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§ 10. Die Trennungsaxiame in ihrer gewähnlichen Farm enthalten alle 
den Begriff des affenen Kernes. Duale Umsetzung liefert die Farm, bei 
der in allen die abgeschlassene Hül1e als Grundbegriff auftritt. 

Sa sind in einer Struktur So, in welcher die tapalagischen Axiame I - VI 
erfüllt sind, gleichwertig die tapalagischen Axiame: 

A*. zu jedem Paar Pi> P2 van Primsamen mit Pl' P2 = 0 gibt es Samen 

a, b mit ab = 0, PI C ~ und P2 C ~I; 
und: 

A. zu jedem Paar Pi> P2 van Primsamen mit (1 - PI) + (1 - P2) = 1. 
gibt es Samen a, b mit a + b = 1, 1 - Pl :::> d und 1 - P2 :::> b. 

Bei Benutzung des Randes als Grundbegriff hat man als aequivalentes 

Axiam: 
Ar. zu jedem Paar van Primsomen Pl' P2 mit PI . P2 = 0 gibt es Samen 

a, b mit ab = 0, PI C a(ar )' und P2 c b(br )'. 

Duale Umsetzung liefert als mit Ar gleichwertig: 
Ar. zu jedem Paar P1' P2 van Primsamen mit (I-Pl) + (1-P2) = 1 

gibt es Samen a, b mit a + b = 1. 1 - P1 :::> a + (a r )' und 1 - P2 :::> 
. :::> b + (br )'. 

Wir überlassen dem Leser die Farmulierung der übrigen Trennungs~ . 
axiame mittels offenen Kernes ader Randes 10), und der dualen Grund~ 
begriffe. 

10) Siehe ALBUQUERQUE, loc. cito 6), S. 193-196; auch RIDDER, loc. cito 1), § 28. 

Mathematics. - Non~hamogeneous binary quadratic farms. IV. By H. 
DAVENPORT. (Cammunicated by Praf. J. G. VAN DER CORPUT.) 

(Communicated at the meeting of May 31, 1917.) 

1. The present paper is a cantinuatian af paper II of tpis series 1). We 
are cancerned with the minimum af the praduct 

1(~-a)W-b)I, 

where ~ is an arbitrary integer af the field k (()), say 

~=x+8y, 8 = i (1 + iS), 
and a, bare given real numbers. It was proved in II that if a, b are nat af 

the farm 

a = i 7: + ~o' b = t 't' + ~b . (1 ) 

nor af the farm 

• (2) 

wh ere 7: 1S a unit and ~o an integer af k (e). th en there exists an integer ~ 
satisfying 

1(~-a)W-b)1 < 6~4' 
The questian af thc existence of a third minimum was left unsolved, 
though it was praved that if such a third minimum exists, it cannot be less 
than 

1 1 
48 - 6.472::~· · (3) 

I have now established the existence of a third minimum, and indeed of 
an infinite sequence of minima having values greater than (3). These 
minima occur when 

't' I 

b=-,- +~o 
am 

(or vice versa), . · (4) 

where 7: is a unit and ~o an integer of k (e), and where m is an odd positive 
integer, and am is defined by 

n=3m .. • (5) 

:1) Proc. Kon. Ned. Akad. v. Wetenseh., Amsterdam, 50 (1917) 378-389. 
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The case m = 1 gives 

a - ~j84 -==12 - 2 8 - 1 - '/-5 
1 - 83 + 1 - - V ' 

so that a, bare then of the form specified in (2). The case m = 3 gives 

2(8 10 _1) 11 
a3 = 89-+-1 = '4 8=3' 

and the values of a, b defined by ('4) are then those corresponding to the 
third minimum, the value of which is 

1 19 1 
~a;I-T2f- 6.36~.-:· 

The forma! enunciation of the results is as follows. 

Theorem 1. Suppose that a, b are not of the farm (1), nor of the farm 
(4), where am is de[ined by (5) and m = 1. 3, 5, .... Then the lower bound 
M(a, b) o[ 

I(~-a) W -b)1 

[or integers ~ o[ k ( e) satis[ies 

1 
M(a, b) ~ 48' . . . . . . .. (6) 

Theorem 2. If a, b are of the [arm (1), we have M (a, b) = -J.-, and 
this minimum is then attained [or an in[inity of integers ~. I[ a, b are of the 
farm (4), we have 

• (7) 

and this minimum is then also attained for an infinity of integers ~. 
We may note that the value of the minimum corresponding to any m, 

which is specified in (7), mayalso be expressed in terms of the Fibonacci 
numbers. IE we define these by 

FI = F2 = I, Fn+2 = Fn+l + Fn (n = 1. 2, ... ), 

th en en = Fne + Fn_1, and we easily find that 

1 Fn+l + Fn-l 
lam a;J - 4 (Fn+2 + Fn- 2)' 

n = 3 m. . . . . (8) 

The greater generality of the present arguments, as compared with those 
of 11, has the effect that the present paper supersedes a great deal of the 
farmer one. In fact, the only results which will be quoted from II are the 
comparative1y simple Lemmas I, 2. 3. 
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2. The assertion of Theorem 1 is that if 

1 
M=M(a. b» 48 

then a, b must be either of the farm (1) or of the farm (4). We may 
therefore write 

1 
M= 4 8 (1-0), . . . . . . . . (9) 

where 0 > 0. Let EO be an arbitrarily small positive number, which we can 
suppose to satisfy any desired inequality of the farm 80 < E (0), where 
E (0) is any positive number depending only on o. A finite number of su eh 
inequalities will be imposed on EO in the course of the paper. 

By the definition of M, there exists an integer ~o of k (()) stlch that 

where ° ~ s < lO" • • (10) 

Wedefine a, P by 

so that 

1-s laPI= M =48(1-s)(1-0) . ..... (12) 

By the definition of M, and by (10) and (11), we have 

l(a~-l)(pe-l)l?;:l-s . ..... (13) 

for all integers ~ of k(O). 
By the operations of (i) replacing a, f3 by aT, f3T', where T is any unit, 

(ii) interchanging a, P, we can ensure, as in Il, that 

a>O, . . . . . (14) 

It follows from (12) and (14) that 

a2 ~ a I PI (j = 1: 8 2 (1 -sj (1 - 0), 

a<28-0. . . . . . . . . . (15) 

Also 

I PI ~ (a I PI)1 < (4 8)!, 

I PI < 2.55. .. ...... (16) 

3. Lemma 1. I[ a < {S - s then a = f3 = 2. 
Pro 0 f. Lemmas 1, 2, 3 of II. 
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Lemma 2. It i5 - 15 :S; a < 2 e - a th en fi < 0. 
Proof. By (13) with~=e-z,wehave 

I (&-2 a-I) (&2 P - 1) 1 ?: 1 - e. 

Suppose fi> 0, th en fi ::::: ale ::> o/S - é) Je > 1, by . ( 14). Hence 

I a - &21 (P - &-2) ?: 1 - e. 

If a < e2, this gives 

P?: &-2 + (I-e) (&2_a)-1 3 &-2 + (1-15) (&2_ YS + e)-1 

= 8-2 + (I-e) (8-2 + 15)-1. 

This last expres sion is almost 3, and so we have a contradiction to (16). 
We may now suppose that a> ez. We have 

f3?: fj-2 + (I-e) (a-OZ)-I, 

a P?: (1-15)1 fj-z a + 1 + fj2 (a - fj2)-II. 

This last expres sion decreases as a increases for ez < a < 2ez. Since 
n < 2e - a, it follows that 

a P ?: (1- e) 12 fj-l - 61-2 0 + 1 + 02 (2 fj - fj2 - 0)-1 I 
= (1 - 15) 12 fj-l - fj-2 0 + 1 + fj3 (1- 0 fj)-II. 

Since 2e-l -+ 1 -+ e3 = 4 e, this gives afi > 4 e, provided 15 is small 
compared with a, and so gives a contradiction to (12). This proves 
Lemma 2. 

Lemma 3. It is - 15 :S; a < 2 e - a, then 

2 + t 0 < - fJ < 0 2
• 

Pro of. By Lemma 2, we have P < 0, and we write p = -{J, where 

lf> 0. In view of (16), it suffices to prove that (J > 2 -+ + a. 
By (13) with ~ = e, we have 

(a - fj-l) IP-fj I?: 1- é. 

Now a-e-1 <2e~a-e-l = e2 -a. Hence 

lP-Ol?: (l-e) (82_0)-1> (l-e) 0-2 (1 + a fj-2) > O-Z + + O. 

if 15 is small compared with a. If 1I < (J, this would give 

13 < fj - fj-2_t 0, 

~ < fj-0-2_ta < 1.237 < l 
a Y5 -15 2.236 fj , 

contrary to (14). Hence -,s > e, and 

13 > fj + fj-2 + t ó = 2 + + ó. 
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4. In virtue of (15), and Lemmas 1 and 3, we may suppose henceforth. 
in proving Theorem 1, that 

(17) 

where 1I = - fi· 
We de fine integers ~m, 'Y)m of k(e), for m = 1,2,3, ... , as follows: 

I + 0-n+3 
;m = 2 fj , 

1- fj-n 
'YJm=-2-' where n = 3 m. . (18) 

That these are integers follows from the fact that e3 = 2 e + 1 - 1 
(mod 2). Since 

1 2 2 fj3 2 - = ------- = ---- = 0 . 
'YJl l-fj-3 fj3_1 

and ~ decreases as m increases and has the limit 2, there will be exactly 
'Y)m 

one value of m for which 

1 - I ->fJ>-. ........ (19) 
'Y}m 'Y}m+l 

Moreover, by (17), m will have an upper bound depending only on a. 
Hence, by a previous remark, we can suppose that 150 (and therefore also 
15) is less than any positive number which depends only on m. 

Lemma 4. It (19) holds, then 

I 1 -<a<--. 
~m ;m+2 

• . . • (20) 

Pro 0 f. One half of this is easily proved; by (12), (18), (19), we 
have 

1fj 3 2fj 1 
a < -- ::<: -4 fj 'f) +1 = 2 fj (1 - 0- 11 - ) < ------ = --13 --:::: Olm - - I + 0-n-3 çm+z' 

To obtain the other half, we first apply (13) with ~ = e. This gives 

(fj a-I) (fj-I P-l)?: 1-15, 

on noting that fi> 2 > e. By (19), 

- 1 2-0+0-11 +1 

fj-l ft - 1 < --- - 1 = ---------------- . o 'Yjm fj - fj-n+l 

If we could neglect 15 in (21), we should conclude th at 

O-O-n+l 2 2 fjz 

fj a ?: 1 + 2" _ fj + fj=-n+1 = 2 _ fj + O-n+l - -1+ fj-n+3' 

(21) 
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whence 

2fJ 

a? 1 + fJ- n+3 - ~m • 

It is c1ear, therefore, th at the corresponding deduction Erom (21) wh en we 
do not neglect ë will be of the form 

wh ere ft is a positive number depending only on m. But from (13). with 
~ = ~m, we have 

1 a ~ m - 1 1 (I ~~ 1 ~ + 1) ? 1 - 13, 

and if a < Igm the last two inequalities give a contradiction if 13 is less than 
some positive number depending only on m .. Thus we have a > lf~m. 

Lemma 5. The value of m determined by (19) cannot be even. 
Pro 0 f. We observe first that if m is even, th en from (18) 

I fJn+3 + 1 
1]m+1 = ---2--' 

The proof is based on the two inequalities derived from (13) by taking 
!; = -1]' m and ~ = -1]' m +1. These are: 

(11]~la-l)(I-1]mfi)? l-e, 

(1]~+1 a + 1) (1]m+1 fi -I)? 1- e. 

The expressions in brackets are all positive, by (19) and the Eact that 

11]~I?t(fJ3-1)=fJ, a?{S-8. 

We multiply these bY?Jm +1 and 1]m respectively and add, thus eIiminating 7I 
The result may be written 

1]m+I-:-1]m :::::;; __ 1]~ + 'Y}m 

1 - 8 :::--- 11]~ 1 a-I 'Y}~+I a + 1 . 
• . (22) 

This inequality determines a lower bound for a. Hence, if we prove that 
the inequality is violated when a is replaced by lf~m+2, we shall have 
reached a contradiction, by (20). 

Since 

1') -1') - l (fJ- n _ fJ-n-3) - fJ-n-2 -,m+1 ïm-2 -, 

it wil! suffice to prove th at the sum on the right of (22), with the above 
value of a, exceeds e- n - 2 by a positive amount deen ding only on m. This 
sum is 
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?Jm+1 ';m+2 + 'Y}m ~m+~ 
11];n 1- ~m+2 'Y}~+I + ';m+2 

_ (1 - fJ-n-3) (1 + fJ-n-3) (1- fJ-n) (1 + fj-n-3) 

- 2lfJ (fJ n -l)-(1 + fJ-n-3)! + 2lfJ (fJn+3 + 1) + 1 + fJ- n- 3! 
1 - fJ- 2n- 6 1 - fJ-n 

-2~1 fJ~n-+~1 -&-2 - fJ- n- 3 ! + 2 I &n+4 + fT 
> 1 fJ- n- 1 (1- fJ-2n-6) (l - fJ-n+I)-1 + -~ fJ- n- 4 (1 - fJ-n) (1 + fJ-n-4)-1 

> t fJ-n-1 (1 - fJ-2n- 6) (1 + fJ-n+l) + -} fJ- n- 4 (1- fJ-n) (1- fJ-n-4) 

> _} (fJ-n-l _ fJ- 3n - 7 + fJ-2n _ fJ-4n-6 + fJ-n-4 _ fJ-2n-4 _ fJ-2n-8) 

= fJ-n-2 + t fJ-2n (1 - fJ-i - fJ- 8 - fJ-n-7 - fJ-2n-6). 

Since n = 3 m > 6, the sum in the bracket is greater than a positive 
absolute constant, and the result follows. 

Lemma 6. If m is odd, it is impossible that (19) holds and that 

(23) 

Pro of. The proof is based on two inequalities, derived Erom (13) 
by taking'; =!;m+l and!; = -1]'m+1. Since m is odd, we have, Erom (18), 

, fJn+3- 1 
1]m+l = - 2 

As we suppose that (19) and (23) hold, the inequalities, which are 

1 (';m+1 a -1) (!;~Z+1 fi + 1) I? 1-8, 

take the form 

1(1]~+1 a + 1) (1]m+I/i-l)l? 1-13, 

(';m+1 a-I) (!;~+I fi + I)? l-e. 

(11]~+11 a-I) (1]m+1 fi- I)? 1-13, 

wh ere each factor is positive. 

(24) 

(25) 

We use (24), together with the fact that lf < 4 efa by (12), to obtain 
a lower bound for a. It will be c1ear from the nature of the calculations 
and result that we can neglect 8. Thus (24) gives 

( ) (
4 fJ ';~+1 ) 

~m+l a-I --a---- + 1 ? 1. 

It will be convenient to write P = !; m +1 e m +1, so that P is a positive 
integer. Substituting for !;' m +1, the last inequality gives 

4fJP 
4.fJP + ';m+1 a--/:- -1? 1. 

<>m+l a 
. (26) 



wh en ce 

Now 

Hence 

sin ce 
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~ ~m+l a+- (2 () P-I)l2? 4 ()2 p2 +- L 

~m+l a? {'i()2 p2 +- I-2() P +- I 

> 2 () P ~ I +- 8 ()~ p2 - fi8~i pi ~ - 2 fJ P + 1 

1 I 
= 1 + 4 () P - 64 fJ3 p3 . 

~m+l a> 1 +- ()-n-l (1 - ()-2n)-I_ ()-3n-3 (1 _ ()-2n)-3 

> 1 + fJ-rz-l (1 + ()-2n) - fJ-3n-3 (1 -- ()-2n)-3 

= 1 +- ()-n-l + fJ-3n-3 ~ ()2 - (I - ()-2nt 3 1. 
';m+l a> I + ()-n-l,. • . • • . • • (27) 

(1- ()-2n)-3 < 1 _ < ()2. 

We now use (25) in a similar way to obtain a lower bound for p. 
Writing Q = 1 17 m+1 Yj'm+11. the inequality analogous to (26) is 

whence 

Now 

Hence 

We have 

Hence 

- 4fJQ 
4 () Q-Yjm+l p- ---- + 1 ? 1. 

Yjm+l f3 

(2 () Q -Yjnl+l fJ)2 ~ 4 ()2 Q2 - "1 () Q. 

fJ < f)2 < 2 ().~ (()6 -1):::;; 2 fJ IYj~+11 = 2 fJ Q/1)m+l. 

1)m+l fJ ? 2 () Q - rial Q2=YiFQ 

> 2 () Q - 2 () Q ~ 1 - 2 () ~Q - 8 ()! Q2 ~ 
1 . 

, =1+ "1fJQ • 

Yjm+l fJ > 1 + ()-n-i. • • . . . . • (28) 
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The inequalities (27) and (28) have been derived from (24) and (25) 
by neglecting 13. They should therefore be corrected by subtracting on the 
right terms depending only on mand 13. which tend to zero with ê for fixed 

m. We shall prove that (27) and (28) give a lower bound for a 7f greater 
than 4e. In view of (12). this gives a contradiction. since the correcting 
terms involving 13 are negligible in comparison with O. by a previous remark. 

The product'; m +1 Yj m +1 is 

1 1 - (1 + ()-n) (1- fJ-n-3) - - (1 +- 2 ()-n-2 - 8-2n- 3) i8 - 4fJ . 

The product of the expressions on the rig ht of (27) and (28) is 

(1 + 8-n- l ) (1 + ()-n-i) > 1 + ()-n-1(8 3 + 1) = 1 + 2 ()-n-2. 

Hence a {3 > 4 e. as was to be proved. 




