Mathematics. — On the small vibrations of non-holonomic systems. By
O. BoTTEMA. (Communicated by Prof. W. vAN DER WOUDE.)

(Communicated at the meeting of September 24, 1949.)

The small vibratory motions of a conservative non-holonomic system
about a position of equilibrium have been considered by WHITTAKER in his
Analytical Dynamics1). His conclusions are that here “the difference
between holonomic and non-holonomic systems is unimportant” and that
the vibratory motion of a given non-holonomic system with n independant
coordinates and m non-integrable kinematical relations is the same as that
of a certain holonomic system with n—m degrees of freedom.

These conclusions appear to be incorrect.

For the sake of simplicity we first consider a system with three coor-
dinates x;, xo, x3, kinetic energy

=2 4+x24%). .. ... .. (1)

and potential energy V(x;, x5, x3). Suppose that there is one kinematical
relation, integrable or non-integrable:

Al.‘x'.'1+Az.X..'z+A3.i'3:0, e e e e (2)

where A; (i = 1, 2, 3) are functions of x;, x5 and x3.
Suppose further that x; = xo = x3 =0 is a position of equlhbnum
This means: if for t =0 we have x; —xy = x3=—=x, =x, =x3; =0
then the system is permanently at rest. What can be said then about
V (x1 x3 x3)? We write down the Lagrangian equations

or
v
xj=——+1A; . . . .. R )]
ax,'
where 1 is a function of ¢ only. Substitution of x; = 0 gives
ov(0,0,0)

e =hA0.00. . ..

Hence for x; = x5 = x3 — 0 the 0V /0x; are proportional to the coefficients
(which is of course obvious in view of the dynamical meaning of

1) E. T. WHITTAKER, A treatise on the Analytical Dynamics of particles and rigid
bodies, fourth revised edition (1936); first american printing, New York (1944),
pg. 221—226.
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0V /0xi and the geometrical meaning of (2)). So for xi = 0 it is not
necessary that 0V/dxi — 0, as WHITTAKER supposes.

We may take 1y — 1 without loss of generality in view of the fact that
the left member of the kinematical relation (2) can be multiplied with the
constant factor 4.

Now we consider the motion of the system in the neighbourhood of
xi = 0, so that the x; are small.

We have then, in view of (4):

V':alx,+a2x2+a3x,+1‘;2b,-jx,-xj (b(j:bj,‘) o . (5)

and the kinematical relation (2) is
(a1 + c1yx + ez, + c13x3) Xy +
+ (a2 + €211 + €22 %5+ €23 X3) X+ (834 €31 X1 + €32 X2+ €33 %3) X3 =0

so that the equations of motion are as follows

X1+ ay+ by xy + biaxy + bisxs—i(a; + ¢y Xy + ciax2+¢y3x5)=0
X2+ a3+ by X1 + by xy, + byyx3—2A(az + ¢ X1 + ca X2+ c23x3)=0. (7)
X3+ a3+ by x; + b3y x2 + bszx3—4 (a3 + ¢33 X1 + c32X,+ €33x3)=0

If we put  =1—¢, then ¢ is small and of the same order as x;. Taking
into account in (6) and (7) linear terms only, we have

ax, +ax,+as;x;=0, . . . . . . (6a)

(6)

and
X+ byuxi+biax;+bisxs+ea—(cnxi+cx2+c3x3) =0 (7a)

(6a) and (7a) form a system of four lineair homogeneous differential
equations for the four unknown functions x;, xs, x3, & Substituting

xi = CiePt, ¢ = CyeP* and eliminating the constants C we find an equation
for p. One of the roots is p = 0 and the others are the roots of
byy—cn+p? bi—cyp biz—cis 4
D= by —ca by —c;+ p? biz—cas 320, . (8)
b3 —cs bs;—c3, by;—c33 +p? as
a, a, as 0

which is of the second degree in p2, so that we have in all five roots p.
The root p = 0 is of course an unpleasant one and asks for a further
investigation of the system if one inquires about the stability of equilibrium.

As for the other roots, the determinant (8) is in general not symmetrical
because ci; is not necessarily equal to c¢;i and here we have a difference
with the holonomic case. In order to prove that the difference is essential
we give the following example. Let a; —a; =0, ag—=az£0, Ci; =0
with the exception of c3; = ¢ £ 0, so that we have the system

V=ax;+§ 2 bijxi x;
and the relation
cx;X;+ax;=0
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which is non-holonomic. The equation (8) is now

p* + (bi + b22) p? + byy by — by2 (b12—c)=0

and its discriminant
d=(b;;—by)* + 4 biz—4cb,,

is obviously not always positive. We know however that for a holonomic
system, stable or unstable, the values of p2 are always real.

If the system is holonomic the relation (6) is integrable, hence ci; = ci;
and (8) is symmetrical.

Woe have to consider the case that (6) is not integrable as it stands but
can be made so by as integrating factor. If we multiply the left member by
(1 + qyx; + goxo + g3x3 + ...) and take into account only linear terms,
we get

cij=cij+aiq;
and it is easily seen that D’ is obtained from D by multiplying the last
column- by q; and adding it to the j-th column. Hence we have:.for
holonomic systems D is symmetrical or can be made so by elementary
transformations; for non-holonomic systems D is essentially unsymmetrical.

For the general case of n coordinates x; and m kinematical relations,
where x; — 0 is a position of equilibrium, we have

T——"%Z’au ’.i‘ix"j, V=231x1+2b”x1xj
‘Zj'(aik-}—cukxj).i'(:O (k=l,2....m).

(aij=aji bij=0bj)

The equation for the frequencies has m roots p = 0 and the other
2(n—m) roots are those of

b,,—Z‘cm-l-a“pz blz—'ZClzk+812P2'-obln—zclnk+alnP2
by—Zcuk+anp? byp—cnk+anp?...bin—Zcimk+anp? aaz...am

. . . . . . . .

ap aiz2...8im

. . . . .

bnl ‘_zcnlk+ 8n1p2 bnz — 2'Cnak + anzp2 ‘e bnn — 2'Cank + annP2 ant @n2...8nm

an az ani 0 0...0
ap; as; an2 0 0...0
aim aZm anm 0 0 vee 0

For holonomic systems D is symmetrical or can be made so by elementary
transformations. This form of the determinant, consisting of an ordinary
symmetrical p2-determinant of the n-th order, to which are added m rows
and m columns of constants is given by ROUTH 2), who, however, takes
the relations in integrated form so that the m roots p — 0 do not occur.

For non-holonomic systems D is essentially non-symmetrical.

2) ROUTH, The advanced part of a treatise on the dynamics of a system of rigid
bodies, Chapter II.




