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Applying the lemma we conclude ta the existence of M(a, ¢'), defined
for all a > 1, ¢ > 0, such that 2 > M(a, ¢'), a, ¢ being fixed, implies

veal-o—g <S {=) < a* lys ¢
hence
. S*(z)
llnl‘c_+°° T = p*,

By definition this limit is »(S*), and therefore S* € ©. It follows that
©* C ©. Because f(z) has an inverse for > z,, which obeys conditions
(9) (with other constants), also & C &*. Therefore ©* = &, and for any
S e & :v¥8) =»8). q.ed.

Application.

Let s be a Lebesgue measurable (L.m.) subset of the interval 0 < z < 1,
with measure u(s). Let S = S(s) be the set of all numbers x that differ an
integer from a number in the set s. Obviously »(S) = u(s).

Let f(z) be a function and let S*(s) = f~1(S) be the set of all « for which
f(x) is a number in the set S. If »(S*) = »(S*(s), f) = »(s, f) exists for any
L.m. set s, and »(s, f) is an infinitely additive setfunction, then f () is said
to possess the C™-distribution mod 1: »(s, f). If »(s, f) exists for any s that
is a finite sum of intervals, and »(s, f) is finitely additive, then f(z) is said
to possess the Cl-distribution mod 1: v(s, f). If the distribution mod 1
¥(8, f) coincides with the Lebesgue measure u(s), then the distribution is
called uniform.

As a corrollary of theorem 2 we now have:

Theorem 3 (KurpErRS-MEULENBELD). If f(x) obeys the conditions of
theorem 2 (in particular (9)), then f(z) is C™ uniformly distributed mod 1. 1)

Proof: If s is L.m. then »(s, f) = »(S8*) = »(S) = u(s).

II. Some functions which do not possess a C'-distribution mod 1.

In theorem 2 we proved the invariance of the finitely additive set-
function »(S) under a transformation which is in a certain sense not much
different from z — 2%, a > 0. It is easily seen that »(S) is not invariant
under x — e® or the inverse x — In . For these functions the conclusion
of theorem 3 is not a corrollary of theorem 2. e* happens to be C™-uniformly
distributed mod 1; In x not. We prove:

Theorem 4. If M,L > 0 are constants, f(x) is continuous, im, . f(x) =
=o0?), and if y > B> M, f(y) — [(B) > 1/4 implies
fy)—=HB)
18 oA itV
(18) plo=P < 1,
then f(x) does not possess a C'-distribution mod 1.

1) For a =1, this is, but for a condition of monotony which I do not need,
a theorem of Kurpers ([2] Ch. ITI, th. 6). For 0 < a < 1, KurpErs and MEULENBELD
recently gave a proof of an n-dimensional generalisation of th. 3 ([4] th. IV).

?) This condition is superfluous, but it is convenient in the proof.
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Proof: Suppose the finitely additive setfunction »(s) = »(s, f) is the
C'-distribution mod 1 of the given function f(x). We will show that the
assumption of its existence leads to a contradiction.

Let s be the interval of numbers x which obey 0 < p <z < ¢ <1,
g —p=>b>1/4. 8 =8(s) and 8* = f~1(S) are defined as before.

By definition N(e) exists, such that x > N(¢) implies

(19) e —e< @ <o) e

Let also N(¢) > M.

Next we choose two numbers # and y > f > N(e), such that: y is the
smallest number greater than f, for which f(y) = ¢ mod 1; f is the greatest
number smaller than y, for which f(f) = p mod 1; f(y) > f(f). Because
f(z) is continuous:

8*(y) = S8*(B) + (y—5).
In view of (19):

(20) 8*y) > () —e) B+ (v —B) = v —(1—2(s) + &) §.
Application of (18) yields:
% <L or < LL-;I) Y.

Substitute in (20), divide by y, and rearrange:

S*() (1—v(s)) b L
(21) —;—>V(8)+‘—m——8m.

If »(s) # 1, then ¢ can be choosen so small, and y > N(¢) exists, such that

S*(v)
4

> p(8) + ¢

in contradiction with (19).
Hence for all intervals like s we get the same value »(s) = 1 so that
7(s) cannot be an additive setfunction . q.e.d.

Ezxamples:

1. If f(zx) is differentiable and z.f'(x) (x > 0) is bounded, then f(x)
does not possess a CI-distribution mod 1. In particular f(z) is not uni-
formly distributed, which was also proved by Kuirers and MEULENBELD
([4] th. II). E.g. In 2, In (x 4 sin « + 1), have no C'-distribution mod 1.

2. A step function with discontinuities at the integervalues of x, can
be approximated by a continuous function in such a way, that the measure
of the set of all x for which the values of the two functions differ, is
bounded. We are therefore able to prove: If the sequence n(f(n + 1) —
— f(n)) (n > 0) is bounded, then the function f(z), defined by f(z) = f(n)



1396

if n <z <n+ 1, does not possess a C'-distribution mod 1; in other
words: f(n) does not possess a C-distribution mod 1.
Compare [1] E.g. f(n) = In n.
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