. =1 , =1 

side of (130) with ft - 1 instead of ,n reduce by the substitution (132) to 
k-1'-/f f( 

the corresponding sums }; and 2: in (130) . This establishes the 
h = 1 ,= 1 

lemma. 


