


1287 

. . (21) 

Consequently, 

_ n RI /- 3[ 1-2P I �'�1�-�~�k�2� �l�-�k�2�+�k�1�~�'�1 �/ �R�I� l /R212] 
�M�2�,�u�-�I�9�2�R�~�I �, �R�I�R�2�k� �K�- �l�~ �k�2 �E�+ �2 �(� l-k2 K- (I-k 2)2 �~�O� R2- V RI) . (22) 

This equation might also have been obtained by differentiating (15) with 
respect to RI' Again, MO,2 is found from (22) by interchanging Rl and R"2' 

The remaining �s�e�c�o�n�d�~�o�r�d�e�r� coefficient, IvI!.l' is determined in a similar 
way. Omitting details, we only mention the �B�e�s�s�e�l�~�f�u�n�c�t�i�o�n� integrals 
occurring in the course of calculation: 

The last equation immediately leads to 

�M�, �,�1�=�6�~� �Y�R�I�R�2�P�[�3�;�_�~�~�~� E-K+ �/�k�~�2�~�K�- �4�~�!�~�2� �E�H�V�~�:�- �v�~�~�r�J�.� (25) 

As might have been expected from the foregoing analysis. the coefficients 
of higher order are likewise expressible in terms of complete elliptic 
integrals, though it seems difficult to ob ta in the relevant explicit expres­
sions. Therefore we shall not aim at giving ' these explicit expressions but 
shall indicate how the general coefficient M n. m may be obtained from 
MI,o and MI.I by a process of differentiation. 

On account of symmetry we may assume that n >- m. First of all we 
consider the case m = 0, n = v + 1, where v = 1,2, 3. .... Obviously 
Mv + 1, 0 is proportional to 

00 

f e-Dt Jv(RI t) JI (R2 t) t ,'+1 d t. 
o 

Further, when x = Rit is substituted in the known identity 

�( �~� �~�)�"� t (x) = (_l)"J,,(x) 
x dx 0 x" , 

it is seen that 

( 1 0 )" �R�~� - RI oRI Jo (RI t) = t" J,,(RI t). 

Consequently, M,,+ 1,0 is proportional to 

R; (- �~�I� �o�~�J�v� [e-Dt Jo (RI t)JdR2 t) td t. 
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The last integraI. however, is proportional to MI,o. Therefore, M"+I,o 
is obtained Erom Ml,o by successive diHerentiations with respect to Rl' 
The corresponding explicit equation is easily found to be 

_ 2
1
-" r(v+t) 2"+2 ( 1 a)" (MI'o) 

M"+I,o - r(i)(v+l)! (v+2)! RI - RI aRI R:" (26) 

The same holds for general values of n and m, in that M"+I'I'+I (v> 0, 
p, :> 0) can be obtained from M 1,1 by means of successive diHerentiations 
with respect to Rl and R2' viz., 

( la )" ( 1 a)1' (MI I ) 
. - RI aRI - R2 aR2 R: R~ . 

It will now be evident that M n, m is expressible in terms of elementary 
functions and complete elliptic integrals of the first and second kinds to 
modulus k [see eq. (4)] sin ce MI,o. M.,I. dKfdk. dEfdk, ökföRl and 
ökjöR2 are all expressible in that way. 

There exist numerous other relations between the M~functions. For 
instance, 

M - (v-i) (p,-i) R2"+1 R21'+! a2 ~ R-2" R-21' M ~ (28) 
"+1,1'+1 - 4 (v+l)(v+2}{p,+I)(,u+2) I 2 aRI aR2 ~ I 2 ",I'~' 

which is easy to derive from (27). We shall na langer deal with these 
questions, however. 

Finally. it may be noted th at the results (15). (17), (19), (20), (23), 
and (24) are not all new; same of these BesseI~function integrals have 
been studied by VAN WIJNGAARDEN (reE. 6), while others are to be Eound 
in WATSON'S baak (reE. 7) for Rl = R2 • 

4. Approximate expressions [or the mutual inductance. 

We shall now develop an approximate expression for M including terms 
of the fourth order in the radii of the cross~sections. The term independent 
of the radii al and a2 is M 0,0. The first~order correction includes terms 
with a: and a~; it is represented by 

M I•o(adRI)2 + Mo,l (a2/R2)2. 

while the next correction term is given by 

M 2,o (al/RI)4 + MI.I (atfRI)2 (a2/R2)2 + Mo.2 (a2/R2)4. 

Inserting the values of the coefficients as found in the preceding section. 
we have 2) 

2) See preceding footnote. 
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in which 

These expressions are simplified when the radii of the toroids are 
chosen equaI. Rl = R2 = R. They become very simple if in addition the 
radii of the cross-sections are the same, al = a 2 = a . In the latter case we 
obtain, wh en D > 2a, 

M* = 47t R [ (~ - k) K - ~ E + ~ (K _ E) (~ ) 2 + ! 
+ 7~~ (71 2k~2 E-K) (~ r + ... J (35} 

where the modulus of the elliptic integrals now is given by 

• (36)-

Finally, the approximate expression (29), which has been derived on 
the assumption that D> al + a 2' Rl and R2 arbitrary, remains valid if 
D :> 0 provided al and a 2 are small enough and I Rl -R2 1 > al + a 2' 

because the type of expansion (1) exists whenever the toroids do not 
overlap and al' a2 are sufficiently small. To realize this, we observe that 
the coefficients M n, m mig ht have been obtained by expanding M 0,0 in a. 

Taylor series of four variables (the coordinates pertaining to the cross­
sections) and integrating over the cross-sections. The result th en would 
have been a double power series in a l and a 2 with coefficients determined 

by partial derivatives of Mo,o with respect to D, Rl and R2' and of non­
vanishing domain of convergence. 

The same conclusion is reached by observing that our analysis might 
also have been based on the left part of the identity 

2 ~ 00 - f cos zt Ko (rt) dt = fe- I z i t Jo (rt) dt. 
7to 0 
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instead of on the right part. both integrals representing the function 
(z2 + (2) _1/. . For example. the coefficient M o•o would become 

j
8n RI R2] cos Dt /1 (RI t) KI (R2 t) dt. 

Moo= 
• <Xl 

8n RI R 2 ! cos Dt KI (RI t) /1 (R2 t) dt. 
o 

Similar expressions hold for M n. m. which may be considered as analytic 
continuations of (13) to D = O. Wh ether we use thc first representation 
or the second. the final result is in any case that given by equations (29) 
through (34) . 

In concluding the paper. we remark that in the case of coplanar toroids 
(D = 0) expression (32) is simplified to 

k r 1 ( a~ a~ ) ( 2-k2) 3a~ a~ k2 
] 

F2 =7681 -R R- - 2 + - 2 2K- 1_ k2 E - - 22 l_pE ,(37) 
_ 1 2 RI R2 RI R2 

in which now 

(38) 
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