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§ 1.

In 1867 LiL [1] gave a graphical method to resolve the real roots
of a numerical equation. The main principle in this method is the repre-
sentation of a polynomial with real coefficients by a right-angled set of
sides, called orthogones, where the lenghts of the consecutive sides are
proportional to the values of the coefficients of the polynomial, and where
the directions in which these sides are drawn are dependent on the vari-
ations of sign of these coefficients. The value of the polynomial f(z) for
each real value of z can be determined with reasonable accuracy.

In the present note I show that this method of representating of a
polynomial by an orthogone can be extended. The condition that the
consecutive sides are at right angles can be released. Furthermore it is

. possible to represent in the same figure the polynomials in the variable z:

f—(z: — i @ and f(x + 2) for a fixed value of z, and to determine graphically
the values of f'(z), f'(z), ..., [™(z).

§ 2.

We consider a polynomial of degree n

fe)=ayz"+a,2 '+ ...+ a3, ,2+a, (3,7#0),

where a; (1= 0, 1, .., n) are real numbers.

Now we construct a polygonical set of sides with lengths proportional
to the a, respectively. Each pair of consecutive sides include a fixed angle
@- A rule for the construction of the set of sides may be stated as follows.
If two successive coefficients a; and a,,, have different signs (a variation)
the direction of the side represented by a,., (the a,,,-side) is obtained
by a rotation of the a,-side over an angle ¢ in positive sense (that is counter-
clockwise). If a; and a,,, have same signs, the direction of the a,,,-side
is obtained by a rotation of the a,-side over an angle 180° — ¢ in negative
sense. In the case of a zero coefficient a, the direction of the following
a;.,-side can be obtained by giving a; a very small value + or — ¢, which
tends to zero.
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The set of sides found in this way I call a polygonpart with angle ¢, and
the polynomial is said to be represented by such a polygonpart. For g = 7/2
the orthogones of LiLL are obtained.

Fig. 1

Let the polygonpart with angle ¢ P,, Py,.., P,,, represent the poly-
nomial:
fZ)=ayz"+ ...+ a, (a;real, a; 7% 0).
(In fig. 1 is f(z) =22 — 228 — 224 32— 2, so n= 4).
Without loss of generality we may assume a, > 0, otherwise we repre-
sent the polynomial — f(z).
On the side P, P, we take a point A4;,. We put

P4, 1)

2
Now we construct a new polygonpart with angle @, of which the first side
is Pyd,, and where the angular points lie on the sides or their lengthenings
of the first polygonpart. Quite analogously as in the case of the orthogones
(see [2]) the following equalities can be deduced from the conformity
of the triangles P, P, 4,, 4, P, A,, A, P; A,,.., 4, P, A,:

PP, AP, A4,Py An1 Py

(1) xr=—

b

P, 4, P,4, P,4, P. 4,
A Py=a,+ A, P,=a,+ ayz, 2

A, Py=a,+ A, Py=a,+ A, Pyz=ay2*+ a, x+ a,,
Ay Py=a,+ Ay Py=a;+ A, Pyx= ag2®+ a, 22+ a, v+ ag,

AP, ., =a,2"+ ...+ a,, 2+ a,.

1) We remark that AB = — BA.
%) We write 4, P, = a, 4+ a,« for A, P, represents a; + a, .
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Hence the segment A, P,., represents the value of f(z) with (1). Is
A, P, =0, then z is a root of the equation f(z)= 0. When it is possible
to determine A4, such that the endpoints of the two polygonparts coin-
cide, then a root of f(z) is found. In the case ¢ = #/2 LiLL constructed a
simple instrument to find the resolving polygonparts in order to determine
the real roots of a given numerical equation.

§ 3.
If we choose on P; P, another point B, 7~ A,, with y = — % and
0
we construct the corresponding polygonpart B, B,, .., B,, we find a

segment B, P,., representing f(y), so that:

B, P, =[(4) = ay"+ a1 4"+ ...+ 2,9+ 2

= agY"+ (4, Py— A, P) y" '+ (A, Py— Ay Po) y" 2+ . . .4 (A Ppy—A, Py)
= agy"+ (4, Py—ay2)y" '+ (4, P3—A, Pyx) y" ...+ 4, P, ,—A, ,P,x
= (y_x) {aoyn—1+A1P2yn—2+ Azpsy"_a-l" _E ] -+ An—an}+ AnPn+1 L

Since 4, P,,,= f(z), we have

B, 4,= [(y)—f(x) = (y—) {ay" "+ 4, Pyy" 2+ 4, Pyy"—+...+ 4, P,}.

From the conformity of the triangles mentioned above if follows:

d 4,p, — 4,P5 — Apn—1 Py
PyA, 4,4, 4,4, Ap—1 Ay

Hence

fly) —f(x) = (y—=x) (Po A y" '+ A, A, y"2+...+ 4, ,4,) Pao

ES

and so:

P, 4, fly)— =) .

a, Yy—x

PoA,y 1+ A4, A,y 2+ ...+ 4, JA,=

This implies that the polygonpart Py A, .. A, represents the polynomial
Hy) — f(z) e P, A
== multiplied by a factor ‘;—01.

If a real root z of f(z) = 0 is found by a resolving polygonpart, then
f( )

this polygonpart, as representing the polynomial of lower degree ——
can be used to find a next root of f(z)= 0.

(z) f()

The representation of the polynomials f(z) a.ndf is very useful

to demonstrate several properties of the real roots and of the relations
between the roots and the coefficients, also to deduce the discriminants
of quadratic, cubic and quartic equations, a.s.o.



467

§ 4.

Let Py, Py, .., P,,, (fig. 2 with n = 4) be a polygonpart with angle ¢,
representing the polynomial

f)=ay2"+ a, 2"+ ...+ a,.

, then f(x)= A4, P,,,, and Py, A;, .., A, represents the

polynomial

o) = Dk (=t

Pa A3 P3

Fig. 2

When we construct in this polygonpart a new polygonpart Py, By, . ., B,_,
with angle ¢ corresponding with the point B, on the side 4, 4,, so that
X = — 4,B, , thenmnz @(%) — Pod, f(z,)—H=z) ,

a x, —x
041 ° 4
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and P, B,, .., B,_, represents the polynomial

1e) —Hz) _ fa) — H(z)
PyB, 6(2)—6(z;) P,B, z2—x z,—
PyA, &=y T a 2—7

()=

If we choose B, such that / P, PyA,= / A, P, B, = a, then it follows
from the conformity of the triangles P, P, 4, and 4, P, B;:

P A, 4,B; P, A"
x=_PLA1=_A—IBI=x1 » PoBy=—4—,
(] PyA, 0

B, A, =lim 6(z) = 222 f'(z).
22— 0

In this case P,, By, .., B,_, represents the polynomial:

i —f@ fta)— o)
w(z)_ P, B, 2 — 1 I(x) _ (POAI )2 f(x)
a9 z2—x ag zZ—x

Proceeding with a point C; on the side B, B, with / B, P,C;= a, it
is easily seen that

Cras= s 0= 52,

Finally we find sides with lengths

P, A4, \* foo(z)
(—l;:)—'l—) T (k=0,1,...,mn).

Hence for a fixed value of z it is possible to find graphically the values
of f®(x) (k= 0,1, ..,n). Furthermore it is evident that the angles
between each pair of these consecutive sides are ¢ + a, so that these
sides form a new polygonpart with angle ¢ 4+ a (in fig. 2 P;, 4,, B;, C,,
D,, P,;), representing the polynomial:

o (B (T . () 200

= f(x—l— P—‘;‘)A—‘z) ;

From

P4, Vag2 + P, A,2*—2a, P, 4, cosp
a, 2

=)14+ a2+ 2z cos

we have

F(2)= f(x+z Y1+ 22+ 2 cos ¢),

represented by the polygonpart P,.,, 4,, B,_,, .., P,.
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For the orthogones of L is

F(z) = flx+z )1+ 2?).

For small values of z it is possible to choose the angle ¢ in such way,

that the factor Lo equals the unit. If |z| < 2 and ¢ = bg cos (— } z),
0

0
a

then P;A‘ = 1, and the values of ! “Z(jx)

0
directly. In this case F(z)= f(x 4+ z), and the polygonpart, representing
this polynomial, has the angle 180° — g.

(k=0,1, ..,n) may be determined
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