Mathematics. — On the figure of Jour projective spaces [ny—1], [ng—1],
[ng—11 and [ny—1] in a [n—1], where ny -+ ng + ng + ng =2 x.
II. By G. H. A. GrosHEIDE F.WzN. (Communicated by Prof. J. A,
SCHOUTEN.)

(Communicated at the meeting of September 27, 1947.)

11. Using a common phrase we can summarize the contents of this
section as follows:
(GP) : We suppose that A, B, C and D are spaces in general position.

An exact examination of the meaning of the expression “in general
position” shows that our assumption contains the following suppositions,

If [n;,—1], [ny,—1], [n;,—1], [n;,—1] is an arbitrary permutation
of the four spaces A, B, C, D for which

n-—n;—n;=n;,+n;,—n=0

then .
(GPy) : the projective space of lowest dimension containing both [n; —1]
and [n;,—1] is (ny, - ni,—1)-dimensional.

(GPy) : the projective space of highest dimension contained both in

) [n;—1] and in [n;—1] is (n;,+ n;—n—1)-dimensional.
(GP;) : the [n;-+n;—1] and the [n;-n;—n—1] introduced just now

have no common points.

Hereat we remark that two spaces have a (— 1)-dimensional space ag -
intersection if they have no points in common. Besides we notice that the
first supposition is equivalent with :
(GPY) : the projective spaces [n;— 1] and [n;,— 1] have no common

points.

The validity of (GP) can be expressed by a number of three inequalities,
in keeping with the fact that the four spaces can be divided on three
manners into pairs of two.

Putting iy = 1, iy = 2, i3 == 3, iy, = 4 we arrive at
(GpA): (d"‘i cnmnd) (Cn3+nrn a™m b”'l) #: 0.
Putting i1 = 1, iy = 3, iy == 2, iy == 4 we obtain
(GPB): (dms b=y (bt ghi o) 2 0,
Finally we have
ifT:n1<n———n4 fori1:1,i2:4, i3:27 i3:3

(Cng bﬂ"ﬂg) (bn,-}—nrn a d’“) # O’
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if T=n—n,<<ny for iy =2,iy=3,i3—=1,i, =4
(s an=ne) (am+nen pra o) =k ),
on account of (GP})
(d™ a™) (b™ c™) £ 0,
and thus irrespective the value of T
(GPC): Ir=(d" aT bn=n=T) (¢ gn=T pr=m-n+T) £ (),

Since all points of a line transversal of A, B, C and D belong to the
[ni,+n;,—1] that joins [n; —1] and [n;,—1], from (GP;) it follows
that such a line (if present) has no common point with the [ni,+ng — n—1]
defined by [n;—1] and [n;—1]. Hence we are entitled to pronounce the

if T=ny= n—n,

Lemma. If lis a line tranversal of A, B, C and D, then the intersection
points of I with these four spaces are mutual different.

12. Let now be given an arbitrary point P,

ap gD+ ay fy@) + ...+ ap, {y) :é’l a; {y@}

of A and likewise an arbitrary point Py

Plel B 20 b b ()= 2 py ()
of B (according to (GP}) necessarily distinct from P,). Then the straight
line Pq Py
{x} =22 a; {y} +/t.j>3/31 {20}

joining Ps and P» meets C in a point P, if and only if the equations

AZa; (g y) + e 3By (v 29 =0 (k=1,2,...
i J

» N—n13)

have a common solution (Ac, ). In the same manner there exists an inter-
section point Py of Po Py with D if and only if the equations

L 2Zai(wiy) 4+ p Zpy(winN)=0 (I=12...
i J

s n-n4)

have a common solution (A4, ta). Thus a necessary and sufficient con-
dition for the presence of a line transversal of A, B, C and D is the
resolvability of the equations

Aa 2 ai (wi g + pa I By (win 29 = 0
i J

Ae 2 ai (v y' D) + pe %’ B (vgy 29) =0 N )]
{
(I=12,....,n—ng k=1,2,..., n—n,)
with indeterminates ay, ag, ..., an; 1. fove.r, B des pes Aa, M.

On account of the Lemma proved in the preceding section an arbitrary
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solution of (9) will deliver two points P, and P., which neither coincide _
with Pa or Ps. This means that there exist no solutions of (9) with 4., u,

is or us = 0 and so we may put A
new indeterminate that supersedes (4a, ud)-
Now we consider

Szai(wfny(”)*f"]Zﬂ;( wipy2¥) =0
2 ai (v y') + ?ﬂ/(vémz‘f’)zo C (9
i

(l::l,Z,...,n——ru;k::l,2,...,n~—n3)

as a system of 2n—ng—rny =y -+ ny linear homogeneous equations in

"the ny + np variables (ay, ag, ..o @ny 1y Pasee- ,Bn,) and observe that a
solution as desired exists if and only if the determinant on the coefficients

of (9*) vanishes. This imposes on S the condition

n—ng i |S (wiyy?) (Lvmzm) B "
n—nsi| (viwy?) i (viy 249)
N Ve N A
ny n;

or if we introduce complex-symbols (as allowed!)

n—ngf| S(d'a) (d’ b)

nn| (&) (D)
el TN TN
ny 2

Simultaneous expansion with respect to the first n—ny rows gives

e W s ) x[s@ar @o_[x
p=0 p n**rLy*—‘p S~ | \I‘\/‘/
n-—ns—p
T n n;
/ — —1 (nl—p)(n-—m—p)( ‘) ( ) X
X ‘M\_‘r(—c b) ‘ péO( ) p /) \n—ny—p

n—p n—n—n;+p
X (n— ng) ! (n—ns) ! (d’ a)? (d" b)—™~F (¢’ a)yn—p (¢’ byr—m—nstP SP = Q,

where T is the integer introduced in section 10.
We simplify the coefficients putting

’ n
g == (___ 1)(7zl—p)(n~n4—p) ny 2
M fter P p ) \n—ns—p/

. ny! ns!
and then after multiplication with ( 4

e 2 we obtain
n—ny)! (n—ns)!

§ mony (s gP pronep) (chs atp bromntn) Sp =0, . . (11)

nl ng, P

According to (GPC) this represents a non vanishing equation in S of

e== pe = 1; ha = S pa, where S is a
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degree T, the roots of which we call S, S,, ..., Sy Since from (GFr)

it follows that there exists no solution of (9*) different from (0,0, ..., 0)
with f; = g == ... = Bn, == 0 and since (GPj;) shows that a solution
with @y = ay = ... = a,, = 0 is not present, all T roots S; of (11) are

useful for us.

13. 'We suppose in this and the following sections that the T roots S:
f (11) are mutual different. Then putting in (9*) S = .S; we obtain a

system of equations with a single solution (a;, ap ..., an, f1, B2..... Bu),

that furnishes two points P9 and PY which inversely determine Si. Hence
with every root S; there corresponds a single line transversal I; and in
this case A, B, C and D possess T different line transversals 7).

As the introduction of S in section 12 shows, the value of S;i is just
equal to the cross ratio (P PP PP P¥) of the four intersection points
on [;. Now the considerations that led to (11) remain valid if we replace
the assumption (2) by the fainter supposition

mn=n ; n4+ng=n
Thus on account of
m+n=n ; nytm=n

after changing the spaces B and C we can follow the same way. Con-
sequently the cross ratios

PP PP PO P =1—8, (i=1,2....T)
shall be roots of the equation
T
qévongg;q (dm a? cn—m—9) (bnganrq Cn—nrnﬁq) x9=0. . . (12)

If we substitute in (11) S = 1 —x we must arrive at an equation

T
5 9?13;2,12 (d”‘ ar bn-nrp) (an am-r bn—nl—n3+p) (1 —x)P —

T
= va ("‘"1) ( ) gg?;’# (dm ab bn-m—P) (Cﬂs gh—p bn—nl—n3+p) x4==0
q 2;

with the same roots as (12). Since the coefficients of x7

(—1)=T)n=n=T) (’;) ( ns ) (dm aT cn-ni=T) (b gh=T ci=n=n+T)

‘n—n4—T
and
(—1)T+n—T) (n—ﬂ4—7)< g) (;_3) M2 ) (dmaTbr—nT)(cm g Tpn-m—ns+T)
N L £ 7 ol

7)  Compare Math. Eac, III 2, 2 A, p. 815.
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respectively, for T = n—ry Sny are equal, apart from a factor

£ == (___ 1 )rz—‘rz4+n2 (n—ng)+n, (nl+n44n)

in this case the corresponding coefficients in both equations differ only

T T . e
by a factor ¢. As ZT _Sf‘): S 3 we can deduce from this fact the identities

p=0 =0 g=0 p=q
gf;lli”;; 7 (d”4 a¥ c”“"a“Q) (b”n gm—9q c”""x””z‘*"l) =
e — 1 3 iy p U=yt p
= ()7 3 (B oty ldn e B (1
SNy )

(q=0,12,...

; : i jons similar with
Since ny + ny < n; ng + ng 2 n by means of considerations ai

those of section 12 we obtain

; o x(c’a) | (cd)
A::——Ezf—m *_3_)7 [SURURUUE PO

(n—na)! (n—ns)!

(b'a) | (b'd) oo (14

7
— 21 ggﬂﬁs . (C"3 ad dn—an) (bn2 at—9q dzz»n1~n2+q) x4
q:O 19845

This formula is true independent from the values of ny and ny anc.i t}:lus
among others for T' == n—ny <11y Then, however, after the substitution
x = 1, A has become a determinant of rank = n and thus x = 1 is at least
a (ny + ny—n)-fold root of A = 0. Therefore in this case there exist
also the identities

ny

3 (9o srar s =0l g
g=i \i

(i=01,...,m + ny—n—1).
In the interest of an application in section 16 we notice that the results of

section 12 hold irrespective the value of ng + ny, if we replace in (11) the
sero that indicates the minimum value of p by L and add

L=0 for

[ =n-—n,—n, for

n, -+ ngZsn

n, 4+ ny =0

14. 1f we choose a [n3—1] through the T points
fy@} + {20} (i=12....7)

as C and a [ny—1] through the points

w; {0} + {20 (=1L2....7)
are arbitrary real or complex numbers, then the equation
in S corresponding to the four spaces A, B, C and D has the roots wi:

Hence it is impossible that there exists a relation between the absolute
invariants that appear as coefficients in the S-equation after dividing the

as D, where wi
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left side of (11) through Io=(d™ b"=") (c® a™ b"~m~n), Therefore an
integrity basis composed of less than T -+ 1 invariants as ours cannot be
present. In the general case (IV) the invariants

[p = (d s gb b"'-lh—p) (C"3 at—p bnvnl—»n3+p)

(p=0.1,...,T)

form a smallest integrity basis. In the third case (III) I, becomes the
product of (d™ a™) and (¢ b™) and so a smallest integrity basis consists
of I, 1y, ..., [ -1 and these invariants.

In the second case (lI) likewise I; becomes reducible and a smallest
basis is composed by

LDy o oo Iy, (d7s a™), (d 7 b™), (c™ a™), (c™ b™),

In the case of four medials there appear further the invariants (a™ bm)
and (c® d™). After adding them to the basis one of the invariants
I, 1, ..., I, can be omitted 8), This follows from (13) for ny == ny =
= ng == ny; ¢ = 0 or from

A n 2
(am bn,) (C”‘ dnl) = (_])p < 1> I,
p=0 p

15. The points PV (i=1,2,..,T) ar’e not contained in a {(7—2)-

dimensional subspace A’ of A. For if this happens, we can choose the

points {y} so that the first T—1 of them occur in A’, and then the
ny -+ ny linear homogeneous equations

71 ny
S 2 ai(win ") + 24 (wiy 2) =0
P

- my C ... . (16)
.21 ai (v yv) 7"/21 By (v 29) =0
=

(I=1,2,...,n—ng; k=1,2,...,n—ny)
in the T—1 -+ ny <<ny + ny indeterminates (ay, ag, ..., ar—1, f1. f2r +ver Bn,)
shall become a common solution different from (0,0, ..., 0) through each
substitution 8 == S; (i = 1,2, ..., T). This requires that the determinant
on the coefficients of every number of T—1 4 ny of the equations (16)
which is a polynomial in S of a degree lower than T, vanishes for T
different values Si of S, and thus is equal to zero irrespective the value
of S. However for S == 1 at least one of these determinants differs from
zero, since on account of (GP3) the space joining A and B has no common
points with the intersection of C and D. Hence there exists no [T—2]
containing P and likewise no [7T—2] containing PY (i=1,2,..., T).
Now we pass to a new system of coordinates, the symplex of which we

8) TURNBULL II, p. 61; BRUINS, p, 444—445.
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indicate by Q{ Q... Qs and the unit point of which we call E. The n
points Q; are defined in this manner

T points Qi coincide with the points P’

T points Q1 coincide with the points PY’
ng -+ ng—n points Qi are contained both in C and in D
ng + ng—n points Qi are contained both in B and in D
ny—T points Qi are contained both in A and in D
n—iny—1 points Q; are contained both in B and in C.

In order to determine E we agree that the projection of this point from
the opposite Qi, Qi,...Qu,_, on PY' P coincides with PY for each value
of j(=1,2,..., T). Then the coordinates of the T points P’ and thus the
equations of A, B, C and D are defined unequivocally. Nevertheless there
are yet con=T—1 points, that can perform the duties of the unit point E.

From this we deduce that there exist oo~ 7-1collineations for which
the figure consisting of the four spaces A, B, C and D remains invariant.

16. The considerations of the preceding section show that if the roots
Si are mutual different, their values define unequivocally the projective
geometrical type of the figure. A second number of four spaces in general
position [ny-—11%, [ny—11%, [ng—11* and [n,—11* for which the roots
S7 have the same values as the roots S; can be carried over in the original
system by a projective transformation. This is not always possible when
two or more roots S; are equal. For after the substitution S = S;, where
Sy is a multiple root of (11) the equations (9*) may be both once and
more than once dependent. In this case, that we don’t exclude further, we
must consider the minors of the determinant (10). Now the minor that
appears after dropping the rows containing '

o}, fwud, oo iy ds tomads foiats o) futegyd
and the columns containing
(g0}, Ty}, .o, ytiedds §200), 12090, ..., 1 2Us)]

where py +qo =1y + s = N < T—1, is just the S-determinant cor-~
responding with the spaces

A’ (yliret? .o glind gr—nckre) =,
B': (2Vset?) L, 2Un) gr—mats) = Q,
/ . ’ ! ' n —
C H (v(kqoﬂ). . v(kn—nx) g’ et q") == 0,
4 ! ’ 1 —
D (""(lp,,+1)‘ W, 0T P == (),
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We suppose that A’ is the intersection of A with the [n—r;—11]:
(a*=rom’) = 0, that B’ is the intersection of B with the [n—sy—1]:
(B7—% @) == 0, that C’ arises from joining C with the [go—1]:

(y9% %) = 0 and that D’ arises from joining D with the [p;—1]:
(070 m7—Py) == 0. Then the equations of our four spaces are

A,: (an—ro aro) (anlu—ro nn—n,—{-ro) fore 0 (n; =n ___z.o)'
B (s b (b5 an 143 =0 (= sy,
o {yo e ah=t—d) =0 (n3=n3+qo),
D (3P0 dts sg=ne=po) = () (ns==n4+po).
and apart from a constant number the value of the considered minor
becomes
TI
P ggs: 24: ¢ (aﬂ‘“ro afo) (‘6”“30 bso) ((51’0 d™ gt bﬂ_”c*Po”t) ><
g=L0 T .. (17)
X (7qo chs gih—t=ro bn-nl-—na+t+ro~q0) St
where T'==n;—r, for po—rto=n-—n;—ny
T =n—n,—p, for py—ry=n—n,—n,
L'=0 for so—ps=ny-+n,—n
L' =n—n;—ns+ so—p, for so—ps=n,+ns—n.
If S: is a common root of the equations
g, net - - ] t pr-nep-t
? Grth itk (i an) (e 6% (mh d e al bronerl) X
DY (n(z) cls ght—t=r bn—nwrzrq+t+r) St=0 % 1) 7’(2)§ .. (18)
TL(3), T4)

p+q=r+s=N;p,qrs=012.. N=T-1)

then after the substitution S = Si in (17) we obtain zero.

Evidently the resolvability of (18) is a sufficient condition for the
existence of a root S; that causes a diminishing of the rank of (10) to a
number << ny -+ ny—N. Moreover this condition is necessary, since it is
always possible to choose the points {y@}, {y@}, ..., {y*»="} in such a
manner that they are contained in an arbitrary space[n—r—1]:(a) =7)=0,
and so on. We conclude that a complete projective classification of the
numbers of four spaces, for which the S-equation has one or more multiple
roots is obtained, if besides the absolute invariants are taken in con-
sideration the concomitants

(n(rlz)~r ar) (n(rzz)—-s bs) (”(g) dn gt bn«nrp—t) (ﬂ(Z) chs anl-—t—r bn—rxl~n3-q+t+r)
0=p+q=r+s=N=T—1;p.qr.s=012,...,N).
With every number of four spaces A, B, C, D is connected an expression
as_introduced by SEGRE in the theory of the elementary divisors and
inversely such an expression from projective geometrical standpoint gives
a complete summary of the properties of the figure 9).

?) For ny = nz = ng = ng = 3 compare BOTTEMA p. 34.





