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7. Lemma 7. There exists a number no = no(<5) depending oniy on b 
sueh th at, if a :> T!O, then there is exaetly one integer n su eh that 

and 

where 

(ii) 

. (i5) 

. (i6) 

I+T-n+1 I-cn 
~n = y2 Tand '1n = ~ . . . . . (47) 

are integers of k (y 2). 

Proof. That~. and '1" are integers of k(y2) follows Erom the con~ 
gruence (21). We consider the sequence of numbers ('1,,) -1. As n increases 
from the initial value 1 and tends to infinity, this sequence decreases 
strictly from the initial value Tand tends . to the limit Y2. Thus, if no IS 
sufficiently large 

Consequently, by Lemma 6, 

1 -< y2 + T-2~. 
f)n. 

I 1 -< y2 + l-2~ < f3 < y(2T) < l=-, 
'7n. '11 

and there is just one integer n <: no for which (14) and (46) are satisfied. 
We have 10 prove that (45) is satisfied for this value of n. 

Now using (17), (46) and (47) 

a < 2/ ~ 2 l '1n+1 = y2 l (1- ~n-Il 

y2 T 1 
< 1 +~n-I = 'n+2' 

and 50 one of the inequalities (45) is satisfied. To prove the remaining 



inequality we use (15) with ~ = 1. If"we negIect t we obtain 

1 P 1 
a~ 1 + P-l = p-l > l-']n 

y2 f 

-l+f:"'n+I-En' 

by using (46) and (47). When we do not neglect E we obviously obtain 
an inequality of the form 

1 
a ~ En - Vn E, . . ("8) 

where v" is a positive number depending only on n. Using (15) with 
~ = ~n. we have 

I (a En - 1) (ft E~ - 1) I ~ 1-t, 

so that. by (37). 

1 a En- 1 i I y(2f) IE~ 1+ 11 ~ I-t. • • ("9) 

But. if a were Ie ss than or equal to I/~n. the inequalities (48) and (49) 
would give a contradiction. provided E was less than some positive number 
depending only on no. Hence a :> 1/~". and the lemma is proved. 

Lemma 8. lf a :> flO, the inequalities (44). (45) and (46) are satisfied 
for just one odd integer n. 

Proof. Suppose. jf possible. that (44), (45) and (46) are satisfied for 
some even integer n. Then 

• (- f)n"+J -1 fHI + 1 
']n+J = Y2 =- y2 

By (15) with ~ = '7~ and with ~ = '7~+J 
(']~ a-I) (l-']n P) ~ l-E, 

(lfJ~+l l a+ l)(fJn+IP-I)~ l-E, 

the four factors on the leEt hand sides being positive. by (46) and our 
assumption that a 2: flO. Thus 

l-t 
fJn+J P -1 ~ I' I .+ I' fJn+1 a 
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Eliminating fJ and using (45) we obtain 

fJn+1 -fJn >- fJn+1 + fJn 
1-e ::.- fJ~ a-I IfJ~+11 a + 1 

>- fJn+1 ~n+2 + 1Jn ~n+2 
::.- fJ~ - ~n+2 11J~+I1 + 'n+2 

(I-rn- I) (1 + en-I) (l-l-n) (I + en-I) 
- y2Il(ln-l) - (l + en-I) 1+ y2Il{'rn+1 + 1) + (I + l-n-I)! 

(1 - e'n-2) (1 - l-n) 
y2Iln+I_T-I-en-11 + y2Iln+'+11 

> (I/ y,) en-I (1-l-,n-2)(I-l-n)-1 + (I/y,) T-n-2(l-t-n)(1 +t-n- 2)-1 

> (I/Y2)l-n-1 (1-r2n- 2) (1 +t-n) + (l/y,)en-'(I_en) (1-en- 2) 

= (l/ y2) e n- 1 (I + Cl + t-n_cn-l_l-n-3_e2n-2 + r2n-3_c3n- 2) 

= r n- 1 + (I/Y2) C 2n- 1 [1-r1-r3-rli- 3 (t_I)_e2n- 2] 

(50) 

As n is an even positive integer the expression in the square brackets 
exceeds 

l-el -3l-3 =23-160. 

which is positive. Thus provided e is smaller than a certain number 
depending only on no. 

1Jn+1 -1Jn > e n- 1 

But 

_ 1 - en-I 1 - l-n _ -n-I 
fJn+I-1Jn - y2 - y2 - l 

This contradiction proves that the unique integer n, for which (44), (45) 
and (46) are satisfied, is odd. 

Lemma 9. ff a :::: llO, th ere is exactly one odd integer n such that the 
inequalities (44) and (46) are satisfied and 

1 1 
~<a<~ . ........ (51) 
~n ~n+1 

Proof. Suppose, if possible, that (44), (45) and (46) art> satisfied for 
same odd integer n, but that 

As n is odd 

1 1 
-::::; a < -. . . . . . . . . (52) 
~n+l 'n+2 

1 +cn 

~n+1 = y2l • 

l-l-n- 1 , tn+I-1 
fJn+1 = y2 • fJn+1 = y2 
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Using (15) with ~ = ~n+l and with ~ = 1]~+I ' we have 

(a~n+l-l)(,8 I ~~+11 + I)~ l-e, 

(a1]~+1 -1) (,81]n+t -1) ~ I-e, 

(53) 

(54) 

the factors on the Ie ft hand sides being positive by (19) , (46) and (52). 
We use (53) and (54), together with the inequality a,8 < 2. obtained 

from (17), to find lower bounds for a and ,8. In these calculations we 
neglect the effect of e in the first instance. From (53) /' 

It is convenient to wiite P = -Mn+1 I ~~+I I so that 

p= t IN(~n+I)1 = llNtl + .-n)1 =t (-rn_.-n). 

Writing 2P/~n+1 for I ~~+II in (55). 

It follows just as in DAVENPORT's work 3) that 

~n+l a > 1 + r n- I • 

• • (55) 

(56) 

Now writing Q = -!1Jn+1 1]~+1 and using the inequality a,8 < 21' in (54) 
we have 

Also 

,8 t}n+l < 1]n+I/t}n < tjn+1 tj~+t < 2. Q . 

It follows just as in DAVENPORT's 4) work that 

1 
tjn+l,8 > 1 + 4tQ' 

We have also 

Hence 

By (56) and (57) 

But 

tjn+1 ,8 > 1 + .-n-2.. • • • • • • • (57) 

a,8 > (1 + rn-I) (1 + rn-2)/~n+t 1]n+1 

= (1 + y2 .-n-I + r2n-3)/~n+l tjn+l. 

~n+l tjn+1 = (1 + .-n) (l-t-n- I}/2. 

< (1 + l"2t-n- I }/2T. 

3) D. IV (747-48) . 
4) D. IV (748). 
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Thus 

afJ> 2t + 2c2n- 2/(1 + Y2t-n- l ). 

Provided e is smaller than a certain number depending only on no, it is 
cl~ar that, if we carried out these calculations without neglecting E, we 
should still be ahle to conclude that 

afJ > 2t, 

contrary to (17). This contracliction proves that (51) is satisfied when n 
is the unique odd 'integer for which (H) and (46) are satisfied. 

Lemma 10. lf n is odd 

l(anE-l) (a~E' -1)1 = 1 

for the following values of E, 

Proof. By (5) 

an- I =(tn+1 -1)(I-I)_1 
t n + 1 

_tn(t2-t-I)_t 

t
n + 1 

In_1 
=ttn +l' 

which has norm 1 as n is odd. Similarly by (5) and (47) we have (sinee n 
is odd) 

tn-I 
an ~n - I = t' n tn + 1 ' 

an En+l-1 = . r-n- 1, 

an '1~ -1 = _tn +1, 

, tn-I 
an 1Jn+l -1 = tn

+
2 tn + 1 ' 

and these all have norm 1. 

Lemma 11. There exists a constant edepending only on " such th at, 
if a :> T/O, then there is.a unique odd integer n, for which 

Ia-ani ~ Ce, IfJ-a~1 ~ Ce . • . . . (58) 

and (H), (46) and (51) are satisfied. 

Prool. We take n to be the unique odd integer for which (44), (46) 
and (51) are satisfied. We write 

a = an + p, fJ = a~ + v. 
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By (IS). for every ·integer ~ of k(y2) 

11 (an + f.') e -111 (a~ + v) e' -111 ~ 1-e 
so that 

I~l+ anJ-I f.'01+ a~~~' I v~l~ N(~~~lr " . (59) 

Taking ~ equal to ~". ~n+l. 1]~ and 1]~+1 and using Lemma 10 we obtain the 
lour inequalities 

1(1 +e/f.') (1 + a/v)1 ~ l-e. i= 1,2. 3.4 
where 

= ~ (1'n-1 + I) (1 + en) > O'l 
y2 1-1' n 

I (I + 1'-n+t)(I_ en) . 
=Y2 I +rn >0. 

. • (60) 

- en+! - 1 (n ) ° l el - ~ 1 - - 1/2 l' + 1 < . an IOn+!- r 
• . . • • • (61) 

al = el = /2 (1-1'-n) > 0. 

e, = a'9:~-1 = J'~ ~ (1 + ,-') > O'l 
• • . . . • . (62) 

a)= el =-Y2(fn-l)<0. 

_ 1]~+1 _ 1 (1 - en-I) (1 + r-n) > ° e .. - , -- . an 1]n+I-1 y21' 1 _1'-n 

rn+2 (1 - en-I) (1 - 1'-n) 
a .. = ei = y2 1 + 1'-n > 0. 

. . (63) 

It is easy to verify th at 

1 1 1 1 ,.. <0< -,- < ~ < an < ~ 
1]n "In+! IOn IOn+1 

and that 

1 1 1 , 1 
~<O<~<-<an<-. 
IOn+! .. n 1]n+! 1]n 

lt follows from (46) and (51) that a$-1 and all~- , l and fW-l and 
a' "e - 1 have the same signs when ~ takes the values ~II, ~,,+\o "I~. 1]~+I. 
Consequently (1 + (l/f.') and (1 + a/v) are positive Eor i = I, 2, 3.4 and 
using the inequality of the arithmetie and geometrie means 

1 +t«(l/.u+aiv)~ 1-8, 
i.e. 
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Eliminating first y and then fA- from the second and third of the inequ
alities (64), 

But 

(lh 10; 1+ e3 ( 2) fA-?;= - 2E (02 + 1(31), 
(02 e3 + 03 I (21) V ~ - 2 E (I e21 + (3)' 

e2 1031 + e3 02 = 02 e3 + 03 I e21 
=lcl(I-cn)(l +cn)-tt(tn + I)(tn-l) 

= - t (t2n+I _CI ) (1-t-2n) < O. 

Thus the above inequalities imply that fA- :s CnE, and y <: c' nE where Cn and 
c' n dep end only on n. Substituting these bounds for fA- and y in the first 
or the fourth of the inequalities (64), we obtain fA-:> - c~ E and v :> - c~' E. 

Since n is positive and less than no there is a constant edepending only 
on <5 such that 

This proves the lemma. 

Lemma 12. Il a :> T/O, th en lor same odd positive integer n, 

a = an , fJ = a~. 
Proof. Let n be the integer of Lemma 11. We define numbers X, and 

Y, of k (y2) by the equations . 

It is clear that 

t n -1 
a X-I = t- r (n+I)+1 -
nr. tn + 1 ' 

a n Y r - 1 . - c r (n+l). 

N (an Xr ·-I) = 1. 

N(an Y,-I) = 1; 

we have to prove that X, and Y, are integers of k(Y2). Solving the 
equations for X, and y" and using (5) 

X = t
n + 1 ~ cr(n+I)+1 t

n 
- 1 + 1 ~ 

r Y2(tn+I-I)( tn+l ~ 

c r (n+I)+1 (tn - 1) + (tn + 1) 
(t-l) (tn+l-l) 

and 
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It is now clear that Y, is an integer of k ( Y 2). Also, since 

c r(n+l)+l (tn - 1) + (tn + 1) 

X, is an integer. 

=t{tn-I)+(tn+I) (mod(t I)(tn+1-l)) 

= (t + 1) tn-(t-I) 

= t (t- 1) tn - (t- 1) 

= (t-I)-(t- J) (mod (t-l) (tn+1-I)) 

=0, 

We write a = an + pand f3 = a' n + v. By Lemma 11 we must have 

I pi ~ CE and I v I ~ CE. 

Applying (59) with ~ = X, and with ~ = y" we obtain 

wh ere 

1(1 +Rrp)(1 +R'rv)l~ I-E,. 

1(1 + Sr,u) (1 + S~ v) I ~ l-E, . 

Rr= ,Xr =~~I+tr(n+l)-lt:+I~, 
a n X r - 1 an ? t - 1 ~ 

R'r= 

(65) 

(66} 

. . . (67} 

an Yr-l an 
Sr= Y r =_~!tr(n+I)-II! 

. . . • . (68} 

Sr = J, !1_t-r(n+l) I. 
an 

The numbers R" -R'" S, and -S', vary with r in a way which is 
essentially similar to the variation the numbers R" R'" S, and S', occurring 
in DAVENPORT's work 5). It follows just as in DAVENPORT's investigation 
that ,u = v = O. 

8. Lemma 13. If a. b are of the form (1). th en 

I (~- a) W - b) I ~ _1_, ,. . • . . . . (69) 
an an 

for all integers ~ of k (y2); equality occurring for an infinite number of 
integral va lues of ~. 

Proof. It clearly suffices to consider the case when 

6) D. IV (911-913) . 

1 
a=-, 

an 

1 
b=-.an 



{l8 

where n is àn odd positive integer. In thiscase we havf; to prove that. 

IN(an~-I)I~ 1 ..•..... (70) 

for all integers ~ of k ( y2); and that equality occurs for an infinite number 
of integral values of ~. We have seen in Lemma 12 that (70) ia satisfied 
with equality wh en ~ = X rand when ~ = Y rand that X rand Y rare 
integers of k (y2) for all rational integers r . " 

When n = 1 we have an = a'" = 2 so that an~ -1 =2~-1 is a non
zero integer of k( y2) whenever ~ is an integer of k(Y2) . Thus (70) is in 
th is case satisfied for all integers ~ of k (y2) . 
" When n = 3 we have 

4y2 
a)=2Y2-1 

, 4y2 
a)= 2 Y2+ 1 

so that. if ~ = x + Y2y. 

Thus 

~ _ 1 _ 4 y2 (x + y2 y) - 2 y2 + 1 
a)~ - 2y2-1 

_ 2 Y2 (2 x-I) + (8 y + 1) 
2 y2-1 . 

IN(a) ~-I)I = t 18 (2 x-l)2-(8 y + 1)21· 

)Jow. for any integers x and y 

Thus 

I N (a) ~ - 1) I ~ 1 

for all integers ~ of k(y2). 
When n >- 5 we use a different type of argument. We suppose that. 

lor some integer 1] of k (y2) , 

IN(an1J-I)1 < 1 . . •..•• • (71) " 

and we eventually arrive at a contradiction. Consider "the substitution 

We have 

,'1+1-1 . ,n+ 1 
1] =,n+lC- an =,n+1 ,-~-. 

' c n- 1-l t n +l C = ,-n-I 'rJ - - = t - n- I '7 + ,-n-I " __ ." 
On y2 " 
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Thus using (21) the transformation (72) transforms integers 1; into 
integers 'YJ and vice versa. Also 

N (an 'YJ -I) = N (an C -I). 

It is clear that by repeated application of the transformation (72) or of its 
inverse we may obtain an integer 'YJ of k (y2) satisfying (71) and such that 

It follows from (71) and (73) that 

lan'YJ-11<ri(n+l). la~'YJ'-II<ri(n+l) •...• (71) 

further one of these two numbers must be less than 1. We con si der two 
cases separately, but first we note that 

rY2>a~~a~_(98+28Y2)/41_3:356 ... ~ ... (75) 
y2 < an:S; as - (98-28y2)jil- 1 124 ... ~ 

Case 1. Suppose that 

The first inequality implies that 

2 o < 1) < - < ;. . . . . . . . . (77) 
an 

by (75). 
Suppose, if possible. t~at 1 'YJ' I < 'l. Then by (77). 

o < 11) 1)' 1 < 23
r 

< 2. 

so that 'YJ is a unit of k(Y2). But there is no unit 'YJ of k(y2) with I'YJ 1 < t 
and 1 'YJ' 1 < 'l. This contradiction proves that 1 'YJ' 1 :> 'l. 

Multiplying the inequality 

18r1)-11:S; lan1)-ll +(8r- an)1) 

by 1 a'.1)'-11 and using (71) and (76), we deduce that 

1(8r1)-1)(a~1]'-1)1 < 1 + (8r- an)1]r!(n+l). 

Now, since Or'YJ-l is a non-zero integer of k(y2), 

Hence 

'I (a~1/-1) i (Ll ) i(n+)) 
• (8'r''YJ'-1) I < 1 + ut:-an 1)r .. (78) 

31 
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N ow the expression on the left hand side of (78) is either 

a~ 11]' 1- 1 a~ 11]' I + 1 or --::--,'--'-i---'-;--;--:-

Oel l1]'I-l Of-I 11]'1 + 1 

according as 1]' > 0 or r/ < O. The latter is the smaller. since a'n> 0> 0lf. 
Hence. by (78) 

a~ 11]' 1+1 < 1 + (0 f _ a ) ?1 f!(n+l) 
Of I 11]' I + 1 n ./ . 

As 

this implies that 

(79) 

Using the fact that I r/ I :> f. (75). (79) and (77) we obtain 

Of+l ~ y211]'I+l .( a~I1]'I+l < 1 +2 !(3-n) < 1 +tel 
y2+1 --';:;Ocll1]'I+l 6ell1]'I+l 1]f • 

since n :> 5. This is a contradiction since the left hand si de has the value 
1.828 ... while the right hand side has the value 1.552 .... 

Case 2. Suppose that 

1 an 1] - 1 1 < f\(n+l) and 1 a~ 1]' - 1 I < 1. . . . . (80) 

The second inequality implies that 

0< 1]' < ~ < Y2 
an 

. . . . . . (81) 

by (75). 
Suppose. if possible. that 11] I < f. Then 

o < 11] 1]' I < f Y2 < 4. 
and so. as 3 and - 3 are not norms in k (Y2). we must have either 
I 'YJrll = 1 or I 'YJ'YJ' 1 = 2. IE I 'YJ'YJ' 1 = 1. then 'YJ is a unit and as 0 < 'YJ' < 0. 
I 'YJ I < f we must have 1] = 1. This is impossible by Lemma 10 and the 
fact that 'YJ satisfies (71). IE 1 'YJ'YJ' I = 2. th en n~cessarily 'YJ = YU. 
'YJ' =-y2C'. wh ere C is a unit of k(y2) satisfying ! C I <f. I" 1< 1. But 
there is no such unit of k (Y2). These contradictions prove that I'YJ I :> f. 

Just as in case 1. using (71) and (80) 

I(an 'YJ- 1) (O'YJ' -1)1:::::; I(an 1]-1) (a~ 1]' -1) 1 + I(an 'YJ-l) (a~-O~1]'1 

< 1 + (a~ - 0) 'YJ' f!(n+l). 

Since O'YJ' - 1 is a non-zeró integer of k (y2) th is implies that 

I 
an 'fJ - I I <" 1 + (~~ - 0) 1]' f!(n+l) 
O'YJ + 1 - . 
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The expression on the left hand si de is either 

an 11J 1 + 1 an 11J 1- 1 
8 11J 1- 1 or 8 11J 1 + 1 ' 

according as 1J -< - 'l or 1J :> 'l . Thus, in any case, 

an 11J 1- 1 < 1 + (a' _ ~) 1'/' 'lt(n+l) (82) 8 11J 1 + 1 n (7./ •••••• 

Now 

Using the fact that 11J 1 :> 'l , (75), (82), (83) and (81) we obtain 

3 l - 1 :< 3 11J I - 1 an 11J 1- 1 
y2 'l + 1 ~ 2 11J 1 + 1 < 8 11J 1 + 1 

< 1 + '(a~-8) 1J''li(n+l) 

< 1 + 2 y2t-i (n+l) (l-c n)-1 

< 1 + 2 Y2 c 3 (l_l-S)-I, 

as n:> 5. This a contradiction since the left hand si de has the value 
y 2 = 1.414 ... while the right hand si de has the value 1.169 .... This 
completes the proof of the lemma. 

University College, London . 


