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A metric space is a set of abstract e1ements ealled points such that to 
each pair of points p, q there is attached a non~negative real number pq, 
called the distance of pand q, satisfying the conditions 

1. pq = 0 implies p = q 

2. pq + qr :> pr (triangle inequality) 

Two metric spaces Mand M' are said to be congruent if th ere exists 
a mapping of each into the other preserving the distances of the points. 

A metric space M is called imbeddable in a metric space S if M is 
congruent with a subset of S. 

In order to find ametric characterization of euclidean spaces MENGER 
showed in the "Zweite Untersuchung" 1) that if every set of n + 3 points 
of a metric space M is congruent with n + 3 points of a euclidean n~ 
dimensional space Rn, then M is congruent with a subset of Rn. The 
number n + 3 is a metric invariant of the Rn and is called the congruence 
order of the Rn. The notion congruence order is then defined as follows: 
. A space S' has congruence order k provided that any metric space M 
IS congruent with a subset of S' whenever each set of k points of M is 
congruent with Ic points of S'. 

It has been proved that the congruence order of the n~dimensional 
hy~erbolical space and of the n~dimensional spherical space is also n + 3 2). 
It IS however easily seen that the congruence order of the elliptic plane 
12 is at least seven 3). For an 12 of total curvature r2 contains equilateral 

se;"tuples 3)4) with edge d = r arc cos t (S-:-Therefore, a metric space M 
wlth more than 6 points, for which the distance of every pair of different 
points equals d, has the property that every subset of 6 points is congruent 
with 6 points of 12 , whereas M is not congruent with a subset of 12 , This 
example_ shows that the congruence order of 12 is at least 7.lt is the 
purpose of this paper to show that this congruence order is 7. For the sake 
of brevity we have to confine ourselves to a general outline of thc proof. 
The full proof will be published shortly in the thesis of J. SEIDEL. 
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The methods used in order to find the congruence order of euclidean 
and hyperbolic spaces are wholly unsuitable for elliptic spaces. One of the 
main reasons is th at the congruence of two subsets of an elliptic space 12 

does not imply superposability (that is the existence of a congruent trans~ 
formation of the space on itself which carries one set into the other). 
A simple example is furnished by two triples a, b, c and a', b', c' with 
ab = bc = ac = a'b' = b'c' = a'c' = tnr, wh ere the points a, band c 
lie on a straight line and a', b' and c'form the vertices of a proper triangle. 

As a first result the following theorem is obtained: 

Theorem 1. Ametrie spa ce M cansisting ot exactly 8 points is imbed~ 
dable in 12 whenever each seventuple is. 

In order to prove this theorem the following cases are distinguished: 

A. M contains four points, which are congruent with four points of 12 

forming the vertices and the orthocenter of a proper triangle of which na 
side equals i nr. Let it be the points 1, 2, 3, 4. This property is denoted 
by 0 (1234). 

B. M contains four points which are congruent with four points on a 
straight line in 12 , This property is denoted by L (1234). 

C. M contains five points congruent with five points of 12 three of 
which (1, 2, 3) are linear, whereas the line joining the two other points 
(4, 5) is perpendicular to the line (123). Moreover no four points of this 
fivetuple have the property O. This property is denoted by V (123,45). 

D. M contains no point sets with the property 0, Lor V. 

The point sets with one of the properties 0, Land V play an important 
part in the proof because it can be shown that two congruent sets of this 
kind in 12 are at the same time superposable. 

In the case A [0 ( 1234)] we consider the point sets in 12 w hich are 
congruent with the sets 1234567, 1234568, 1234578, 1234678. The cor~ 
responding points in 12 are denoted by 1234567, 12345'6'8, 12345"7'8', 
12346"7"8", which means th at the elliptic representation of the first four 
points is the same in each set. This may be supposed because according 
to the above rem ark any two congruent representations of these four points 
are superposable. Now the triple 5, 5', 5" may consist of only one point 
(the points are identical) or it may contain two different points or three 
different points. IE 5 ~ 5' the perpendicular bi sectors of the segment 55' 
must contain the points 1. 2, 3 and 4 because the points 5 and 5' have the 
same distances to the points 1234. If 5, 5' and 5" are three different points 
.the triple is wholly determined by the set 1234, the points of which being 
the four circumcenters of the triangle 55' 5". The same can be said of the 
triples 66' 6", 77' 7" and 88' 8". This leads to several cases which are 
treated seperate1y. In either possible case it ean be shown th at from each 
triple one point can be chosen in such a way that these points together 
with the points 1234 are congruent wlth the eight points of M. Thus M 
is imbeddable in 12, 
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The cases mentioned under Band C are dealt with in much the same 
way. The treatment is somewhat simpIer because as is easily seen at least 
two of the points 55' 5" (66' 6" etc.) must coincide. 

If the metric space M contains no point sets with the property 0, L or V 
(the case mentioned under D) it is proved that there exist three points 
( 1, 2, 3) such th at in the congruent representations of the sets 1234567, 
1234568, 1234578 the representations of the points 1, 2, 3 are superposable. 
Then the corresponding points may be denoted by 1234567, 1234'5'6'8, 
1234"5"7'8'. Again the points 5, 5', 5" etc. may be different or equal. 
This leads to several cases, which are all treated separately. Again it turns 
out that in either case eight points in 12 can be found congruent with the 
metric space M. Therefore, M is imbeddable in 12 , 

Then the proof that the congruence order is seven is completed by 
showing: 

Theorem 2. Ametrie spa ce M is imbeddable' in 12 whenever each 
eighttuple is. 

This theorem mayalso be stated as follows: 
The congruence order of the 12 is -<: 8. 
The proof of this theorem is similar to that of the first theorem. From 

theorem 1 and 2 it is seen that the congruence order is -<: 7, whereas an 
example shows, as we have seen, that it is ::> 7. So the congruence order 
of the elliptic plane is seven. 

Mathematics. - On the zeros of composition~polynomials. By N. G. DE 
BRUIjN and T. A. SPRINGER. (Communicated by Prof. W. VAN 
DER WOUDE.) 

(Communicated at the meeting of September 27, 1947.) 

1. Introduction. 

Recently 1) we proved some inequalities, expressing that the zeros of 
the derivative of a polynomial lie, in the mean, closer to a given line or a 
given point in the complex plane than the zeros of the polynomial itself. 
One may expect that similar inequalities are valid iE, instead of the 
derivative, a polynomial derived in a more general way from the given one 
is considered. Here we shall prove inequalities of this type for polynomials 
obtained by composition from two given polynomials. 

This composition is defined in the following way 2): if 

and 

are the two given polynomials, th en the composition~polynomial is 

AB(z)= (~) aobo+ (nalblz+ (~)B2b2Z2+ ... + (:) Bnbnzn
• 

If B (z) nz( 1 + z) n-l we have AB(z) _ zA' (z). For this special choice 
of B (z) most of the theorems proved in this paper give rise to results 
already proved in I and IJ. 

Throughout this paper the zeros of A(z), B(z) and AB(z) will be 
denoted by al> ... , an: /3l> ... , /3n and rl' ... , yn, respectively. Furthermore 
we put 

IA. BI ~ (~) ao bn- (;) al bn- I + ... + (-l)n (:) Bn bo. 

We shall of ten use the following well~kno~rn theorem of J. H. GRACE 

1) Proc. Kon. Ned. Akad. v. Wetenseh., Am\Sterdam, 49, 1037-1044 (1946) = 
Indagationes Mathematicae 8, 635-643; Proc. Kon. Ned. Akad. v. Wetenseh., Amsterdam, 
50, 458-464 (1947) = Indagationes Mathematicae 9, 264-270. These papers are 
referred to as land Il. 

2) This wa,y of composition was introduced by G. SZEGÖ, Math. Zeitschrift, 13, 
28-55 (1922). 




