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Lemma 24. Suppose that k, I, m, n, p, q, u and v are integers with
I=1,q=1, n=0,0=m=k=q, 0=n—I41=v=k and |+ rv—1=p=q;

further that ) is an arbitrary integer; finally that the numbers ay,...,an_141,
aryys...ra@lpv—q and by, ..., by fulfil the conditions (100) and (119) and
satisfy besides the inequality

aj—b,7*1,2,3,... j=1,...,n=l+1; h=1,...,m) . (133)
Then the following formula holds 40):

1+1
" > elm+n+k—I1+2—2)ziay A’" L H'l ( ) G’ [ 14v—1 ( Hat)
t=1

:—Am'n_]£+l ’ kkz_‘" . 2'11 n— l+](h+l_1)Gk1 1,l+v— l(c (2k—2)‘—2h+1)7li)
1=K—v—u

(134)
+Amn [+1 2 an I+1(l_ —~n—l—|-1'+%—1) Gk[ 14— l(ce(Zr.—l)ni)

z=1

G - mn=l+1 k0141 ;
+ 2 e(m+n+k 1+2 21—214)1111,,.A ( )G (C e2ui || a7).

s=1
Proof. Formula (134) is obvious if 1 = 0. We may therefore suppose
@ =1 and assume that (134) with «—1 instead of x has already been
proved.,
Now it follows from (57), if v =1,

Gpg'""™ (¢ e | a) = e2ie Gg T (et )
4 2ziemias Gf,’ (’]“: I+v-1 (¢ eu—n=i),

If we substitute this on the right-hand side of (134) with x—1 instead
n—I+1
of p, the sum 3 not only gives the corresponding sum in (134) but also
=1
n—I+1
2ni G+ (p o) B mbnsie vt ttinia; AT (g) 41

7=1

%) The products A'"’""L"H (£) Gf,’fi“"'_] (¢|lay) in (134) must be defined by a
limiting process if a;—bp=1,2,3,...(m+1=h=k).
n—I+1

41) This is still true if » = O, since then n— 1[4 1 = 0, so that the sums =  vanish,
g=1
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and this expression is by (59) equal to
_le 1, 14r—1 (:e(z"_l)”i){Am,ﬂ—,’c-f-l .Qm,n—’£+l (k + l_v_lu)
My L L e (I—m—n—Ai+4v 4+ u—1){.

k—» pn—1

The sums X and 2 on the right-hand side of (134) with ©x—1
h=k—v—pu+42 r=
k—»
instead of u reduce therefore to the corresponding sums 2 and
h=k—r—p+1

5‘ in (134). With this the lemma has been proved.
z=1

Lemma 25. Suppose that k, I, m, n, p, q and v are integers with
I=Z1, q=1, 0=m=k=q, 0=n—I+1=vand I+ r—1=p=q:
further that r is an arbitrary integer; finally that the numbers ay, ..., an_14 .
avyq,...,a14v—1 and by, ..., by satisfy the conditions (100), (119) and
(133).

Then the following formula holds:

G |ax: eevs @ul41y @ytly e o0 8p An—142s -+« a?)
] by ..., by

r—1
:Am.ﬂ—k{-i-l 2 !Qm,n—-’l‘H (S) G;‘l 1, 1+r— 1{ (k+1—-m-—l1—2$—1)ﬂi)

s=0 t
135
= k+l—m—n—r—1 ! K, 1—1,1 . ( )
+Am,n—’£+1 > omn— +'()G 1, 1+v— 1( elm+n—k—l+25+1)xi)

T=0

!
+" jle(m+n k—l+2r)xiap /\™" Hl()Gk G (g elkrI-m—n—2n)xi || ),

Proof. We consider formula (116) that holds under the general
conditions which have been stated in theorem 4. On the left-hand side we

replace G,y (z) by

i Alyevvp@n—I4+1y@rgly o oo 2 @py @n—[42y « + +, Ar
7 \z
£ bi,....bq
: 2 ' ; : ’
Observing that Gf,jq(z) is a symmetric function of as,q, ..., ap, it follows

easily from the definitions of G',‘;j fl—l’"(z) and Gf,j ([]'"(z || at) (see the end

of § 1) that the functions Gf,;f,—""(g) and G’;,’,g’"(w ||at+) on the right of

(116) must then be rep]aced by

Suka }a,-ﬂ,...,ap.al,....a,,
Gpg || b b ;
| (T ]
respect.
Kl las, @b, . o0 8py @1, e v, @01, 8410 -+, ar
Gpg |l w
Biyy.ov 1By

(where 1 <t<n—I[+ 1<)



767

and these functions are according to the definitions of Gf,:f]_l’" (z) and

Gl L 14—

Gk La(z | at) equal to Gf,ﬁ f,_]’“'"_l (£), respect. (w] at).

The coefficients A, A, 2, Q and A take in the new formula the same
values as in the original one and the system of conditions (1), (99) needs
to be replaced by the system (119), (133). This proves the lemma.

In the same manner as the above lemmas we may prove the conjugate
lemmas. Thus the conjugate of lemma 23 is

Lemma 26. Suppose that k, I, m, n, p, q, § and » are integers with
=1, q=1, 0=m=k=q,
=n—Il4+1=», 0=0=k—v and | +r—1=p=q;

further that § is an arbitrary integer; finally that the numbers a,, ..., a14+v_4
and by, ..., by satisfy the conditions (119) and (120).
Then the following formula holds:

P4y

Am,n—kl+l ,Eyl @m n— l-H( ) Gk -1, 14v— l(w leni)

— _AO,,: nm,n—I[+1 hévl _Tl,‘n—l+l (h; ﬂ) G;,yz—l,l-{-‘l'—l (w e(2k—2‘l'—2’l+7ﬁ)-'ll')
. (136)
k—r—3 __
_irAm,n—l{‘+] 2” {¢Tkn—l+l(%;ﬂ) Qmn- 1+1( —{—ﬁ—l)kal 1, l4v— 1( e(zz+2ﬁ—2)ni)
7z=1
_B,r'"'n-l+l 2’: elr—k+20-1)zia, @f."'""“(o; B—1) A ( )Gk”+* 1( e(zk—2r+23—26—l)ni” a).
s=1

§ 14. Fourth expansion formula.

The most important theorem of the present paper is
Theorem 5. Assumptions: k, I, m, n, p, q and v are integers with
I=1,q=1,0=m=k=q.0=n—I4+1=v=k and |+r—1=p=q;

the numbers ay, ..., aixv—q and by, ..., by fulfil the conditions (119), (120)
and (133); pis an arbztrary mteger which satisfies the inequality

0= u = k—v;
/ is an arbitrary integer.
Assertion:
m, n a1y .o @p—I+1, 8r+1y + o .y @py@n—[42, « - ., 8y
Gy |z
by,...,bg
_ TG pmon—t 1) Gl L=l 1471 () gtk t=m=n—2h-20+ )i
= ZTRI iy (ze )
“ (137)
o pm,n—l+1 i _ o
+ 3 R (e l—m—n—i 4 %) G G5 51 1, I+3=1 (zell-k—m—n+2e=2142v—1)mi)
=1

7

+ 2’: elk—r—2u) 7 ia, T'Tl,‘n—lﬂ (0: )Gk 1, I+v—1 (z ell—k—m—n-22+2ut2r) i || a,).
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Proof. In formula (135) we replace r by kK + A—». Then we obtain

Ay e ey @n—1I+1y@r+ly e o apy An—1+42s +++» al‘)

b ..., by

Gy (z

A—1
:Am,n—éﬂ 2 ‘an,n—;‘+1 (S) Gk,,é—l,l+v—l (ze(k+1_m_n_28_,)_.”-)
s=0

k—v
—i—Am’"_/ch > Qm.n—llc+l (h+i—1) Gk [=1, 1+v—1 (z etk +1-m—n—2h-22+1)7i)
h=1

l-m—-n—Zi+r—1

+ Am,n—’l‘+l Z .Qm n—l+1 ( ) Gk -1, I+r—1 (ze(m+n_k_l+2._.+1),”')

n—l+1
4+ 3 elmtntk—li2i-m)miay \MAHL () GR LI (4 pi—k—m—n—2142a1 || g,),

t=1

2—1

On the right-hand side of this relation we may reduce the sum 3 by

§=0

[—m—n—2+v—1
means of (130) (with w = zelk+[=m-n-1)ai) fyrther the sum >
=0

by means of (136) (with p=I—m—n-—21+» 6 =k—»—u and

—l+1
w = zelmtn—k-l+1=l) and finally the sumn > by means of (134) (with
t=1

{ = zell=k—m—n—21+21=ai} Then we find

Ajyovvy @n—I+1s @rglr e ooy pr u—I+2s ¢+« av)

b.....b,

k—r—pe

o 2 {Am n—l+1 @I‘n n— l+1( ) AO 1 Bm n—I+1 Tm n—I+1 (h l—m n'_‘;-_*_v)i ><

N4 Gk =1, 1+r—1 (z lk+I=m=n—2h=20+1)mi)

I — —
+ Zy zAm,n—i‘}-l QT;‘"—I-‘—I (M; l—m—n—l—I—J') 01 Bm n—I+1 Wﬂl n— l+l('; l)! ><

z=1

><Gk -1, 1+v— l(ze(l —k—m—n+2»2—2+2v— l)m)

"
_ 2 ze(k—r—zlu—}-l)niaa. B"'n,n—l+1 9:"1,71—1+1 (O'; ;-—‘1)

7=1

+ elk—r—2u—t)mia; BIAIHU QI (6 | mn— A bv—1)} X

X AO,;" (o) Gk.(11.1+"—1 (ze(l—k—nz—n—21.+2,u+2r)ni H a,)

n—I+1
(m+n+k—14+24-2v—2u)nia, - (l—k—m—n—2A+2pu+2v) i
+ 2 o Amnl+1()lel+v l( e”‘ 2 'Hag)

c=1

Because of (84), (85), (86) and (87) the coefficients in this relation
are equal to those in (137). This establishes the theorem.
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§ 15. On a special transformation formula.
It is sometimes desirable to express a function M(z), that is many-valued
with a branch-point at z = 0, in the following way
k .
M (2) = 3 rp M (zer—20=i),
h=1
or, more general, to write a function N(z) as follows

K
N(z) :hé’l sn M (zel"—207i),

In this § I will establish such relations for the function G. I will prove:
Theorem 6. Assumptions: k, m, n, p and q are integers with
q=1,0=n=p=qand 0=Em=k=q;
the numbers a,, ..., an and by, ..., bx satisfy the condition
aj—byn#1,2,3,... U=1i sssnmi B= L. .c k)i
/ is an arbitrary integer.
Assertion:

Gl (2) = zR’“(h;z) Gt (zelk—m—2h—21+2mi) (]38)

Proof. This theorem is a special case of theorem 5. Indeed, it is
obvious on account of the definition of G& 5" "(z) that
G3¢" ()= Gy (2).
Hence we find, if we take Il —=n+ 1 and » = 0 in (137),

Gyt (2) = 2 R™ (h; 4) GZ:Z (2 elk—m—2h=2i+2 i)

. (139)
+ 3 RE (s 1-m—1) Gl (z e-hmmramahai)
z=1
where 0 < u < k. Putting ©« =0, 1, ..., k, it seems as if there are k + 1

different relations, formula (138) being the special case with u = 0. But
this is only true in seeming. For (139) may also be written in the following
way

k—u
Gm n ( ) hé,l R(Tko(h; 1) G/‘;l’q"(ze(k_m—zh——2).+2)ni) 2

) (140)
+ X R (k—h+1:1—m—2) Gy (2 e<k—m—2h—u+2>"f).s

h=k—u+l

Subtracting (140) with x + 1 instead of u from (140), we find for
0susk—1

Ry (1 + 15 1—m- 2) = R (k—p; 4),
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hence for 1 <h <k

RYL (k—h + 1; 1—m—2) = R§% (R 4),
so that (140) is equivalent to (138).

I will now apply formula (138) to MACDONALD's BESSEL function with
imaginary argument K»(z) 42), to the BESSEL function of the second kind
Y,(z) and to WHITTAKER's function Wi, m(z) 48). These functions may
in the following way be expressed in terms of the G-function 44)

K(@2)=4+Gd22|4v—1v, . . . . . (141)
2,0 | —yr—t—y
Y. (z) =(—1) Gis|+22], . . ] (e=0,£1,%2,...), (142)
sV, — gV, —gV—t—
: -
e_“Wk,m(z):z*Gﬂ)(z ) ... . (143)
m, —m
Now we have by lemma 16, if by = —by, = %,
R(1; ;_):M amd Rg:g(z;;_)_—__?‘"ﬂj,‘,’ff_
sin vn sin v

Hence we obtain, if we apply (138) with m = k= 2 to (141),

sin (1 + 1) v K, (z o) — sin Az

sin vzt sin »@

K, (z)= K, (ze~+0=i);
this formula, wherein 1 is an arbitrary integer, occurs in a somewhat other
form by WATSON 45); it may be used to obtain asymptotic expansions for
Ky(z) for large values of |z| with |argz|=4 7 46).

Similarly we find, if we apply (138) to (142),

Yy(z):sin(l—{—l)vn Y sin ivz

sinvn v (ze=)— Y, (ze— D),

sinvn

The corresponding relation for Wy, m(z) follows from (138) and
(143) 47)

Wem (2) = (—1) gsginz_(&—?)m” Wi (ze-2mi) 4 SBZAMT 7 o eaanmiy | (144)

’ sin2m=

42)  WATSON, [31], 78. The function K,(z) is equal to 3xiel?™ H,(1) (ze!7i),
where H,(1)(z) is the first HANKEL function.

43)  WHITTAKER and WATSON, [32], chapter XVI.

14)  Comp. [21], 205—206 and [22], 187.

45)  'WATSON, [31], 75, formula (5); comp. also DEBYE, [7], 6.

46) The well-known asymptotic expansion

JT i " i 1
K,,(Z)(/} Z e_zzFo “2'+".§—V;—2—2~/

is valid for |argz| <3z (comp. WATSON, [31], 202—203).
1) The numbers k and m in (143) are, of course, not the same as those in (138)
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§ 16. The particular cases with [ — 1, k = q of the expansion formulae
(102), (113), (116) and (137).

The most important particular cases of the expansion formulae (102),
(113), (116) and (137) are those with I = 1, k = q. The right-hand sides
may then because of (10) and (11) be written in a somewhat simpler form.
Theorem 1 gives theorem 7; theorem 2 gives theorem 8 A. Theorem 8 B is
conjugate to theorem 8 A. Theorem 9 is furnished by theorem 3. Theorem
10 is a particular case of theorem 5 (I =1, k= gq, v = p).

Theorem 7. Assumptions: m, n, p and q are integers with

=n=p=q. l|=Em=qand m+n=q+1;

the numbers a,. ..., an and by, ..., b fulfil the conditions
aj—bp#1,2,3,... G=L....n:h=1,...,m), . . (1)
aj—a; 70, +1,+2,... G=1,....n;¢t=1,....n:jF8); (20)

/ is an arbitrary integer which satisfies the inequality
0=1=m-+n—q—1.

Assertion:

n
G',ff’q" )= X elm+n—g—2i—1)ziay A'"'Z(t) Gg:‘;(ze(q—m—n+2/l+l):zi “ ay). (145)

=1
Theorem 8 A. Assumptions: m, n, p and q are integers with
g=1, 0=n=p=qand 0=m=q; . . . (146)

the numbers a,....,an and by, ....bm [ulfil the conditions (1) and (20);
r is an arbitrary integer which satisfies the inequality

r=Max(0,gq—m—n+1). . . . . . . (147)

Assertion:

r—1
Gri(2)=A™; 3 Q™5 (s) G¥ g (zela—m—n—29)i) 2
s=0
S (148)

+ )E‘ elmtn-q+2r-1)~ia; A”’-Z(t) GZ:; (Ze(q—m—n—2r+1).-n' ” at)-
t=1

Theorem 8 B. Assumptions: m, n, p and q are integers which
satisfy the conditions (146);
the numbers ay, ..., an and by, ..., bm [ulfil the conditions (1) and (20);
r is an arbitrary integer which satisfies the inequality (147).

Assertion:

. o
e =A™ I Q™y(s) Giq (zetmim=a+2ni) 2

. (149)
+12 e—(m+n4q+2r-—l)nia-t Amyg (&) ng; (z elm+n—g+2r-n=i | g.),
=1
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Theorem 9. Assumptions: m, n, p and q are integers with

q=1,0=n=p=q, 0=m=qand m+n=q+1;

the numbers ay, ..., an and by, ..., bm [ulfil the conditions (1) and (20);
r is an arbitrary integer which satisfies the inequality
=r=q—m—n-+1.

Assertion:
r—1
GZf'q" (Z) — A'"’Z 2; .Qm’z (s) Gg:g (z e(q—m—n—Zs)ni)
S=
—m—n-r

A’"v" g omn q,0 (m+n—q+27) =i
+ A% 2 Q7 (1) Gy (ze ) © . (150)

-+ zn‘ elm+n—q+2r-Naia; Amv"; (l') GZ:‘II (ze(q-—m—n—2r+l)xi ” at)-
t=1

Theorem 10. Assumptions: m, n, p and q are integers with
q=1,0=n=p=qand 0=m=q;

the numbers ay, ..., ap and by, ..., bm fulfil the conditions

aj—bp7#1,2,3,... (f=lsomnmsh=1, coeemly « « (1)
aj—ap7+0,x1,+2,... G=1,....psh=1,...,p;jF h); (38)

w is an arbitrary integer which satisfies the inequality
0=pu=q—p: . . . . . . . . (151)

) is an arbitrary integer.

Assertion:
q—p-u
G;'qn(l): 2

Rghq" (h; 4) ngg (z el9—m—n—2h—2242)i)
h=1 ' ’

-
+ 2 Rpq (#i p—m—n—2+ 1) Gj,q (ze@pa—m-n+z=2=i) (157
2=

p
+ 3 elg-p—2mnia, T;T'q" (0 2) GZ:; (z e2P—9-m-n—22+2u+1)ai “ a).
c=1



