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Lemma 24. Suppose that k. l. m. n. p. q. fl, and vare integers with 

/=-1. q ==- 1. 1), ==- 0. O'"""'m'"""'k'"""'q. 0'""'" n-/+ 1 '"""'v-==- k and l+v-l -==-p-==-q; 

[urther that), is an arbitrary integer; [inally that the numbers al' . . .• an-/+l. 
a,·+l ..... a/+1'-1 and bI' ...• bk fulfil the conditions (100) and (119) and 
satis[y besides the inequality 

aj-bh ~ 1. 2. 3 .... (j= 1. .... n-l + I; h = 1 ..... m) (133) 

Then the [ol/owing [ormula holds 40): 

k - l' 
= -A m.n-I+ 1 Z Q'71.n-I+1 (h+À,_I)G~:~-I.I+'.- I((e(2k-2'·-2h+1}lfi) 

h=k - ,·-.u+1 
. (134) 

+ A m.n-L+1 i' Qm.n-f+1 (l-m-n-À,+v+x-I) G~:~-I.I+"-1 (( e(2Z -I)",i) 
z = 1 

n-/+1 

+ ,"' (m+n+k-I+2i.-21'-2u}:tia 1\ m.n-I+1 ( ) G k. I.I+'·-1 (r 2W,i 11 ) .:;., e . " u kOp. q ~ e a, . 
'=1 

Proo f. Formula (134) is obvious if It = O. We may therefore suppose 
,11 ;;;; 1 and assume that (134) with ,u - 1 instead of ,Il has already been 
proved. 

N ow it follows from (57). if v ;;;; 1. 

G~:~I+"-1 (( e(2I,-2}.-.i 11 a,) = e- 2.-. ia, G~:~I+"-1 (( e 2!'''i 11 a,) 

+ 2:ni e - :ri a, G~: ~-I.l+v-1 (( e(2!'-Il"i). 

If we substitute this on the right-hand side of (134) with Il-l instead 
n-I+1 

of fl,. the sum }; not only gives the corresponding sum in (134) but also 
,=1 

n-I+1 
2:ni G~:~-I.I+" - 1 ((e(2."-1) "i) }; e(m+n+k- I-t-2À-2"-2,'+I}:ria, 6 m.n-L+1 (0) i1) 

'=1 

ia) The produets .6m.n - ~+1 (t) G~: ~ l+v-1 ( e 11 at) in (134) must be def1ned by a 

Iimiting process if at-bh = 1. 2. 3 . . .. (m + 1 -< h -< kl . 
n-1+1 

41) This is still true if " = O. since then n -1 + 1 = O. so that the sums ~ vanish. 
a==1 
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and this expression is by (59) equal to 

-G~:~-I, 1+.'-1 (C e(21.-I)ni) I A m,n-k+1 !Jm,n-k+1 (k + l-v-fl) 

A m,n-I+I -Qm,n-I+I (I '+ + 1) I - k k -m-n-A v fl- . 
k-.' ,.-1 

The sums ~ and }; on the right~hand si de of (134) with fl - 1 

k-.' 
instead of ,u reduce therefore to the corresponding sums 1: and 

h=k-"-,u+1 
I' 
1: in (134). With this the lemma has been proved, 

Lemma 25. Suppase thai: k, 1, m, n, p, q and vare integers with 

1 ~ 1. q ~ 1. 0 -== m -=: k -== q. 0 -== n -[ + 1 -== v and 1 + v-I -== p ooe::. q; 

further that r is an arbitrary integer; finally that the numbers a]; ... , an _I + I' 

aV+I' .... al+Y-I and bI' ... , bk satisfy the canditians (100). (119) and 
(133) , 

Then the fallawing farmuia halds: 

( I 
al' ... , an- I+I, a.'+I •... , apo an-I+2 . ...• a,,) G;; Z b b 

' I l' ... t q 

r-I 
_ Am.n-I+I ~ Qm,n-I+I ( ) Gk.I-I,I+"-1 ( (k+l-m-n-2S-I)ni) 
- k '" k S P.q .,ze 

s=o 
(135) 

n- 1+1 + 1: e(m+n-k-I+2r):r ia t 6. m.n-t l (t) G~:~/h-1 (ze(k+l-m-n-2r):ri 11 at). 
t=1 

Pro 0 f. We con si der formula (116) th at holds under the general 
conditions whieh have been stated in theorem 4. On the left~hand side we 

replace G;'qn (z) by 

m.n ( I al •...• an-I+I. a"+I •...• apo an-I+2 • ...• a,,) 
G p q z b b . 

, l' ••• t q 

Observing that G~:~(z) is a symmetrie function of al.+!, .. . . ap, it follows 

easily from the definitions of G~:~-I,n(z) and G~:~n(z 11 at} (see the end 

of § 1) that the functions G~:~-I,n(O and G~:~n(w ll at) on the right of 
( 116) must then be replaced by 

k,l-1 ( I a,'+I •...• apo al • . ..• a,,) 
Gp,q C b b . \ I l' ... , q 

respect, 

G~'~ (w I at. a"+I, ' . , • ap , al' ... 'bat- I• at+l . ...• a,,) 
. . bi • . . .. q 

(where 1 ~ t ~ n-l+ 1 ~v) 



767 

and these functions are according to the definitions of G~: ~-I, n (z) and 

G~:~n(z 11 ad equal to G~:~-I,l+"-I (C), respect. G~:~I+J'-I(W 11 at}. 
The coefficients A, A, Q, Q and 6. take in the new formula the same 

values as in the original one and the system of conditions (I), (99) needs 
to be replaced by the system (119), (133). This proves the lemma. 

In the same manner as the above lemmas we may prove the conjugate 
lemmas. Thus the conjugate of lemma 23 is 

Lemma 26. Suppase that k, I, m, n, p, q. 0 and J' are integers with 

[=-1. q=-1. O-==m-==k-==q. 

o -== n-l + 1 -== J'. 0 -== 0 -== k-J' and 1+ )'-1 -== p -=: q; 

further that f3 is an arbitrary integer; finally that the numbers al' "', al+v-1 
and bl' .... bk satisfy the canditians (119) and (120). 

Then the fallawing farmuIa ha/ds: 

Am,TI-l+I ';~ -Qm,n-l+1 ( ) Gk,l-I.l+"-I (w e2'C"i) 
k ~ k r p,q 

7=0 

à 
- _AO'" B'- m,n- l+1 '\' lr,m,n-l+1 (h' R) Gk,l-I,l+,'-I ( (2k-2,'-2h+2,5l:ti) 
- k J' kJ ry,k ,,..., p,q we 

"=1 

k-J'-o 
' Am,TI-l+I '\' I di.m,n-l+l( R) -Q-m,n-l+l( +R 1) I Gk,l-I.l+"-I ( (2z+2'1-2l:d) 

- ;- k ~ ~",k x;" - k X ,,- p,q we I 

z=1 

_BI1I,/l-I+1 ;. (I'-k+2à-l)"ia 'Qm.n-l+l( . R-l) AO",( ) Gk,l.l+"-I( (2k-2"+2p-2à- ll "ill ) ,. .-;., e c 0'" O. " u k 0 P, q we a, 0 

~=I 

§ 14. Fourth expansion formula. 

The most important theorem of the present paper is 

Theorem 5. A s s u m p t ion s: k, l, m, n, p, q and y are inlegers with 

[=-1. q=-1. 0-== m -== k-==q. 0-== n-l + 1 -==y-== k and I + v-I -=: p -==q; 

the numbers al, .. Ol al P-l and bI' ... , bk fulfil the conditions (119) 1 (120) 
and (133); f.l is an arbitrary integer which satisfies the inequality 

o -== f.l -== k-v ; 
}, is an arbitrary integer. 

As ser t ion: 

m,n ( I al' 0 '0' an-l+l. a'·+I. 0 , 0 1 apo an-l+2. 00' • a,,) 
G p q z 

I bi. 0 0" bq 

k-v-" 
= ~ R~icn-l+1 (h; À) G~: ~-I I l+l'-! (ze(k+l-m-n-2h-21.+I)"i) 

h=1 

I (136) 

+ 1: R~icn-l+1 (x; /-m-n-À + ~I) G~: ~II 1+"-1 (z e(l- k-m-n+2z-21.+2.'-I)"i) 
(137) 

' = 1 

+ i e(k-,'-2!.)Tt iaa T.~k n-l+1 (0; À) G;:~' 1+_-1 (z e!f-k-m-n-2!.+2!l+2")"i 11 a~)o 
,=1 
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Pro of. In formula (135) we replace r by k + À - Y. Then we obtain 

( I 
al.' . . • an-I+I. a'+I •.. . . apo a n-I+2 • •••• a,.) 

G m• n 
p.q Z b b 

I' ... , q 

n-I+ I + L: e(m+n+k-I+2À-2 v)" ia t 6, m. n-i+1 (t) G~: ~ 1+"-1 (z e(l-k-m-n-21.+2,·):<i 11 at!. 

t = 1 

i.-I 
On the right~hand side of this relation 'Ne may reduce the sum L: by 

I-m- n-I. + ,'-1 
means of (130) (with w = ze(k+l-m-II - 1j:zi). further the sum 2: 

,:,=0 

by means of (136) (with f3 = l-m-n~À + Y. J = k-)·- ,il and 
n-I+I 

W = ze(m+n-k-I+1j " i) and finally the sum 2: by means of (134) (with 

,= ze(l-k-m-n-2À+2,·)"i). Then we find 

m.n ( I al' ...• all_I+I. 8,'+1 ••••• apo an-I+2 • ...• a v ) 
Gp q Z 

, bi ..... bq 

x G~:~-I,I+" -I (zelk+l-m-n-2h-2i.+I)"i) 

I' 

+ J' I A- m, 11-1+1 "d.m,n-I+I( • [ ___ '+ ,)_A-o" ' Bm ,n-I+1 'l'm,n-I+I( • ')1 X _ ~ k ';P" ,k x, m n Alk)' )',k ~,IL 

'= 1 

X G k, I-I, 1+,'-1 (z e(l-k-m-n+2,-21.+2,·-I)"i) 
p,q 

i: !e(k-'·-2",+I).>Jia~ B~,n-I+I e~,n-I+I (0: ),-1) 
.=1 

+ e(k-,·-2,u-l)nia. B~,n-I+I e~ , n-I+I (0; l-m-n-J.+y-l)j X 

X 6,0,; (0) G~:~I+l'-\ (zeU-k-m-n-21.+2,<.t+2v)ni 11 a.) 

n-I+I + L: e(m+n+k-I+U-2J·-2.u):ri a. 6, m,n-i+ 1 (0) G~:~ l+v_1 (z e(l-k-m-n-2H21'+2"j"i 11 a.). 
~=I 

Because of (84). (85). (86) and (87) the coefficients in this relation 
are equal to those in (137). This establishes the theorem. 
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§ 15. On ,a special transformation formula. 

It is sometimes desirabIe to express a function M (z). that is many~valued 
with a branch~point at z = 0, in the foIlowing way 

k 
M(z)= E rh M(ze(r-2h)ni), 

h=1 

or, more general, to write a function N(z) as follows 

k 
N (z) = E Sh M (ze!'J-2h):'i). 

"=1 
In this § I will establish ,such relations for Ithe function G. I wilJ prove: 

Theorem 6. A s s u m p t ion s: k, m, n, pand q are integers with 

q :.=- I, 0 -= n -= p -= q and 0 -= m -= k -=:: q ; 

the numbers al' ... , an and bl , ... , bk satisfy the condition 

aj-b,,~1,2,3, .. . (j = 1, ...• n; h = I, .... k); 

J. is an arbitrary integer. 
Assertion: 

k 
G~:'qn (z) = E R~,\O (h; ).) G~:~ (zë-m- 2h- 2!.+2)ni). (138) 

"=1 
Proo f. This theorem is a special case of theorem 5. Indeed. it is 

obvious on account of the definition of G~:~-I,n(z) that 

G k,/I,n ( ) _ Gk,n ( ) 
p , q z - p,q z. 

Hence we find, if we take 1 = n + 1 and y = 0 in (137), 

k-I' 
Gm./I (z) = '\"' Rm,o (h' À.) G k• n (ze(k-m-2/1-2i.+2)"i) 
~q ~ ~k • ~q 

h=1 
(139) 

where 0 :;::; ft :;::; k. Putting ,u = 0, I, .... k. it seems as if there are k + 1 
different relations. formula (138) being the special case with fl = O. But 
this is only true in seeming. For (139) mayalso be written in the foIlowing 
way 

G m, /I (z) = k~" Rm,o (h' À.) G k, n (z e(k-m-2h-2i.+2)"i) ! P. q ~ 0, k • P. q 
h=1 

k (liO) 
+ L: R;;:ic° (k-h+l; l-m-À.) G~:~ (ze(k-m-2h-2Á+2)ni). 

h=k-!,+l 

Subtracting (140) with ft + 1 instead of fl from (140). we find for 
O:;::;,u:;::;k-l 
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hence for 1 :s; h :;;; k 

RrJ:ko (k-h + 1 ; I-m-À) = RrJ:ko 
(h ; À), 

so that (140) is equivalent to (138). 
I will now apply formula (138) to MACDONAW's BESSEL function with 

imaginary argument Kp (z) 42), to the BESSEL function of the second kind 
Y.(z) and to WHITTAKER's function Wk. m(Z) 43). These functions may 
in the following way be expressed in terms of the G~function 44) 

K,. (z) = t G~:~ (t z2 1 ~ 1', - i"), . (141) 

Y,. (z) = (-I)t G~;~ (t z2 / i v,-t:~'-:v tt_J (t=O,± L±2, ... ), (142) 

(143) 

Now we have by lemma 16, if bI = - b2 = tv, 

R~'~ (1; À) = sin (~+ 1) vn and R~'~ (2; À) = _ ~i~ ~vn. 
, sIn l'n ' sIn vn 

Hence we obtain, if we apply (138) with m = k = 2 to (141), . 

K. (z) = sin (~ + 1) ,'n K,. (ze-bi) _ si~ À vn K,. (ze-{!.+I):ti); 
sIn vn sIn ,'n 

this formula, wherein À is an arbitrary integer, occurs in a somewhat other 
farm by WATSON 45); it may be used to obtain asymptotic expansions for 
K.(z) for large values of 1 z 1 with 1 arg z 1 2: i- n 46). 

Similarly we find, if we apply (138) to (142), 

Y. (z) = sin (À. + 1) v n V,. (ze-!.1Ii)_ Si~ Àvn Y. (ze-p.+1):ri). 
~nvn ~nvn 

The corresponding relation for Wk, m(Z) follows from (138) and 
(143)47) 

Wk,m (z) = (-lV~. sin~(À+l)mn Wk,m (ze-2!.1I i) + si.o2J.mn Wk,m (ze-2(!.+I)"i) i. (144) 
, SIn 2 m :r: 510 2 m :r: ~ 

~~) WATSON, [31). 78. The function Kv(z) is equal to 1:Tie ~ ·:ri Hv(1) (zc~·?i), 

where H.(l)(Z) is the first HANKEL function. 
~a) WHITTAKER and WATSON, [32J, chapter XVI. 
.J4) Comp. [21], 205-206 and [22]. 187. 
46) WATSON, [31], 75, formula (5); comp. also DEBYE, [7J, 6. 
46) The well-known asymptotic expansion 

K,. (z) (/) (2nJl e-Z 
2FO (t + v, t-v;- }z) 

is valid for largzl <~n (comp. WATSON, [31],202-203). 
41) The numbers k and m in (143) are, of course, not the same as those in (138) 
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§ 16. The particular cases with l = 1. k = q of the expansion formulae 
(102). (113). (116) and (137). 

The most important particular cases of the expansion formulae (102). 
(113). (116) and (137) are those with I = 1. k = q. The right-hand sides 
may then because of( 10) and (11) be written in a somewhat simpier form. 
Theorem 1 gives theorem 7; theorem 2 gins theorem 8 A. Theorem 8 B is 
conjugate to theorem 8 A . Theorem 9 is furnished by theorem 3. Theorem 
10 is a particular case of theorem 5 (l = 1. k = q. l' = p). 

Theorem 7. As s u m p t ion s: m, n, pand q are integds with 

1 -c=:: n -c=:: p -c=:: q, 1 -== m -== q and m + n := q + 1 ; 

the numbers al' . .. , an and bl' .. " bm fulfil the conditions 

aj-bh=/-1.2.3 .... (j=I. .... n;h=1. .... m). (1) 

aj-at=/- O. ± 1. ± 2,.. . (j= 1. .... n; t= 1. .... n;j=/- t); (20) 

Î. is an arbitrary integer which satisfies the inequality 

o -== À. -== m + n-q-l. 

Assertion: 
n 

G;"qn (z) = ~ elm+n-q-21.-1)"iat D m.~ (t) G~:~ (ze1q - m- n+2Á+l)"i 11 at). (145) 
t== 1 

Theorem 8 A. A s s u m p t ion s: m, n, pand q are integers with 

q :=- 1. 0 -c=:: n -== p -== q and 0 -== m -== q; (146) 

the numbers a I" .. ' an and bI' ... , bm fulfil the conditions (1) and (20); 
r is an arbitrary integer which satisfies the inequality 

r:=-Max(O.q-m-n + 1). (147) 

Assertion: 

~ 
+ Ë e1m+n- q+2r-l):Tia t D m.~ (t) G~:~ (zelq-m-n-2r+1)"i 11 at). ( 

t == 1 ) 

r-l 
G;:;(z)=A m.; ~ .Qm·~(s) G~:g(zelq-nl-n-25)"i) 

5==0 

(148) 

Theorem 8 B. A s s u m p t ion s: m, n, pand q are integers which 
sé1tisfy the conditions (146); 
the numbers al' .... an and b1, . • . , bm fulfil the conditions (1) and (20); 
r is an arbitrary integer which satisfies the inequality (147). 

Assertion: 

. r-I 
G nl•n (z) = Am.n }; sjm.n (s) G q· 0 (zelnl+n-q+25)"i) P. q q q P. q 

5==0 

a,). ( (149) n + ~ e-Inl+n-q+2r-l):fiat D m.n (t) G q, 1 (z elm+n-q+2r - l):fi I 
. q ~q . 

t=l 
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Theorem 9. As s u m p ti 0 n s: m. n. pand q are integers with 

q =- 1. 0 -== n .....c:: p -=== q. 0 -== m -=== q and m + n -== q + 1 ; 

the numbers al ..... an and b1 . .... bm [ul[il the conditions (1) and (20); 
r is an arbitrary integer which satis[ies the inequality 

O-===r-==q-m-n+l. 

Assertion: 

r-I 
Gm,n (z) = A m,n L: Qm.n (s) Gq,o (z e(q- m-n-2S)ni) p,q q q P.q 

s=o 

(150) 

n 
+ L: e(m+n-q+2r- lI;-r ia t 6m,~ (t) G~:~ (ze(q-m-n-2r+l) n i 11 at). 

t=1 

Theorem 10. As s u m p t ion s : m. n. pand q are integers with 

q =- 1. 0 -== n -== p -== q and 0 -== m -== q ; 

the numbers al' .... ap and b1 • .... bm [ul[il the conditions 

aj - bh -::j: 1.2.3. . . . (j = 1. .... n; h = 1. . . .. m). (1) 

aj-ah-::j:0.±1.±2 . .. . (j=I. ...• p;h=I. .... p;j-::j:h); (38) 

ft is an arbitrary integer which satis[ies the inequality 

O-==p.-==q-p; . 

), is an arbitrary integer. 

Assertion : 

q-p-I' 
P.q P.q • P.q 

h=1 

(151) 

G m.n (z) = L: Rm,n (h' J.) Gq,o (ze(q-m- n-2h-21.+2)ni) I 
+ i R';:; (x; p-m-n-). + 1) G~: g (ze(2p- q-m-n+2z-21.)ni) . (152) 

+ ~f" e"- .-".," I., T;:: (.: 1) G::: (z e"'-'-m -'-"+"'+""' 11 a,). \ 


